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PREFACE 


Molecular physics is deemed here to include the physics of fundamental 
particles such as atoms and electrons as well as of more complex molecular 
structures formed from these basic building units. The subject is one of wide 
utility and is rich in beauty. Its usefulness appears in every field of engi- 
neering and technology concerned with matter, that is, in every physical area 
of human endeavor. The conquest of space, the conservation of earth resources, 
and the promotion of health and ecology are but a few examples of present 
social concerns that ultimately rest on an understanding of molecular science. 
To be sure, the direct application may often be more than one link in the 
chain removed from the basic science, but the linkage is nevertheless always 
there whenever one deals with matter in any form. The bulk properties of 
matter which the engineer uses to solve practical problems are all appropriate 
averages of basic atomic and molecular properties. To deny the importance of 
this linkage is to deny the technology the roots from ••/hich it grows. Obvi- 
ously, any society that depends on its technology for leadership in the world 
community must promote a healthy competence in such fundamental science if it 
is to maintain this leadership. 

The beauty of molecular physics is less easy to define than its useful- 
ness, out it is unmistakable. To the scientist the logical framework of the 
subject is impressive, to the artist and architect the variety of structure 
and form evoke admiration, and to the mathematician the elegance of the sym- 
metry relations involved holds exceptional appeal. To the mystic, the science 
of molecules Is a pattern of creation in the physical universe suggesting sim- 
ilar patterns of creation on other planes of reality. Moreover, the atomic 
and molecular sciences are now reasonably mature and permit one to classify 
extensively and make broad generalizations. Philosopher Hans Reichenbach has 
said that generalization is the very essence of knowledge, so molecular theory 
partakes of this quality of all true knowledge. 

The present book is concerned only with the evaluation of equilibrium 
thermodynamic properties of gases and some applications to engineering prob- 
lems. This subject has been developed traditionally by the physical chemist, 
but the basic theory and experimental data are now so complete that the sub- 
ject logically should be taken up by the engineer to work out the detailed 
approximations needed for his applications. This book attempts to give the 
engineer a background for this task. 

To solve gasdynamic problems in general, the engineer also needs a well- 
developed science of transport processes, of chemical rate processes, and of 
radiation. The first of these is already a standard engineering subject and 
is well treated by recent engineering texts such as "Mathematical Theory of 
Transport Processes in Gases" by J. H. Ferziger and H. G. K&per (North * 

Ho 11 and- American Elsevier Publishing Co., 1972) and "Introduction to Physical 
Gasdynamics" by W. G. Vincenti and C. H. Kruger (John Wiley 6 Sons, Inc., 1965). 


The other two topics (chemical rate processes and radiation) are reasonably 
well developed from a physicist's or physical chemist's point of view, but are 
yet in their infancy so far as engineering applications are concerned. For 
example, the theoretical physicist and chemist know the form of the matrix 
elements for perturbation- induced transitions between states, but the engineer 
or applied scientist has been unable to calculate simple rate coefficients, or 
even the perturbation potentials between colliding particles that determine 
the rate coefficients, or simple /-numbers and radiation band strengths. This 
occurs because the wave functions for multi-electron atoms and molecules can- 
not be calculated with sufficient precision; thus the engineer is forced to 
rely on meager and sometimes uncertain experimental data, and shrewd extrapo- 
lations of such data, to obtain the reaction rates and band strengths needed. 
However, this situation is rapidly changing. Fast, powerful digital computers 
are emerging which will soon allow us to calculate sufficiently accurate wave 
functions for many purposes. The time is approaching when the experimentalist 
will concentrate on highly accurate, unambiguous measurements at a few select 
and carefully controlled condition^, which can be used to validate the theo- 
retical model programmed on the computer, whereas in the past the experi- 
menters have attempted to make measurements over as wide a range of conditions 
as possible to provide the engineering data needed. Computer solutions will 
still make use of approximations because the speed and memory size needed to 
do so-called "exact" solutions are still about two orders of magnitude beyond 
present capability despite the tremendous recent advances in computer tech- 
nology. Thus, the experimenter will retain a key role in validating these 
programs, even though the computer will be used Lc do extrapolations to condi- 
tions of interest. Such computer usage will open up the fields of reaction 
chemistry and radiation to full and practical quantitative applications by the 
engineers. Although this book does not include these subjects, the present 
material on equilibrium states and properties of gases is necessary background 
for the engineer who will pursue and use nonequilibrium properties of gases. 

Several additional books have been aimed at a similar audience of aero- 
dynamicists and engineers working on systems involving real gas behavior. 

Among these are "The Dynamics of Real Gases" by J. F. Clarke and M. McChesney 
(Butterworths, 1964), "Atomic Theory of Gas Dynamics" by J. W. Bond, K. M. 
Watson, and J. A. Welch (Addison-Wesley, 1965), "Physics of Shock Waves and 
High Temperature Hydrodynamic Phenomena" by Y. B. Zel'dovich and Y. P. Raiser 
(translated and edited by W. D. Hayes and R. F. Probstein, Academic Press, 
1967), as well as the books by Vincenti and Kruger and by Ferziger and Kaper 
which were cited above in connection with the transport properties of gases. 

In addition, "The Molecular Theory of Gases and Liquids" by J. 0. Hirschfelder, 
C. F. Curtiss and R. B. Bird (John Wiley and Sons, 1954) has been widely used 
by engineers and basic scientists alike. The present book puts less emphasis 
on gasdynamics than the above texts, but treats the molecular physics and 
structure aspects of the problem in greater detail. 

Atomic and molecular physics have now become a part of graduate engineer- 
ing curriculum, in recognition of the fact that these subjects are included in 
the background a research engineer needs to attack his problems. In the nor- 
mal course of evolution, the basic scientist formulates and establishes the 
fundamental concepts in a field of science, and then tutors the engineer in 
the application of these concepts. As the field matures and becomes 
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reasonably self-consistent, the basic scientist turns to newer areas of 1 

science, and the engineering field gradually absorbs the established science j 

into its own curriculum. 1 

In any case, the engineer is best served by ultimately assuming responi- | 

bility for his own development of the intellectual tools of his profession. j 

Approaches particularly suited to the engineer's needs are often not well j 

suited to the basic scientist's viewpoints and vice versa. For example, ] 

knowledge of atomic and molecular properties is an end in itself to the physi- | 

cist, but to the engineer these properties may be just a collection of coeffi- j 

cients needed to predict the behavior of a total system. It is the mark of a 
good scientist to refine his theoretical models, and their experimental con- I 

firmation, until they are as detailed and precise as possible. It is the mark t 

of a good engineer to use models just sufficiently detailed to achieve the I 

accuracy required and no more. Thus, it behooves the engineer to approach < 

atomic and molecular processes from this point of view. 1 


In the above spirit, this book deliberately emphasizes analytic models of 
the atomic processes, often to the point of considerable oversimplification, 
which convey at a glance the dominant functional behavior involved. To para- 
phrase an old Chinese proverb, "One analytic model is worth 10,000 hours on 
the computer." Such models help the engineer think effectively about the 
total system, and they yield the natural dimensionless parameters with which 
to analyze the problem. The engineer often finds that he can make comparisons 
with experiment and modify the constants that appear in very simple models to 
achieve the accuracy he needs. 

Whether simple or not, a mathematical relation cannot really be used 
wisely until its derivation has been followed in detail so that its limita- 
tions are appreciated. The problem here is that the research engineer is 
faced with such a swelling torrent of published results to digest in a wide 
variety of fields that he cannot possibly take time to fill in all the deriva- 
tions, which are necessarily abbreviated or deleted in the specialist's liter- 
ature, even though he may be perfectly capable of doing so. Thus, one of the 
purposes of this book is to present derivations in considerable detail so that 
the reader can follow them quickly, recognize the potentials and limitations 
inherent in the model, and then profitably use his time elsewhere. Although 
such derivations are given only for simplified models, they will often be 
sufficient to provide a good intuitive grasp of the more detailed models 
encountered in the literature. 

The reader is presumed to be acquainted with kinetic theory, thermo- 
dynamics, and elementary statistical mechanics and quantum mechanics, and to 
have a working knowledge of complex variables and the usual differential and 
integral calculus, all of which is standard for upper division or graduate 
engineers today. Concise derivations of some fundamental relations ir statis- 
tical and quantum mechanics are included (although these are not needed by 
readers with the background specified above) because it is felt that engineers 
whose background in these subjects has lain unused for a time can then use the 
book more effectively. In addition, these short derivations are useful 
mnemonic aids that organize the essential relations, even for the advanced 
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student, and their presentation provides the opportunity to call attention to 
viewpoints particularly adapted to an engineering approach. 

Consistent with the purpose of making the derivations easy to follow, 
there has been an attempt to avoid complicated notation, involving a plethora 
of superscripts and subscripts. For example, vector notation is used when it 
seems to contribute to the understanding of the relations discussed, but the 
vector symbols are merely dropped whenever the issue concerns just the magni- 
tudes of the vectors, rather than resorting to the rather cumbersome absolute 
magnitude signs about the vector symbols. Such notations do help retain gener- 
ality, of course, but they are inimical to rapid comprehension and effective 
thinking. On the other hand, notation and dimensions are chosen appropriate 
to the topic under discussion, rather than for consistency. The specialist 
can afford the luxury of treating problems in a single, consistent set of 
units, but the engineer has no choice but to learn to be at ease with any sys- 
tem of units if he is to draw on the specialized knowledge in a variety of 
fields and bring it to bear on his problems. Equations are transformed to 
dimensionless form, where appropriate, because the essential relations can 
usually be more readily recognized and brought into focus in this form. 

I have often been privileged to function as an interface between the 
basic sciences and the engineering approach to research problems. I have 
found this to be a stimulating function, for it forces one to attempt to formu- 
late the essence of physical phenomena in as simple and direct a way as possi- 
ble, yet maintaining an awareness of the limitations in accuracy of the models 
used. The material in this book is chosen primarily for its tutorial or heu- 
ristic value, so it is in no sense a complete exposition of the myriad of 
approximate models of atomic and molecular properties found useful for engi- 
neering needs. The primary purpose is to provide the engineer with those 
physical concepts about atoms and molecules which will enable him to digest 
research literature more efficiently. Hopefully, he will then be in a posi- 
tion to bring himself up to date with current archive literature in those 
areas pertaining to his particular needs. 

The material contained in the book was first presented in a series of 
lectures to graduate students in Fluid Mechanics and in Aerodynamics at 
Massachusetts Institute of Technology (1965-66) as a course entitled "Atomic 
and Molecular Kinetic Processes." I am indebted to Professors R. F. Probstein, 
J. A. Fay, and J. C. Keck for the opportunity of preparing and delivering 
those lectures. In subsequent years, the material has been expanded and 
updated as a set of notes for training seminars attended by research engineers 
of the Fluid Mechanics Branch, the Magnetoplasmadynamics Branch, and the Phys- 
ical Gasdynamics and Lasers Branch at Ames Research Center of NASA. Recently, 
the notes were again revised for use as lecture material for a graduate course 
in Aeronautics and Astronautics Engineering at Stanford University (1973-74) 
entitled "Molecular Physics of Gasdynamic Flow." I am indebted to Professor 
Daniel Bershader for this opportunity to update the notes. The students at 
M.I.T. and Stanford, research engineers at NASA, and other colleagues in the 
aerospace industry have all provided valuable suggestions about their needs in 
basic physics of gases, and this book attempts to address some of those needs. 
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The labor of preparing this book would increase enormously if I were to 
attempt to give full credit to all the sources and people who contributed in 
one way or another. My greatest debt is to Dr. Frederick Otto Koenig, 
recently Emeritus Professor of chemistry at Stanford University, for the superb 
lectures on statistical and quantum mechanics he gave many years ago. I also 
want to credit B. E. Cunningham, NASA, for his help in preparing some of the 
material in chapter 10. Valuable criticism and editing was provided by my 
students and by my colleagues at Ames Research Center - Drs. John R. Viegas, 
David M. Cooper, Robert L. McKenzie, and Kenneth K. Yoshikawa. Undoubtedly, 
some of my errors remain; I hope these are minor in number and degree. 

The references cited merely represent a few that have become classics or 
that I have found helpful; they do not in any way constitute a full bibliog- 
raphy. However, the material treated is now reasonably stabilized and self- 
consistent, so the brevity of the bibliography should not seriously detract 
from the tutorial purpose of the book. The aim is not so much 10 make the 
material complete, as this would require many additional volumes, but to 
present an engineering approach to a subject that has formerly been considered 
to be entirely in the domain of basic physics and chemistry and to demonstrate 
some of the advantages of such an approach. 


C. FREDERICK HANSEN 
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CHAPTER 1 - THERMODYNAMICS AND STATISTICAL MECHANICS 


1 . 1 SUMMARY 


The basic thermodynamic properties of gases are reviewed and the relations 
between them are derived from the first and second laws. The elements of sta- 
tistical mechanics are then formulated and the partition function is derived. 
The classical form of the partition function is used to obtain the Maxwell - 
Boltzmann distribution of kinetic energies in the gas phase and the equiparti- 
tion of energy theorem is given in its most general form. The thermodynamic 
properties are all derived as functions of the partition function. Quantum 
statistics are reviewed briefly and the differences between the Boltzmann dis- 
tribution function for classical particles and the Fermi-Dirac and 
Bose-Einstein distributions for quantum particles are discussed. 


1 . 2 INTRODUCTION 


Properties of atoms and molecules are normally defined to be intrinsic 
for the gaseous state, that is, they are assumed to be properties only of the 
particles themselves and independent of the state of the gas. Among such 
properties are the quantum numbers of the particle, collision cross sections 
for scattering or internal energy excitation, dipole moment, etc. Strictly 
speaking, this assumption is valid only for the dilute gases; if the density 
of the gas becomes large, the atomic and molecular properties are all affected 
by perturbations from neighboring particles. For example, the perturbed quan- 
tum state can be described as a linear combination of unperturbed quantum 
states, and all other properties of the particle are affected accordingly. 
Nevertheless, a very useful model of the gaseous state is one in which the 
bulk properties of the gas are taken to be intrinsic molecular properties 
averaged over the distribution of particles in the various unperturbed quantum 
states. The effects of high density and pressure are then analyzed as small 
perturbations to this model. 
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The engineer is, of course, ultimately interested in the bulk properties f 

of the gas, which may be classified as either intensive or extensive. An * 

intensive property is a function of position and does not depend on the spe- 
cific amount of gas considered, whereas an extensive property represents an ; 

average per unit quantity of gas which is to be multiplied by the total 
quantity of gas to obtain the total value of the property for the system. The 
three most commonly used intensive properties are temperature, T ; pressure, p ; j 

and density, p. 

For the extensive properties, the capital letter notation is tradition- 
ally taken to represent the average value per mol of gas (i.e., per Avagadro 
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number - 6.025*10 23 - of molecules) whereas lower case letters are used to 
represent the value per ur.it mass. For example, the extensive properties per 
mol of interest here are 


M 

V or - 
P 

E 

H or E+pV 
S 


_ /3 £\ 


molecular weight per mol 
volume per mol 
energy per mole 
enthalpy per mol 
entropy per mol 
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Cp or 


(HI 


F or E-TS 
G or H-TS 


specific heat per mol at constant volume or density 

specific heat per mol at constant pressure 

free energy per mol or Helmholtz free energy 
free enthalpy per mol or Gibbs free energy 


(Note that A is sometimes used for the Helmholtz free energy, and F for 
the Gibbs free energy.) 

Fluid dynamicists are usually interested in average properties per unit 
mass rather than per mol because, in these units, the thermodynamic quantities 
relate most directly to the flow velocity. For example, the sum of the 
enthalpy per unit mass and the kinetic energy per unit mass is a constant of 
steady adiabatic inviscid fluid flow. The most commonly used bulk properties 
per unit mass are: 


e - E/M 
h • H/M 
Cy ■ C v /M 
2p « Cp/M 


energy per unit mass 
enthalpy per unit mass 

constant volume specific heat per unit mass 
constant pressure specific heat per unit mass 


1.3 REVIEW OF THERMODYNAMIC RELATIONS 


A brief review of some of t l, e relations that exist between the thermo- 
dynamic quantities will be helpful (refs. 1-3). These may be derive'’, from the 
first and second laws of thermodynamics, stated here in different. al form. 
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First Law of Thermodynamics (Conservation of Energy) 

Every system has an energy E such that, for any change in which the 
total number of particles is conserved, 

dE » dq + du (1.1) 

where dq is defined as the heat absorbed by the system and du as the work 
done on the system. The latter is a purely mechanical quantity, force times 
distance, which for a gas phase system is normally just 

du - -p dV (1.2) 

Note that dfo vanishes for a constant volume process. 


Second Law of Thermodynamics (Law of Entropy) 

Every system has an entropy S and an absolute temperature T such 
that, for any change in which the total quantity of matter is conserved, 

dq <T dS (1.3) 

The equality sign gives the lower bound on the change of entropy which obtains 
when the process is completely reversible. 

Consider the heat flux from a system at temperature 2*2 t0 a system at 
temperature T\ where T 2 > T\ > 0. The total change in entropy of the two 
systems is always positive: 

dS = dSi * dS 2 > dq - ^-) > 0 (1.4) 

The flow of heat from a hotter to a cooler system is a spontaneous, irrevers- 
ible process, and the inequality signs in equations (1.3) and (1.4) hold for 
such cases. However, in principle, an experiment can be imagined in which 
the temperature difference is so minute that the process is almost reversible. 
The equality sign in equation (1.4) then gives the lower bound on the entropy 
increase. At equilibrium, the processes that occur in a system become com- 
pletely reversible by definition, temperature differences must be zero, and 
the entropy becomes a maximum subject to the constraints imposed on the system. 

The above result for two systems can be generalized to include an arbi- 
trary number of systems, indeed the entire universe, and for processes other 
than heat flux, such as mass flux, pressure change, energy change, work, etc. 
The total change in entropy for any real process is always greater than zero. 

For convenience in the derivations to follow, a closed system is defined 
as one that allows neither mass addition nor subtraction, but does allow 
energy or heat flux to and from the system. Conversely, an open system (a 
concept discussed in the chapter on Chemical Equilibrium) allows mass addition 

3 




or subtraction also. For the present, we consider relations between the 
properties of a closed gas phase system. For such a system, it follows from 
equations (1.1), (1.2), and (1.3) that 

dE + pdV-TdS< 0 (1.5) 

The equality holds if the processes are all reversible, that is, if changes 
are made so slowly that the system always maintains equilibrium. In reality, 
a system must be driven out of equilibrium to make a process occur and change 
the state of the system starting from equilibrium. However, in principle, the 
amount of nonequilibrium can be kept so small that the equality is an extremely 
good approximation for the process. The equality also holds if the beginning 
and end states are in complete equilibrium, whether or not the process is 
reversible, since the equilibrium conditions are state functions and do not 
depend on the process. 

In practical terms, we speed up desired processes with interactions 
between the system of interest and the surroundings external to that system. 
Consider the special case where the processes change the state of the system 
from one equilibrium state to another. This situation is illustrated in 

figure 1 . 1 which describes two paths a process 
may take in going from equilibrium state A to 
equilibrium state B. Let the ordinates repre- 
sent any two independent thermodynamic variables 
(such as pressure and temperature, or volume and 
temperature, or volume and entropy, etc.' 1 . Any 
two such variables uniquely determine the equi- 
librium state and thus all other variables. By 
definition, the system at A will remain at that 
state indefinitely unless a small amount of non- 
equilibrium is introduced from an external sys- 
tem - for example, the nonequilibrium introduced 
by forcing a gradual change of volume, or by 
slowly letting heat in or out of the system. In 
principle, the nonequilibrium could be produced 
by a slow change in any other variable, or a com- 
bination of variables, caused by interaction with an external system. For a 
change in volume, mechanical work must be done on the system or by the system 
to move the gas boundaries against or with the gas pressure, respectively. If 
this change in variable were applied infinitely slowly, the system would trace 
a path from A to B given by the solid curve for which every point on the 
curve is essentially a state in equilibrium and for which the process would 
stop immediately as soon as the interaction with the external system were 
terminated. For this path, the process is reversible and the equality of 
equation (1.5) would apply. Since this process would take infinitely long, as 
a practical matter the process would be speeded up by forcing it to follow an 
irreversible nonequilibrium path, say from A to A' . At A ' the inequality 
of equation (1.5) would hold. Then, if the forcing function from the external 
source were removed, the system could change spontaneously from the nonequi- 
librium state A' to an equilibrium state S', at which point the change in 
the system would stop and the equality of equation (1.5) would hold so far as 
the internal system is concerned (i.e., not including changes in the external 



Figure 1.1.- Process paths 
from equilibrium state A 
to equilibrium state S. 
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system). State S’ might not be exactly the same as state B if the forcing 

function from the external system were not terminated at the appropriate point 

for spontaneous internal processes to lead to B\ however, B' will lie some- 
where on the equilibrium line containing AB (fig. 1.1). The surface formed 
by all such lines in a third dimension, which represents another thermodynamic 
variable z, is called the equilibrium surface. The system could be forced 
back to state B by a further irreversible path if the appropriate inter- 
action with an external system is used. For any irreversible path AA'B, the 
total entropy change of the internal and external systems will be greater than 
zero. Often the engineer is interested only in the balances that pertain to 
the internal system, which are uniquely determined by the starting and end 

points A and B. In other words, the internal system balance will be the same 

as though the path had been the reversible path, in which case, equation (1.5) 
may be used with the equality sign. However, note that somewhere external to 
the system in which a change of state has taken place, there have been changes 
which when coupled with the changes in the system, increase the total entropy 
of the system and its surroundings; otherwise the process would not have 
occurred in finite time. 

Conservation theorems for nonequilibrium or irreversible processes in 
closed systems can also be deduced from relations such as equation (1.5). 
Consider a system kept at fixed specific volume V and entropy S. These two 
independent variables uniquely determine the equilibrium state of the system 
and therefore all remaining thermodynamic variables at equilibrium, such as 
E, p, T, etc. Now if the internal system undergoes an irreversible process by 
interacting with an external system and is then returned to its original equi- 
librium state, while V and S are maintained constant throughout, the inte- 
gral of all changes dE must sum to zero. This can occur only if dE 
vanishes over each interval of the cycle. Thus internal energy is a con- 
served quantity in any internal process where V and S are fixed; in contrast, 
the quantities pressure or temperature might vary during this particular proc- 
ess and then return to their initial value. Similarly, V would be conserved 
in nonequilibrium processes that occur at fixed E and S; S would be 
conserved at fixed E and V. 

The same relation given by equation (1.5) is conveniently expressed in 
terms of other thermodynamic quantities. Substituting the definition of 
enthalpy (H = E + pV) into equation (1.5), again for a closed system, one 
obtains 

dH - V dp - T dS < 0 (1.6) 

Thus enthalpy is a conserved quantity for systems kept at constant pressure 
and constant entropy. Similarly, if the free energy {F - E - TS ) is substi- 
tuted into equation (1.5), 

dF + p dV + S dT < 0 (1.7) 

or the free enthalpy (G = H - TS) into equation (1.6), 

dG - V dp + S dT < 0 (1.8) 
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Thus, F is a conserved quantity for closed systems constrained to fixed V and < 

T, and becomes a minimum for these systems at equilibrium. Similarly, G is a 

conserved quantity for closed systems constrained to fixed p and T and 

becomes a minimum for these systems at equilibrium. In the laboratory, it is 

more convenient to keep temperature, pressure, and volume constant than 

entropy or energy, so the free energies are particularly useful for describing 

the equilibrium state in the usual experimental situation. , 

The thermodynamicist thinks of entropy in relation to the amount of work , 

that can be abstracted from a system by reversible processes at constant tem- 
perature. From equation (1.7), this amount of work is just the decrease in » 
free energy: 

t-dF) T « (p dV) T ; 

f 

Thus, free energy F represents that part of the energy E available for 
work at isothermal, equilibrium conditions, while the quantity TS represents 
that part of E not available. Similarly, the decrease in Gibbs' free energy 
is the work abstracted from this system plus the decrease in the quantity pV: 

i-do) T = (p dv) T - d(pv) T 

The product pV represents the work done by 1 mol of ideal gas expanding at 

constant pressure from infinite density to volume V. This product is also 

sometimes referred to as flow work by fluid dynamicists (ref. 4) . ■ 

Relations between thermodynamic variables at equilibrium and their 
partial derivatives are readily derived from equations (1.5) through (1.8). 

For example, in a closed system the pressure, volume, temperature, and entropy 

are, respectively * 



(1.9) 

(*!L\ . « S (K\ 

\dp) s \zp/ T V 3p ) H °V9 p) G 

(1.10) 


(1.11) 

iw\ • - (i) p - -p (I) F ■ v (%\ 

(1.12) 


(Some of these relations are useful for the purpose of relating thermodynamic 
quantities to statistical mechanics.) 

When the thermodynamic relations are known, one can, m principle, solve 
any fluid problem in which transport phenomena can be neglected (ref. 5) (i.e., 
where the effects of viscosity, conduction, diffusion, and radiation are all 


6 



. fcSW-- 




small). On.? needs to solve simultaneously, subject to the appropriate 
boundary conditions, equations of conservation of energy, momentum, and mass, 
and the equation of state, shown below in simplified one-dimensional, steady- 
state form: 


d + u du - 0 

(1.13) 

dp + pw du - 0 

(1.14) 

u dp + p du = 0 

(1.15) 

P “ P(P,T ) 

(1.16) 


where u s the fluid velocity. Such solutions may be very difficult in 
general, a ad the fluid dynamicist's task is to find particular or approximate 
solu. ions t:o specific problems of interest. That small part of the problem 
with which this book is concerned is to express the thermodynamic quantities 
as functions of the appropriate variables so that such solutions are possible, 
in principle at least. 

If the gas is in equilibrium, the case considered for the present, any 
two thermodynamic variables determine the complete state of the gas. As a 
general rule, solutions are simpler and mathematical expansions converge more 
rapidly if independent variables can be chosen that are relatively constant 
for the problem at hand. Thus, p and T are normally chosen if the process in 
question tends to occur at constant pressure, while p and T are convenient 
for proi lems where density is relatively constant, and S and T are appropri- 
ate for constant entropy processes. However, any other combination of two 
variables can be used If approximate thermodynamic relations can be devised 
which are simple enough analytically so that they can be inverted, the engi- 
neer gains flexibility in the choice of independent variables. 


1.4 PHYSICAL CHEMICAL METHODS FOR OBTAINING THERMODYNAMIC QUANTITIES 


Originally, thermodynamic quantities were determined by the physical 
chemist, who developed ueans of measuring p, V, T, and also A q, the heat 
added to a closed : '’stem. The specific heats could then be determined 
experimentally: 


' v W) r 


(1.17a) 


if mea<= cements were made in a constant volume device, or 
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(1.17b) 
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if in a constant pressure device. Then, in the constant volume experiment, 
the energy and entropy could be derived by the simple numerical integrations: 


E = fc v dT 

f dq f £y_j; • 
= J T = J T 


(1.18a) 

(1.19a) 


or, in the constant pressure experiment, enthalpy and entropy are obtained: 

H •JCp dT (1.18b) 


S = = (1.19b) 

The other thermodynamic functions are all related, by definition, to the above 
quantities. The constants of integration in equations (1.18) and (1.19) remain 
undetermined; thus, energy, enthalpy, entropy, and the free energies were all 
related to some arbitrary reference level (taken to be zero for a pure stable 
gas at standard temperature and pressure, usually p=l atm and T= 273° K, 
though both 288° K and 293° K are also often used as standard reference tempera- 
tures) . This was sufficient for many purposes where only differences such 
as Aff, A S, or A F are needed to solve the problems of interest. However, A q 
is difficult to measure accurately because of heat losses, truly constant 
pressure or constant volume processes are hard to maintain, and, in any case, 
there are practical limits to the range of T and p available to the experi- 
menter. Thus, a more precise method of determining the thermodynamic proper- 
ties based on measured atomic and molecular constants is now used. 


According to the results of statistical mechanics, all thermodynamic 
properties of dilute gases can be determined from the energies and the 

degeneracies of the unperturbed atomic or molecular states of the gas 
particles. Fortunately, these energy levels are known very accurately from 
spectrographic measurements in many cases of interest, and the degeneracies 
are generally known as a result of quantum mechanical interpretation and clas 
sification of spectra. The fruition of these basic disciplines now permits 
thermodynamic properties to be evaluated so precisely that other methods are 
not normally competitive. 


1.5 REVIEW OF BASIC STATISTICAL MECHANICS 



< 


r 


Statistical mechanics is based on the following postulate: 


Basic Postulate of Statistical Mechanics 

/ 

Spontaneous processes of a closed system always lead to a more probable 
state of the system as a whole. The qualification "as a whole" is included 
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because, if a small part of the system is isolated, statistical fluctuations 
can occur, leading to a transient, less probable state for that part of the 
system. Such transient fluctuations lead to real phenomena such as Brownian 
motion and scattering of light from the Earth's atmosphere, for example. How- 
ever, in a practical sense, the postulate is found to agree with reality for 
any system with dimensions large compared with the mean free path between 
molecular collisions or where the state properties are averages over times 
long compared with the mean collision time. This time irreversibility of 
spontaneous processes in closed systems is deduced in a sense from the 
Boltzmann H - theorem (ref. 6), which might be considered a proof of the above 
postulate. However, the result of the Boltzmann //-theorem is really intro- 
duced by the assumption made that the molecules entering collision are uncorre- 
lated by past history (ref. 6); this assumption automatically introduces a dis- 
tinction between past and future into the kinetic gas model . For purposes of 
this book, it seems appropriate to merely state the postulate as one that 
agrees with observed behavior of systems rather than attempt to prove the 
postulate from more fundamental principles. According to the above postulate, 
an equilibrium system resides in its most probable state. This maximum proba- 
bility is subject to the constraints imposed on the system, such as the total 
volume, the pressure, the number of molecules, or the energy, etc. 

A quantity W, called the thermodynamic probability, is defined as the 
number of equivalent ways the fundamental particles of the system can be dis- 
tributed in the different states available to these particles. The quantity 
W is not really a probability since it is not normalized to unity, but it is 
proportional to the probability so that, at equilibrium, W is a maximum. In 
probability theory, W is called the number of permutations. One can see that 
W has properties similar to the entropy S, which also tends to increase as a 
result of spontaneous processes and become maximum at equilibrium. However, 
the second law of thermodynamics defines entropy as an extensive property so 
that the total entropy of several systems is the sum of the individual 
entropies 

5 ( 1 . 20 ) 

i 

whereas the total thermodynamic probability is the product of the individual 
thermodynamic probabilities, 


W = I \Wj 


( 1 . 21 ) 


Consequently, S must be proportional to the logarithm of W: 


- k In 
S = k In W 


(1.22a) 

(1.22b) 


Note that if some constant different from zero is added to equation (1.22a), a 
different constant then appears in the summation given by equation (1.20) and 
in equation (1.22b). Consequently, the constant must be zero to maintain an 
invariant functional relation between S and W. This fact establishes the 
absolute level of entropy. 
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Equation (1.22) constitutes a fundamental definition called the Boltzmann 
definition of entropy. In fact, the dimensionless quantity W could be used 
in place of entropy. However, the latter was defined and measured empirically 
long before the statistical relations were understood, so the precedent is now 
well established that the dimensional quantity S is used to describe the 
direction of spontaneous change in thermodynamic systems. Where the loga- 
rithms are taken to the base e, the proportionality constant between 5 and 
In W must be the Boltzmann constant k to match the statistical and 
thermodynamic definitions of entropy. 

The thermodynamic probability W is a measure of the uncertainty about 
the system. If the state of the system were precisely known, W would be 
unity and the entropy would be zero. This situation exists at absolute zero 
temperature for many systems. If an uncertainty exists whether the system is 
in any one of W equally probable states, the entropy is k In W. The larger 
the uncertainty in the state of the system, the larger V and the entropy 
become. 

Strictly speaking, W should epresent the total number of states 
available to the system. However, it will be more convenient to use W to 
represent a more limited quantity, namely, the total number of states of a 
system constrained to have a given set of occupation numbers n{, for the 
particles that occupy each available state i. In other words, the uncer- 
tainty in this hypothetical system arises from the exchange of like particles 
between states, but the distribution function for the values of remains 
fixed. This model is useful because it allows one to define the entropy of 
both equilibrium and nonequilibrium systems and, for most practical purposes, 
it yields the same result as if the distribution function for the occupation 
numbers n-i were allowed to fluctuate. Real systems are in a dynamic state 
of fluctuation, of course, because of collisions and photon transitions, for 
example. Thus, in real systems, the occupation numbers fluctuate about 

some mean value. Only the energy and the total particle number n are con- 
served for a system isolated from its surroundings, and the fluctuations in 
the occupation numbers means that a manifold of additional and equally prob- 
able states are available to the system, increasing the uncertainty about the 
system and therefore the entropy of the system. For this reason, many authors 
(refs. 7-9) prefer to define a quantity 0 as the total number of states 
available to the system with a given energy, to distinguish it from the quan- 
tity W representing the thermodynamic probabilities for systems constrained 
to single sets of occupation numbers *t£. Thus, 

n = ]C w (i . 23) 

E= const 

where the summation extends over all sets of occupation numbers which result 
in the given total energy. The equilibrium system is that one for which all 
>. are equally probable, and the entropy of the equilibrium system becomes 

5 = k In Q (1.22c) 
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Gibbs developed the concept of the ensemble to deal with problems 
associated with fluctuating occupation numbers. The ensemble represents a 
hypothetical distribution of equal energy systems, each of which can be 
described as a point in 6 «-dimensional phase space (three position coordinates 
and three momenta for each of the « particles in the system). As the parti- 
cles of the system move about in physical space, the location of the system 
moves in phase space. The density of these system points obeys the same set 
of Liouville equations that determine the flow of a nonviscous fluid (refs. 10 
and 11). The density of systems in the volume element about a point in phase 
space is proportional to the fraction of time that a real system will be found 
in that particular configuration with its particular set of occupation numbers 
n£. A canonical ensemble is that particular ensemble that is steady state in 
time. The thermodynamic probability ft is the total number of different con- 
figurations found in the canonical ensemble and is a constant. The quantity 
W is the number of member systems of the ensemble which have the same distri- 
bution function for the occupation numbers; it may be considered a fluctuating 
quantity diat represents the thermodynamic probability of a system at a given 
instant of time. 

The canonical ensemble is sometimes also called the micvocanonical 
ensemble to distinguish it from the grand canonical ensemble, another concept 
introduced by Gibbs. The grand canonical ensemble is an ensemble of equal 
energy systems with all possible total numbers n allowed (whereas n is a 
fixed quantity in the closed systems considered so far). This ensemble is 
useful for treating the open systems considered in respect to chemical equi- 
librium in chapter 2. Although the ensemble concepts have proven very useful 
in deriving certain average properties of real systems (ref. 12 ) , with the 
advantage of hindsight we can now derive the properties of interest without 
these concepts, focusing attention on a single system and using the fact that 
ft can be approximated quite well by the maximum possible value of W, that is, 
Umax- 



f 


% For quantitative applications, the entropy is expressed as 

f, 

r S = k In W ma x * k In 77 ^— (1.22d) 

i w max 


The first term, k In W max , which can be calculated with reasonable accuracy, 
represents the entropy of a system constrained to the most probable distribu- 
tion of occupation numbers. The second term, k ln(U/W max ') , can be approxi- 
mated only roughly. However, in section 1.12, we find that this term is the 
same order of magnitude as terms that are neglected in evaluating k In W mca; 
and it represents the increase in entropy required to account for fluctuations 
about the most probable state. For most systems of practical interest, the 
number of particles is very large (typically the order of 10 19 ) and, in this 
case, the correction is truly negligible. Thysically, this means that in sys- 
tems having large numbers of particles, the fluctuations about the mean dis- 
tribution are percentagewise very small! 

The advantage gained by use of equation (1.22b) as the basic definition 
of entropy, with W defined as a variable representing the thermodynamic 
probability of a fictitious system constrained to a single distribution 
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function, is that the definition can then be applied to both the equilibrium 
and nonequilibrium cases whenever the distribution function for the occupation 
numbers n-i is known or approximately known. (Again note that ft is a con- 
stant and equation (1.22c) can be applied only to the equilibrium conditions.) 
This is useful, for example, when small sample systems are examined in which 
the entropy, as well as other thermodynamic quantities, may have sizeable 
fluctuations of interest. Again, the entropy can be assigned to a highly non- 
equilibrium system at each instant of time if the rate of change of the popu- 
lation numbers, hi, is known starting from some initial condition. In both 
the equilibrium and nonequilibrium cases, there will exist a fluctuation in 
occupation numbers in real systems which will require an added term in the 
expression for entropy; but in most practical situations, the correction will 
be negligible. Usually, only changes in entropy are needed, and the rela- 
tively constant correction term is superfluous in this case. 


At this point, it may be helpful to include a v comments about the 
difference between classical and quantum particles since some confusion exists 
about these differences in both the literature and the classroom. Classical 
particles are considered to be completely distinguishable from one another by 
virtue of their position in space and time. Thus, for a system of n classi- 
cal particles, there exist n\ different configurations of the particles that 
can lead to the same observable state of the system, namely, the configura- 
tions that arise from the n\ different exchanges of two like particles. The > 

n particles in a solid-state crystal lattice intuitively seem to satisfy the 
requirements of distinguishability and, indeed, the solid-state crystal can be | 

modeled very well by use of the classical particle concept. In gases, the 
distinguishability of the particles seems less obvious. The particles are 
free to move about and exchange position, but, in principle, according to 
classical mechanics the positions and momenta of all particles of the system 
are known at any future time if the initial conditions are given. In this \ 

sense, the classical particles are distinguishable even though the labor 
involved in keeping track of the huge number of particles involved in normal 
systems would be prohibitive, even for modern computers. However, Gibbs and 
other early thermodynamicists found that when all n\ states of such a gas 
were considered distinguishable, the entropy obtained statistically was too 
large. A nonvanishing zero level entropy was derived which led to the famous 
Gibbs paradox: the total entropy of such a system did not equal the sum of 

the entropies of its parts, as required of an extensive property (see ’ 

eqs. (1.20) and (1.22)). The answer to this paradox was forthcoming only when 
quantum theory was developed. Strictly speaking, all particles obey quantum 
mechanics; classical behavior is merely a limiting behavior that is approached 
in certain cases, as for the highly localized particles in the solid, but it 
is not approached in others, as for the free particles in gases. 

In quantum mechanics, the probability that a particle i will be found 
in a volume element of space, dxi dyi dzi, is given by the product of the 
volume element and the square of the particle's wave function 

\l>i 2 (xi,y£,Zi)dx£ dy ^ dzj (ref. 13). These wave functions are discussed in ? 

detail in chapter 3 and thereafter; for the present, it is sufficient to point 
out that if a system of n identical particles exists in which the particles 
are isolated (as in a solid), the individual particle wave functions do not 
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overlap and the particles can then be treated as distinguishable. If, on the 
other hand, the particles are free to occupy the same region of space (as in a 
gas), the individual particle wave functions all overlap one another and the 
particles must then be treated as indistinguishable. Then the n\ exchanges 
of particles must be considered to result in the same identical state. Mathe- 
matically, this situation is modeled by expressing the wave function for the 
entire system of isolated (distinguishable) particles as the product of all 
one-particle wave functions (see section 4.7): 


• .»q n ) = II MV 


(1.24) 


There are ;z! different wave functions of this type, corresponding to all 
possible exchanges of the coordinates of two like particles. (Note that q. 
represents three coordinates in physical space, and that the system wave 
function is a function of all 3 n space coordinates.) On the other hand, the 
wave function for a system of (indistinguishable) particles with overlapping 
wave functions must be expressed as a determinant (again see section 4.7): 

MV MV • • • MV 

MV MV • ■ * MV 

Hq x ,q 7 ,- • ->q n ) = MV MV • • • • Ci - 25) 


w 




which already accounts for all possible interchanges of two like particles. 

The point is that this function represents a single state of the system, not 
n! states. Molecules in a gas behave as free particles and, as shown in 
chapter 3, free-particle wave functions extend throughout the entire available 
volume. Thus, the gas particle wave functions are all overlapping and the 
total wave function for a gaseous system of particles must be represented by a 
function of the form of equation (1.25). The solid, on the other hand, can be 
adequately modelled by n\ different functions of the form of equation (1.24). 
In a liquid, the particles are neither strictly localized nor free; this situ- 
ation is more difficult to model than the limiting cases that represent the 
solid and gaseous states, but the wave function will obviously have the char- 
acter of a product of lower rank determinants that represent the wave func- 
tions of small clusters of nearly indistinguishable particles. The number of 
different states of a liquid system provided by interchanging these cluster 
groups is much greater than unity but smaller than n!. Similar considera- 
tions are necessary when one corrects the idealized gas model to account for 
high-density effects that lead to slow diffusion of gas particles and, in 
effect, some localization of the particles. Again, at high temperatures, the 
diffusion effect in solids leads to some overlapping of single-particle wave 
functions and some indistinguishabi lity of the particles. 
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1.6 SOLID- PHASE STATISTICS 


The gas phase. is of primary concern here, but it will nevertheless be 
instructive to consider first a system of n localized, and therefore distin- 
guishable particles (as in the solid phase). Subsequently, in the gas phase 
system considered, the particles are all free to occupy the total volume and 
are therefore indistinguishable. By this procedure, certain important 
differences between these two cases can be noted. 

The number of ways n distinguishable particles can be chosen to occupy 
the availab. states k, with a given set of occupation numbers n^, is the 
thermodynamic probability 

W • nl Tf-^r ( 1 - 26 ) 

k n k‘ 


(Derivations of the mathematical expressions used for W are presented in 
references 10, 11, and 14 among others; appendix 1-A presents a brief review 
of these derivations.) 


Systems of interest often have r. number of states with the same energy 
level e^, and the number of such states is called the degeneracy of that 
level g.. In this case, it is convenient to express the distribution func- 
tion in terms of the numbers of particles n{ that occupy each level i. The 
thermodynamic probability for the solid phase system is then expressible as 


W = nl 




(1.27) 


If Stirling's approximation for the logarithm of factorials of large numbers 
(refs. 10, 11, and 15) 

In nl - n In n - n + j In 2irn (1.28) 

is used with equation (1.27), an approximate expression for In W is 

In W « n In n - n + y In 2vn - * n i + J 2vn ij ( 1 - 29) 

Not all the numbers n± are so large that Stirling's approximation is 
justified. However, the total number of particles in the system may be taken 
so large that the approximation is fully justified for all cells that contrib- 
ute appreciably to the total thermodynamic probability W. In fact, if only 
terms of orders n and n i are retained: 


In W = n 


In n - 


» 7 n i 
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(1.30) 
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The neglected terms are self-compensating for the small occupation numbers so 
the results are the same as those given by the more rigorous derivation of 
Darwin and Fowler using the method of steepest descent (refs. 16 and 17). 

The values of n i are subject to the restriction that the total number 
of particles be fixed: 

n - =0 (1.31) 

i 

and that the total energy be some finite constant E, 


-S 


£ i n i 


= 0 


(1.32) 


At this point, Lagrange's method of undetermined multipliers is used 
(refs. 11, 14, and 15) to maximize W, subject to the above constraints. 
Equations (1.31) and (1.32) are multiplied by arbitrary constants and addec 
equation ().30). The derivative of this sum with respect to n £ must be zero 
for all when W is an extremum subject to the given restrictions. The 

constant multipliers are designated here by (a - 1) and 6, respectively, 
merely to put the final results in the traditional form. Then 


9 In W 
9 m, - 


♦ (a - 1) 


_9 

9m 




♦ B 


9 

9m, 1 


E 



= 0 (1.33) 


From equations (1.30) and (1.33), the most probable distribution of occupation 
numbers is found to be 


m . = g . e 

X *x 


■ (a+6e^) 


(1.34) 


the general form of the Maxwell -Boltzmann distribution. The constant a is 
just a normalization factor that equates the sum of all n ^ to the total 
number n, as required by equation (1.31), 


m . = e 


■a T-* 
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(1.35) 


The summation on the right-hand side of equation (1.35) is called the 
partition function, designated here by the sumbol Q: 


-Be. 

Q = E e 1 


(1.36) 


The partition function is particularly important because all equilibrium 
thermodyr amic properties of a system of particles can conveniently be derived 
from it. 
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In terms of the partition function, the Maxwell- Bolt 2 mann distribution, 
equation (1.34), can be expressed as 


n ~^ F 'i 
n i - Q e 


and the total energy of the system by 




-Be. 


(1.37) 


(1.38) 


t ^ 

while the thermodynamic probability according to equation (1.30) is given by 


-Be, 


In W - n In n - ^^^9^ e 1 (In n - In Q - Be,-) 
i 


* n In Q + 8E (1.39) 

Then the entropy of a solid-state system or a system cf distinguishable 
particles is 

S ~ k In W - nk In Q * k£E (1-40) 

If each state were treated separately with a degeneracy g = 1, the same 
results would be obtained. For example, the partition function and the 
Maxwell- Boltzmann distribution could then be collapsed from a sum over all 
different .states k to a sum over all different energy levels i : 






q . e 


-Be. 


A:= l 

V£*.= e, 


(1.36a) 


'"0 

*-E 


n ~& c i 
nt, = a .n, = — a . e 
k • t k q • t 


k= l 
€ k= € i 


(1.37a) 


with results identical to those given before in equations (1.36) and (1.37) 


The partition function, often designated by the symbol Z rather than 
Q, is sometimes called the state sun or Zustandssumme. The term state sum 
originally indicated a summation over only the internal states of the particle, 
whereas the partition function includes a summation over both internal and 
kinetic energy states. Here the term state sum is reserved for a somewhat 
different concept to avoid an ambiguity that often appears in the literature 
between the partition function and the state sum as defined here. The parti- 
tion function is tiie sum over all states available to each particle that is a 
member of the system; the stat-' sun is the sum over all states available to 
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each system that is a member of an ensemble of systems in which th« total 
system energy E can take all possible values. This state sum is designated 
here by Q n to call attention to both its difference and its relation to the 
partition function Q: 


«„ - £ •'** 0.41) 

J=1 

Often we have a situation where the individual particle energies are independ- 
ent of one another, in which case the total energy may be expressed as 


n 

= E 


e * 


(1.42) 


k= l 


where the summation extends over all n particles residing in the various 
states with energy Thus 

n 


d=i Pf k* i 


-&t k 


(1.43) 


The sum over all j includes every possible state k of every particle, so 
we may factor out n identical quantities Q: 


n 


Q n = i I Q = & 

k-i 


(1.44) 


where the Q terms are the single-particle partition functions defined 
previously. The thermodynamic properties of a system may all be expressed in 
terms of the state sum Q n as well as of the partition function; for example. 

In W = In Q n + QE (1.39a) 

S = k In Q n + HE (1.40a) 

The relation between the state sum and the partition function given above is 
valid for distinguishable particles only; the product Q n includes all n\ 
exchanges between like particles in the system. For gas phase where the par- 
ticles must be treated as indistinguishable, the state sum is identified with 
$"/»!. 


1.7 GAS PHASE STATISTICS 


Gas phase differs from solid phase in that all particles are free to 
occupy the entire volume and, for a pure phase, the particles are identical 
and therefore indistinguishable from one another. This indistinguishability 
changes the statistics since the n! permutations of the n particles with 


A-5926 
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one another represent a single observable state of the system. Thus, the 
thermodynamic probability, that is, the total number of different ways the 
particles can occupy the available energy levels i with a given set of occu- 
pation numbers n^, becomes 

~ q n .i 

»=\\h (1.45) 

i i 

in place of equation (1.27), the solid-state relation. 


One might object that equation (1.45) could be less than unity if occupa- 
tion numbers n •£ were much larger than the available degeneracies g • . How- 
ever, the particles are so far apart in the gas phase that the degeneracies of 
available kinetic energy states (derived in ch. 3) are much larger than the 
number of particles available to fill them. This means that the most probable 
occupation numbers in any single state are 0 and 1. One immediately sees the 
advantage gained in summing over energy levels with large degeneracies rather 
than summing over all states with degeneracy one; the occupation numbers n ^ 
can then become large enough that Stirling's approximation can be used for the 
factorial quantities. Also, since the are much larger than the n £, one 
can see that W is indeed larger than unity. The logarithm of W for gas 
phase systems is 


ln w ( n i ln 9i ~ ln n i ' ) 

i 

which, with Stirling's approximation, becomes 


(1.46) 




ln f. - n i + 2 ln 2 ™i) 


2 « H 


(1.47) 


where again only terms of order are retained in the last expression 

above. Lxcept for the constant term, the functional relation between W and 
ni is the same as i' equation (1.30) and leads to the same form for the 
Maxwell- Boltzmann distribution as before, equation (1.37). Also, the total 
energy of the system is again given by equation (1.38). However, the thermo- 
dynamic probability now has a slightly different relation to t v « partition 
function Q: 


v? " 6 e y 

m W * n - q 2-j 9-i e (.In n - In Q - 3e,;) 


- n - n In n + n In Q + 

- n in + BE + n 


(1.48) 
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and the entropy of a gas phase system of particles is 

S * k In W * nk In + k&E + nk 

n 


(1.49) 


This appears to be somewhat similar to the expression for entropy of a solid- 
state system of particles given by equation (1.40), except for the constant 
-nk{ln n - l). However, this constant is very important in establishing 
reference levels for the free energies and the criteria for chemical equilib- 
rium in the gas phase. Classical thermodynamics alone was unable to establish 
a unique reference level of entropy, and a major contribution of statistical 
mechanics and quantum mechanics is that an absolute value of entropy is pro- 
vided. The reader can readily sense that the expression for entropy of a 
liquid phase system is something intermediate between equations (1.40) and 
(1.49), representing a case in which the particles are neither strictly local- 
ized nor free. Strictly speaking, the above models are not entirely precise 
for the solid-state and gas phases either. In solid state, atoms can diffuse 
through the crystal lattice and interchange with one another, leading to a 
certain degree of indistinguishability of the particles. Similarly, diffusion 
is slow in very dense gases leading to a certain degree of distinguishability 
of the particles according to their position. However, these effects can be 
treated most easily by considering them to be perturbations on the idealized 
models presented previously rather than attempting to work from a more exact 
model at the start. 


At first glance, one might think that the entropy of a gas is less than 
that of a solid because of the large negative factor -nk(ln n - 1) added to 
the expression for gases, equation (1.49). However, this is not the case; the 
available degeneracies in the gas are so much larger than in the solid phase 
that the entropy increases by a large amount when a solid system of n par- 
ticles is vaporized. This agrees with our intuitive sense that the uncer- 
tainty in the state of a system is greatly increased as it transforms from the 
solid to the vapor phase. 


Just as for solids, the thermodynamic probability W, entropy S, and 
other thermodynamic properties of gas phase can be related to the state sum 
Q n in place of the single-particle partition function Q. However, in this 
case. 


and the expressions for 


3 d 

II 

n\ 


(1.50a) 

II 

c? 

vS 

n In Q - n 

In n + n 

(1.50b) 

W and S 

become 



In 

W = In G n + 

3 E 

(1.48a) 


S = k In Q n 

+ HE 

(1.49a) 


19 




* * 1 


I 



f 


t 


which are identical to the expressions derived for the solid-state system. In 
this sense, the state sum Q n is a somewhat more universal parameter th«*n the 
single-particle partition function Q . 

Because of the confusion that exists between the partition function Q 
and the state sum Q n , the statistics of gas phase are sometimes treated as 
though the particles are classical and therefore distinguishable, leading to 
the same expressions as for the solid phase. Then, the single-particle parti- 
tion function Q is shown to be proportional to the available volume (as in 
ch. 3) and the argument is made that the free volume per particle is the total 
volume V divided by the total number of particles n. The rationale given 
for this assumption is that V/n is the average volume available which is 
free of perturbation from neighboring particles and that collisions with the 
neighboring particles limit the number of free-particle momentum states that 
should be counted in evaluating the degeneracies g^. This limitation of the 
free volume introduces the additional factor n" 1 , which leads to the same 
results obtained above, where the gas was modelled as a collection of parti- 
cles free to move without, perturbation throughout the entire volume V. 

Although collisions with other particles inhibit some of the momentum states 
available in a gas system of particles, the mean free path between collisions 
is known to be much larger than ( V/n ) 1/3 . Thus putting the gas particles in 
potential boxes of size V/n is physically unrealistic, even though the 
results obtained with this model are valid. 

The remaining thermodynamic properties of a system can now be derived 
from the foregoing results for the thermodynamic probability, the distribution 
function, and the entropy. However, we digress for the moment to discuss 
classical analogs to the Maxwell -Boltzmann distribution, to the partition func- 
tion and the state sum, and to evaluate 8 in terms of temperature. 


1.8 CLASSICAL STATISTICAL MECHANICS 


The Maxwell-Boltzmann distribution expressed in integer form, 
equation (1.34), is obviously appropriate for quantum particles Where one 
needs to sum over discrete or quantized states. However, these states often 
lie close together and can conveniently he treated as a continuum, in which 
case the equivalent classical integrals for the partition function and the 
state sum are appropriate. In fact, the integration xs often easier to per- 
form than the summation. In such integrations, a quantum energy state i 
corresponds to a volume element of classical phase space dp dq, which is a 
shorthand notation for a product such as dp x dp.y dp z dx dy dz, involving all 
momenta and coordinates available to the particle. The Maxwell-Boltzmann dis- 
tribution of equation (1.34) may thus be expressed in differential form as 


P 


= dn _ n -$H{p,q) 
dp dq ~Q 


(1-51) 


where p represents the density of the distribution in particle phase space 
and H{p,q) is the energy of the particle, in general a function of all the 
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particle coordinates q and momenta p. The constant multiplier n/Q has 
already been chosen to normalize the integral of all dn to the total number 
of particles n, where the quantity Q is the phase integral: 

Q = e~* B ^'^dp dq (1.52a) 

which is the classical analog to the partition function. The integrations are 
performed over all the coordinates and momenta available to the particle, 
which may be a sizeable number if the particle is a polyatomic molecule. For 
a single structureless particle, the integral is sixfold, corresponding to 
three independent coordinates and three independent momenta. The degeneracy 
g does not appear because states with the same energy are automatically 
counted when integrating over all coordinates and momenta, which is equivalent 
to setting the degeneracy g to unity and summing over all states to obtain 
the pa-tition function (as in the first expression of eq. (1.36a)). 

One difference between the phase integral and the partition function 
remains; equation (1.52a) is a dimensional quantity and the value of the inte- 
gral depends on the units chosen for the coordinates and momenta; the parti- 
tion function, on the other hand, is dimensionless. Before the advent of 
quantum theory, there was no way to choose one set of units over another, and 
Gibbs had no choice hut to leave the phase integral in the form of equa- 
tion (1.52a). In fa^t, the classical relations could be expressed equally 
well in terms of velocities and coordinates rather than momenta and coordi- 
nates. The latter were chosen here with the advantage of hindsight provided 
by the Heisenberg uncertainty principle (see ch. 3), which shows that a single 
state of the particle includes a region of phase space with the size 

dPi - k (1.53) 

where h is the Planck constant. This establishes the relation between units 
that must exist so the phase integral quantitatively agrees with the partition 
function. Thus Q is written in dimensionless form as 

Q = U-52b) 

where f, the number of degrees of freedom, is defined as the number of inde- 
pendent sets of space and momentum coordinates that appear in the energy 
function H. 

The choice of the particular set of coordinates and momenta used remains 
arbitrary because the best choice, dependent on the functional form of the 
energy H(p,q), is that set which permits the integral to be evaluated most 
easily. For the free particles treated in chapter 3, the Cartesian coordinate 
set is most convenient, for example 

Q S *" tH(Px,P y ,Pz,X,ytZ) dp x dpy dp z dx dy dz (1.52c) 
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But other coordinate sets, such as cylindrical coordinates or spherical 4 
coordinates, for example, may be required for different problems. The appro-* 
priate sets are called conjugate momenta and ooordinatee and the units of each 
must be chosen so that their products equal the Planck constant. The energy 
function must be expressed in terms of a conjugate set, and when thus 
expressed it is called the Hamiltonian. A conjugate set of momenta and coor- 
dinates Pi.qi is a set that puts the Hamiltonian differential equations of 
motion in canonical form, namely, 

3 H dPi 32? d%i ' . ... 

* " ~7FT * a£T * "XT (1-54) 


Usually, the coordinate system is chosen first so that it conveniently 
fits the boundary conditions of the problem at hand, thereby simplifying the 
mathematics. The conjugate momenta for these coordinates are then found 
according to the following recipe: 

1. The Lagrangian function L, the difference between the kinetic energy 
T and the potential energy V, is expressed in terms of the chosen coordi- 
nates and their first derivatives with respect to time as 


£(<7£.<?,0 - T(q.,q.) - V(qA 


(1.55) 


2. The momentum p^, which is conjugate to q^, is simply the partial 
derivation of L with respect to 


i " 3<?,' 


(1.56) 


3. The time derivatives $. are determined as functions of the conju- 
gate sets pfc and q ^ from the inverse relation to equation (1.56). 

4. Finally, the Hamiltonian is expressed as a function of just the 
conjugate set of coordinates and momenta: 




(1.57) 


The derivation that equation (1.57) is indeed the total energy T + V and 
that the equations of motion take the form of equation (1.54) may be found in 
standard texts on mechanics and quantum mechanics (e.g., refs. 13 and 18). 

In many cases, the Hamiltonian function can be formulated by inspection, 
and one need not resort to the recipe above. In more complex cases, following 
the recipe may be the best way to keep track of all the terms involved. Of 
course, once the phase integral has been set up in terms of the conjugate 
coordinates and momenta, the same value of the integral may be found by any 
equivalent transformation of coordinates. For example, it is often convenient 
to change momentum- space coordinates to energy- space coordinates. Then the 
degeneracy of states having the same energy is simply the absolute magnitude 
of the Jacobian for the transformation 
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In the absence of external or intermolecular forces, the energy of the 
gas molecule is independent of the space coordinates (such as x, y, and a). 
Integrating over these coordinates then simply yields the available volume V. 
Thus a relation valid for dilute gases in the absence of external forces is 


I ■ 4V +, 


(1.59) 


Note that for gases ( Q/n ) is the quantity on which the thermodynamic probabil- 
ity W and the entropy S depend (eqs. (1.48) and (1.49)). Thus the appro- 
priate volume that enters these definitions is the free volume per molecule, 
V/n. If V is the molar volume, then the appropriate number of molecules is 
the Avagadro number N. 

A y -space phase integral (also used in the literature) is the classical 
analog to the state sum as defined previously; y-space is the 6n-dimensional 
space in which the ensemble is treated; each system in the ensemble is 
described by a point in y-space. The Hamiltonian of such a system is gener- 
ally a function of all 6« momenta and space coordinates available to the n 
particles of the system, and the y-space phase integral may be expressed as 


Qn = /• • • Je~* Hip,q) d Pl dp 2 


(1.60) 


Note that the factor n! is included in the denominator to account for the 
interchangeability of the particles, without changing the state of the system 
(see section 1.5). If, and only if, the Hamiltonian can be expressed as a sum 
of independent single-particle energies, all with the same functional form 
e • 


B(p t q) = E e(Pi«<?i) 

i - 1 


(1.61) 


then the integral can be decomposed into n identical, single-particle phase 
integrals Q: 




(1.62) 


The y-space phase integral is convenient to use later (ch. 8) to analyze the 
corrections to ideal gases required to account for particle interactions. 
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1.9 EVALUATION OF 0 


The constant 0 determines the total energy in accord with 
equation (1.38). If the results of kinetic theory are assumed to be estab- 
lished, 0 can be evaluated simply by considering the special case where e 
is just the kinetic energy of a free particle, namely, (p x 2 *Py 2 + p a 2 )/2m. 
Expressing the momenta in terms of the velocities (p x • m±, etc.), one finds a 
differential form of the distribution function, equation (1.51), 


* . „ (g) 3 ' 2 .-Cto/zHx^.i 2 )^ ^ a 


(1.63) 


where the normalization is already adjusted to n molecules per unit volume. 
Equation (1.63) is just the familiar Maxwell -Boltzmann velocity distribution 
given by the kinetic theory of gases (ref. 11) and, by a comparison of terms. 


8 = 


W 


(1.64) 


Other ways can be devised to evaluate 0. For example, if the ideal gas 
law is accepted as an experimentally proven relation for dilute gases, the 
pressure of gas particles in a Maxwell -Boltzmann distribution can be calcu- 
lated as a function of 0 and equated to the ideal gas value nkT. The 
details are left as problem 1.1. 


Problem 1.1: Determine the pressure of a dilute gas (zero interaction energy between molecules) by 

calculating the flux of the normal component of momentum over a unit surface for the distribution given by 
equation (1.63). Show that p « n/8; thus 6 must equal (W)* 1 if the perfect gas law is accepted as valid 
for dilute gases. 


The significance of 0 does not depend on the restricted nature of the 
problem considered above and equation (1.64) is a general relation. In fact, 
the quantity 0 would serve to characterize the state of a gas just as well 
as T, but we have grown so accustomed to thinking in terms of temperature, 
that it is well to continue to express thermodynamic relations as functions of 
this parameter. 


The average kinetic energy per molecule for the distribution of equa- 
tion (1.63) is 


t k .j£^ - (h) 3/2 /JT 7 Ci 2 *S 2 *4 2 )»- (6m/2Hi2 ^ 2 " 42) * <# di 


_3_ 
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(1.65) 


Thus, a fundamental definition of temperature is a quantity proportional to 
the average kinetic energy of the molecules in a gas, when their individual 
kinetic energies are distributed in a Maxwell -Boltzmann relation. Normally, 
one need not consider other distributions for the kinetic energies in gases 
since the collision- induced relaxation to the Maxwell- Boltzmann distribution 
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of velocities is very rapid, the order of the mean collision time. However, 
nonequilibrium distributions will often be encountered in connection with 
internal energy states, which may be out of equilibrium with the kinetic modes 
of energy. 

The internal energy of a gas molecule is normally independent of the 
kinetic energy of the molecule, and the velocity and internal energy coordi- 
nates are then separable. In this case, the total molecular energy may be 
expressed as 

c * j (i 2 + $ 2 + k 2 ) + ti nt ( 1 . 66 ) 

where ^i n ± represents the rotational, vibrational, and electronic energies 
of the molecule. Then the integration over internal energy coordinates in 
equation (1.51) yields identical factors in the numerator and the denominator. 
Thus the average kinetic energy has the same form as equation (1.65), and T 
retains its significance as a measure of this kinetic energy, whether other 
modes of energy are available to the molecule or not. The following problems 
are designed to convey the concept that a mixture of gases in complete equi- 
librium can have only one temperature, and that a separate temperature- like 
quantity can be used to characterize each mode of energy frozen out of equi- 
librium, that is, each mode for which energy does not exchange readily with 
kinetic energy. 


Problem 1.2: Show that, for a mixture of different gases in complete equilibrium, only one factor B 

appears in the derivation of the most probable distribution. It follows that the same temperature applies to all 
components of the gas. 

Problem 1.3: Show that, if a gas is frozen in a state out of equilibrium, the number of independent 
Lagrange multipliers Sfc needed to describe the most probable state of the gas is the number of modes of energy, 
or combinations of modes, in which energy is conserved (frozen). These constants are often regarded as tempera- 
tures, or pseudo-temperatures, that would describe the kinetic energy of the gas if it were in equilibrium with 
the internal energy mode in question. Note that the most probable distribution of internal energy is still 
Boltzmann in form, even though it may be restrained from reaching equilibrium with the kinetic energy mode. 


1.10 EQUIPARTITION OF ENERGY 


One of the important consequences of the Maxwell- Boltzmann law is the 
equipartition of energy. The statement is often made that, at equilibrium, 

(1/2 )kT is the average energy per molecule in each degree of freedom. Equa- 
tion (1.65) is a special case that illustrates this result for three degrees 
of freedom. However, this statement is not general enough to be satisfactory. 
For example, it is somewhat troublesome to explain why a harmonic oscillator 
should have two degrees of freedom, when only motion in one direction is 
involved. The reason is, of course, that the harmonic oscillator has a poten- 
tial energy mode associated with its position coordinate as well as a kinetic 
energy mode associated with its momentum; therefore, two degrees of freedom 
are associated with each direction of motion in this case rather than one 
degree of freedom with each direction of motion as for the particle in poten- 
tial free space. A more general statement of the equipartition principle that 
clearly defines the meaning of a participating degree of freedom is as follows: 
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Theorem: If the energy H becomes infinite at the limit of eacn of the sets of conjugate coordinates 


and momenta p., then at equilibrium. 


„ 3 B „ M 


(1.67a) 


To prove this theorem, let q.*q^. Then, from the differential form of 
the Boltzmann distribution, equation (1.51), the average value of q l (dH/Zq l ) 
is 

“ aF . 1 f C JH_ -H/kT . , , . 

3< ?i ~ Q J ' ' * J 3?! e d<il * ’ ■ dPr (1.67b) 


The integral can be written as 


'1 dq } 


J*- • - J«?i 3 ~ (e' H/kr )dq 1 . . .dp r (1.67c) 


which can be integrated by parts over q j to give 




-H/kT I 


dq 2 . . ,dp r -J. . . , 


W) 


/ 

(1.67d) 


The first term vanishes if H becomes infinite at the limits a and b (these 
limits are ±» in Cartesian coordinates). The integral in the second term r 
just cancels the phase integral Q so that, as stated by the theorem, 


a -M- - kr 

The same result holds for any of the q i or pj terms. 


(1.67e) 


Typically, the first-jrder terms in molecular energy are quadratic in 
momenta and coordinates. In the most general case, let l and tn be the num- 
ber of different momenta and coordinates, respectively, involved in the 
quadratic terms: 


H = X + X + v &Ui' • -Pr*W ' 

(1.68a) 

The coefficients a ^ and b ^ . are constants or functions of the remaining 
coordinates P^ +1 * • • • P r »<?m+l’ • * For g enera lity, a term ^ that is 

not quadratic in these remaining coordinates is included. The sums are homo- 
genous functions of order 2, so Euler's theorem (ref. 15) can be applied to 
transform the energy expression to 
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Taking the average value of both sides and using equation (1.67e), one obtains 


H 


(l * m) ~ + V 


(1.69) 


In many practical cases, the value of V is zero or nearly so, but it 
has been included here to alert the reader to the fact that this term can 
appear. In any case, each coordinate and each momentum that appears only in 
squared terms in the expression for H contributes (1/2 )kT to the average 
energy per molecule at equilibrium. Note that the number of squared terms 
does not matter, but the number of independent coordinates involved in these 
terms determines the multiple of kT/2 contributed to the average energy. 

With this derivation in mind, the principle of equipartition of energy can be 
applied in more than just a cookbook fashion. 


1.11 DERIVATION OF THERMODYNAMIC PROPERTIES FROM THE PARTITION FUNCTION 


From this point on, the total number of molecules n is taken to be 
equal to the Avagadro number N, the total free volume accordingly is the 
molar volume V and extensive properties are evaluated for 1 mol of gas. 


The energy per mol is, according to equation (1.38), 

E ■ e ' SH 
i 


(1.70) 


Note that, ever, at absolute zero T , there can be a finite particle energy, 
called the zero point energy z 0 . For example, this might be the energy 
connected with nuclear structure, or dissociation, or ionization of the parti- 
cles involved. Although rather high temperatures, up to 10 5 °K, are of inter- 
est here, these temperatures are still relatively low for the purpose of 
populating even the lowest-lying excited nuclear energy levels. Thus, for 
practical purposes, the nuclear energy may be considered a constant over the 
temperature range of interest here, and the value zero is conventionally 
assigned to this constant. However, dissociation and ionization energy of 
certain atoms and ionic particles must be accounted for by absorbing these 
energies into the zero point energy e 0 . Also, vibrating molecules have a 
zero point energy, (1/2 )hv, (as discussed in ch. 5). Then equation (1.35) 
takes the form 


„ -a -8e 0 
N * e e ° 


X> 9 i e 

v 


-8(e^-e 0 ) 


(1.71) 


and the energy per mol becomes 
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(1.72a) 


If the symbols z d are understood to represent the energies measured relative 
to the zero point energy e 0 , then equation (1.72a) takes the same form as 
equation (1.70) except that the zero point energy per mol Rz q or E 0 is 
included: 

E - B 0 * | e ~ Hi (ll72b) 

i 

Now if the degeneracies are independent of B, we see by inspection that the 
energy can simply be equated to a total differential of In Q: 


E - E 0 - -N (i. 7 3a) 

or, in terms of temperature, 

E - E 0 * RT 2 4JZLR 0.73b) 

where R is the universal gas constant, Nk. Equations (1.73) give the rela- 
tion between the energy and the partition function for a solid-phase system of 
localized distinguishable particles. However, for the gas phase system of 
indistinguishable particles, the degeneracy of the kinetic energy modes is a 
function of volume, which, in turn, is a function of B and pr> sure p. In 
fact, for ideal or dilute gases, where the intermolecular interactions are 
negligible, we found from partial integration of the phase integral, equa- 
tion (1.59), that the partition function is proportional to volume. Thus, the 
energy of a gas must be equated to a partial derivative of In Q taken at 
constant volume: 


The specific heat at constant volume is thus 



The entropy may be found by integrating equation (1.75): 


5 - S Q = 


F c jdL , Tii \ RT 2 (utlq) ] dT 

J o T J c T 3 T V 9 T ) v a 


(1.7 4) 


(1.75) 


(1.76a) 
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Equation (1.76a) can be integrated by parts to give 


E - £ 


T- '* U t 


(1.76b) 


where Q c is the partition function at zero temperature or, in other words, 
the ground state degeneracy g 0 . The constant of integration S 0 is deter- 
mined by a comparison between equation (1.76b) and the relation 


Q & - E Q 
S * * In § ♦ —j- 2 - 


+ R 


(1.77) 


which is equivalent to equation (1.49) except that finite zero state energy 
E 0 is included. By inspection, one sees that S 0 must be 


, Qo 

S a = R In -f* R 


(1.78) 


and the entropy per mol miy finally be expressed as 


5 ■ RT 


m * * - 


+ R 


(1.79) 


Note that it makes no difference whether Q or Q/N is used in the iogarithmic 
derivatives, but the ratio Q/N must appear in the second term of equa- 
tion (1.79) \ ‘._n gas phase is considered. Often the symbol Q alone is 
understood to signify the ratio Q/N for the gas phase, but the notation that 
shows explicit dependence on N is retained here to call attention to this 
later when discussing chemical equilibrium. 


At this point, one might ask whether entropy satisfies the definition of 
an extensive property (i.e., the sum of entropy of the parts of a system 
equals the total) in view of the fact that S appears to vary as a nonlinear 
function of N, namely, -In N, according to equation (1.79). However, in 
chapter 3, the kinetic energy partition function for free particles is found 
to be proportional to volume V. Thus, so long as the ratio V/N remains 
constant, the entropies of the parts of a system are additive as required. If, 
however, the volume is allowed to change, such as when a partition is removed 
between two masses of different gas, the zero point entropy of each gas is 
changed by the increase in volume and the resulting charge in entropy is known 
as the entropy of mixing. 


The free energy F is defined as 


E 0 = {E - E 0 ) - TS = -RT In J - 


RT 


(1.80) 
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and, according to equation (1.9), the pressure is 


P “ 



(1.81) 


For the ideal or dilute gas, the particles behave essentially as free parti- 
cles, in which case Q is proportional to V (see eq. (1.59)), so that 

■ V (ideal gas) (1.82) 


p = —■ (ideal gas) (1.83) 

The remaining thermodynamic properties can be expressed in terms of those 
given above. Thus, all thermodynamic quantities can be derived from the par- 
tition function Q, which, in turn, is a function of the independent variables 
T and V. 

Problem 1.4: Show that, if Q is proportion! to V (i.e., the gas is ideal), 

(tt 5 ), • (MF), • ? 

Show that the enthalpy i* 

H - E 0 • RT } <* •«) 

Also show that the entropy of a gas may be expressed as 

5 ■ «■ (MH/ * ln » 

and that the free enthalpy is 

G ■ E a » -FT U | (1 .C7' 


1.12 GIBBS' DEFINITION OF ENTROPY 


The Boltzmann definitions of entropy considered previously (eqs. (1.22a) 
through (d)) are special cases of a yet more fundamental definition provided 
by Gibbs: 


S. p. In p- (1 . 22e) 

$ 3 3 

where p- is the probability that the system is in the state j and the 
summation extends over all possible states. This definition is most often 
used in information theory (e.g.,when the concern is about how much information 
can be abstracted from the system rather than how much work). Entropy becomes 
a measure of the information content that cannot be abstracted given a certain 
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level of noise (i.e., temperature). Incidentally, comparisons between 
information theory and thermodynamics immediately suggest the equivalence 
between information and work. Our present concern, however, is to show the 
equivalence between equation (1.22e) and the Boltzmann definition of entropy. 

Consider first a system constrained to a given distribution function for 
the set of occupation numbers n £. The W equivalent states of this system 

are assumed to be equally probable, thus p. = W~ 1 and, for such a system, 

J 

W 

S s jj Zn £ = k ln W (1.22b) 

J=1 ’ 

which is the relation used in section 1.5. 


In a real system, we do not know the occupation numbers n ? - exactly 
because these values fluctuate because of collisions or other processes; this 
lack of precise knowledge means that the entropy of the system is increased so 
far as we are concerned. However, if we know the occupation numbers very 
closely, as for systems at equilibrium or when we are following in close 
detail a chemical relaxation process for example, then we can assign the 
entropy rather precisely with equation (1.22b). To be more precise, we know 
only that the system maintains constant energy, and we assume that in equilib- 
rium all sets of occupation numbers that conserve this total energy are 

equally probable. Then pj, = fi _1 and the equilibrium entropy of real systems 
is 

n 

S = -k £ ± In ± * k In SI (1.22c) 

<7=1 


The increase in entropy k In Sl/W max over the approximate equilibrium entropy 
k In Umax is a measure of the uncertainty introduced by fluctuations. The 
difference between equation (1.22c) and (1.22b) is somewhat academic since 
is usually equated to W max in numerical evaluation. 


Still another definition of entropy is occasionally encountered in the 
literature. A system of n identical particles may be considered as a collec- 
tion of n subsystems, each with an identical entropy p^ In p^, where 

k 


the summation how extends over all energy states available to the individual 
particles. The entropy of the system is then the sum of all n parts of the 
system: 


S solid = Pk ln p k (1 . 22f) 

k 

Equation (1.22f) is the entropy for a system of distinguishable particles such 
as in the solid phase where the particles are localized, for the gas phase, a 
factor (-Zn nl) is added to account for the fact that n\ of the different 
states for distinguishable particles corresponds to just one state of the 
indistinguishable, quantized gas particles: 
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Sgae = " n ^ 


^ p k ln p k * ln m! 


d.22g) 


Now, given the distribution function for particles in energy levels e^, 
which may have degeneracy g^, the probability can be expressed as 


P k * no. 


( 1 . 88 ) 


Equation (1*88) makes use of the assumption that the occupation numbers in 
degenerate states of the same energy are equal, a relation known to be valid 
for the equilibrium state at least. Then 


V'' n i n 9i 

S = k — In — — - k(n In n - «) 
k 3 i 


(1.89) 


The summation may be performed over the degenerate states to give a summation 
over all levels i: 

S = k «•£ ^n n + In - k(n In n - n ) 

- k. ^ ni In ^ + nk (1.90) 

i i 

Substituting the value of In W derived from equation (1.45) with Stirling's 
approximation 


one obtains 


W = n • In — + n 
v nj 


S - k In W 


(1.91) 


(1.22b) 


which is the same relation defined in section 1.5. Thus we see that the Gibbs 
formulation of entropy is completely equivalent to the Boltzmann formulations 
used previously. 

Let us now investigate the order of magnitude of the fluctuation 
correction term k ln[Q./W max ) in equation (1.22d). Let n £ be the number of 
particles in each ■‘rergy level i of a gas at equilibrium (hence, W = W max ) : 


t - ‘ r 

y -A'-i : * 


(1.92) 


t ^ 


In a small fluctuation from equilibrium, let 5^ be the number of particles 
shifted from level i to adjacent levels, which we assume will have nearly 


J 


\ 





? 


the same degeneracy g ^ and nearly the same occu>tion number n_. t both of 
which are very large numbers. The 6^ values may be either positive or nega 
tive integers and the sum of all 6^ vanishes. The ratio of W, the fluctu- 
ating value of the thermodynamic probability, to Umax can then be expressed 
as 


_jl* rr m n i'- 

Umax 3 i ("f ♦ «<)! 

The logarithm of this ratio is, with Stirling's approximation. 

In tt~ — = S 'L In g . + In i’ TVt ' 1 

Umax L'JC' («•£ + «i)!j 


(1.93 


= £[«t ln + n i ln H ~ C n i * s i) ln ( n i + (1-94 


Expand the logarithms and assume that very few of the numbers in each level 
are shifted (6 . « n^) : 


( n i * «i) ln{ni + 6^) = In + 6^ In n^ + 6^ + 


?©)’-? ©‘46)1 


(1.95 


"max . 

t u 


6^ Zn 


•.4GSW-] - 


Now since the and terras are assumed to be nearly equal between the 
adjacent levels where exchanges occur and the sum of all 6^ vanishes, the 
first two terms of the summation in equation (1.96) are of small order. The 
largest term is the quadratic term in (6^/n^) 2 


. _y £il ± 

2 ni * ^mn'r 


-16^/2 n t 


(1.97 


The possible number of states with changes 6^ in cell i are 
designated by 




Now let all terms take all possible values independently of one another. 
(This actually overestimates the total number of possible states since the 6^ 
are restricted by the fact that the sum of all 6-- must vanish.) 

fl s £ s /• • • f w d H dij . . . = Wlj C2*«i) 1/2 (1.99) 

5 . i 

0 

In u a ~~ = 4 ln(2trn^) ( 1 . 100 ) 

w max i 1 

This sum is exactly the negative of a sum that was neglected in using 
Stirling's approximation for the \lnn^\ (see eq. (1.47)). Since the esti- 

tf 

mate of In found above is an upper limit, the approximation 

In 8 - In Wrwix * s indeed valid when the numbers n^, which contribute appre- 
ciably to the total thermodynamic probability W, are all very large. 

Problem 1.5: Show that, if a pure uniform gas is divided into several parts with the same number density, 

Ni/Vi, the sum of the entropy of the parts equals the entropy of the whole: I S; > S. 

Problem 1.6: Show that, if a collection of gases are mixed with mol fractions x^, the entropy for 1 ncl of 

the mixture is 


S » 2 £ x. In x. 

\ l . t ^ 

1 l 

where S{ is the entropy per mole of species i. The positive term (-5 In x-i) is often called the entropy of 
mixing. However, it merely represents a correction to the zero point molar entropies to account for the fact 
that a mole of pure species i would, at the same density as the gas species i, occupy a larger volume than a 
molar volume of the gas mixture. 


1.13 QUANTUM STATISTICS 


In the statistics of particles considered thus far, each degenerate state 
available to the particles was treated as a distinguishable state. The par- 
ticles themselves were considered distinguishable in solid phase where they 
are fixed at a definite location, and indistinguishable in gas phase where 
they are free to occupy any position. In either case, the model led to a 
Maxwell -Boltzmann distribution as the most probable; only the entropy 
decreased by a constant term -rik{ln n - 1) vhen the particles were 
indistinguishable. 

In quantum statistics, the g^ degenerate states of energy cell i are 
treated as a cyclic array of indistinguishable states and a cyclic array of 
g £ objects has (<?• - 1)! permutations. This corresponds to the different 
ways of indexing tne degenerate states. (Note the difference between permu- 
tations of cyclical and linear arrays - a linear array of g. objects has 
g _. ! permutations . ) 

In addition, two classes of quantum particles exist - fermions and bosons. 
These particles are described by wave functions developed later in chapter 3 
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and thereafter. Fermions are particles composed of an odd number of 
fundamental particles, each having a half-integer unit of angular momentum. 
(For purposes of this book, we consider only the following fundamental parti- 
cles: protons, neutrons, and electrons.) A collection of fermions is found 

to require an asymmetric wave function, with the consequence that two fermions 
cannot occupy the same state. Bosons, on the other hand, are particles com- 
posed of an even number of fundamental particles, and a collection of bosons 
is required to have a symmetric wave function, with the consequence that two 
or more bosons can occupy the same state. These consequences follow from the 
Pauli exclusion principle and are discussed in more detail in chapter 4 in 
connection with nuclear spin effects in rotating molecules. For the present, 
we are concerned with the statistics obeyed by these two classes of particles. 

Fermions are restricted to one particle per state with states in 
each energy cell. The number of ways n-i indistinguishable particles can be 
arranged in states is g^l/n^l (g^ - n^)l . Note that gi > n £ . Thus the 
total thermodynamic probability is (see appendix 1-A for a derivation) 


w = || fid. 


( 1 . 101 ) 


Now take the logarithm of equation (1.101), add equations (1.31) and 
(1.32) with Lagrange multipliers a and B, respectively, and maximize the 
result by setting the derivative with respect to equal to zero as before. 
In this case, the numbers q • and ( g - n^)l can often be small and the use of 
Stirling's approximation is difficult to justify; nevertheless, the same 
results are obtained once again as with the more rigorous Darwin-Fowler method. 
The Fermi-Dirac distribution function for fermions is found to be 


H 


1 + 1 


( 1 . 102 ) 


the same form obtained for the Maxwell -Boltzmann distribution except for the 
term (+1) added to the exponential function in the denominator. 

Any number of bosons can occupy each state and, in this case, the ( g . - 1)! 
cyclical permutations of the states are indistinguishable as well. This 
cyclical permutation is equivalent to a linear permutation of {g^ - 1) parti- 
tions between states. The total number of ways to permute ( n i * gi - 1) 
objects in a linear array, when belong to one class of indistinguishable 
objects and g^ - 1 to another class of indistinguishable objects, is 
(n^ + g^ - l)!/n^!(^ - 1)!. Thus, in this case, the thermodynamic probabil- 
ity is (again see appendix l-A) 


( n i + 9j - 1) ! 
H- - !) ! 


(1.103) 


Once again, maximizing the sum of In W and equations (1.31) and (1.32) with 
Lagrange multipliers a and B, one obtains for the Bose-Einstein distribution 
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of bosons. 


H 


e^H - 1 


(1.104) 


the same form obtained for the Maxwell- Boltzmann distribution except for the 
term (-1) added to the exponential function in the denominator. 

Problem 1.7: Show that if In x! is assumed to be equal to (x In x - x), without restriction, the 

thermodynamic probabilities of equations (1.101) and (1.103) lead to the most probable distribution functions 
(1.102) and (1.104), respectively. 


One can see that, so long as the factor e a+ is large compared with 
unity, the Fermi-Dirac and Bose-Einstein distributions, equations (1.102) and 

(1.104), respectively, are practically identical with the Maxwell -Boltzmann 
distribution, equation (1.34). This is indeed the case wherever normal gas 
temperatures and densities obtain; the differences between these distributions 
become apparent only at exceedingly high densities and/or low temperatures (as 
shown in ch. 3). One might consider the factors g n .^/n^l in equation (1.45) 

as expresions for the number of ways n i classical gas particles can be 
assigned to g. states within a unit band of energy. This number is not 
necessarily an integer, but it is bracketed by the comparable integer expres- 
sions for the fermion and boson distributions: 


U' 

~ n O •' 



0 *£ + 9i - 1 ) •' 

V'foi - ^ 


(1.105) 


provided g^ > n At normal temperatures and densities, g_. » n and, in 
this case, all these expressions are approximately equal. 


1 . 14 CONCLUDING REMARKS 


Statistical mechanics has made three very significant additions to 
thermodynamics. First, it permits all thermodynamic quantities to be evalu- 
ated from spectroscopic energy level data, which are so precise that the 
thermodynamic quantities can be determined accurately whenever spectroscopic 
data are available. Second, statistical mechanics establishes the absolute 
level of entropy and therefore the level of the free energies relative to the 
zero point energy. Finally, entropy is interpreted as a measure of the proba- 
bility that the system may be found in the given state. Then, if one accepts 
the fundamental postulate of statistical mechanics that all spontaneous pro- 
cesses lead toward a more probable state of the system, the reason entropy 
increases spontaneously and becomes a maximum at equilibrium becomes apparent. 
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APPENDIX 1-A: DERIVATIONS OF THERMODYNAMIC PROBABILITIES 
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Statistical mechanics is based on mathematical expressions for permuta- 
tions and combinations of objects. Those expressions used in the derivations 
of statistical distribution functions are reviewed briefly. 

Consider first the number of ways to arrange distinguishable particles in 
order. The first particle can be chosen from any of the n particles, the 
second from the (n - 1) remaining, the third from the ( n - 2) remaining, and 
so on until the nth position is filled with the remaining particle. Thus, 
the number of different ways to arrange n distinguishable particles in order 
is 


W = n(n - 1) (n - 2) • • • 3 • 2 • 1 = n! 


(1-A1) 


If these n particles are now put into a single level where they are 
indistinguishable, all n! of these permutations are the same so far as any 
observable of the system is concerned, and the number of different states of 
the system reduces to 


W = 



1 


In the systems of interest, the particles do not all reside in the same 
level, but particles are in level 1, in level 2, .... in level 
i, and so on. So far as an observable of the system is concerned, the n^l 
possible permutations of the particles in level i all yield the same result, 
so the number of equivalent states of the total system (defined in section 1.6 
as the thermodynamic probability) is 


W = 


n\ 



(1-A2) 


A crystal lattice is a system for which each particle of the system is 
distinguishable by virtue of its position in the lattice. The above expres- 
sion can be used for the thermodynamic probability of such a system if each 
energy state is counted separately, even though some of the states may be 
degenerate, that is, have the same energy level. In practice, for convenience 
of computation, the states with the same energy e ^ are usually grouped 
together and the occupation number n £ refers to the total number of par- 
ticles in all g ^ states with identical energy. If there is no restriction 
on the number of particles that can occupy each state, the first particle of 
the group n .£ can be assigned in g^ ways, the first two can be assigned in 
g j 2 ways, the first three in g £ 3 ways, and so on, until all n £ particles 
have g n . z separate ways in which they can be assigned. The expression for 
the thermodynamic probability then becomes 


W = n\ 


n.\ 


(1-A. 
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the relation used in the text to obtain the solid phase distribution law and 
entropy. 

For the gas phase, the particles are free to exchange positions to a good 
approximation and the n! permutations of all possible exchanges are deemed 
to result in the same observable state of the total system. Thus, for the gas 
phase, the thermodynamic probability is taken to be 

n £ 

TT g i 

W * II (1-A4) 

i n i‘ 


The models above describe systems for which the particles are distinguish- 
able in principle, but subsequently allow exchanges of particles in position 
or energy state so that the observable state of the total system is unchanged. 
These models adequately describe systems of particles that have essentially a 
continuous spectrum of energy and position and a particle density small com- 
pared with its density of degenerate states - in other words, a system of 
classical particles. 


At low temperatues or high densities, the quantum nature of the particles 
must be considered, in which case the statistics of fundamentally indistin- 
guishable particles must be treated more rigorously. Quantum particles are of 
two types, fermions and bosons. Consider first a system of fermions. Of the 
g £ states available with the same energy e^, n £ of these are occupied with 
a single particle each and the (g^ - n{) remaining are empty. The empty 
states are considered indistinguishable and the filled states are also con- 
sidered indistinguishable, but the filled states are considered distinguish- 
able from the unfilled states since the particles and states are different 
things. Of the g^\ different ways to permute the total number of states, 
the n^l different ways to permute the filled states and the {g^ - n ±) ! dif- 
ferent ways to permute the unfilled states are considered to result in the 
same observable or equivalent state of the total system. Thus the number of 
ways indistinguishable particles can be assigned to g £ states of equal 

energy with no more than one particle per state is 


Wj 




Then the total number of equivalent ways all n fermions 
occupation numbers is the product of all W^\ 

g- ! 

II II 


W = 



- ni)\ 


can be assigned the 


(1-A5) 


the thermodynamic probability used for a gas system of fermions. 

For a gas system of bosons, any numb?r of particles can occupy any one of 
the degenerate energy states. The total number of ways «£ objects can be 
divided by - 1 partitions (which group the objects into g^ different 

38 


f 




/ 










REFERENCES 


1. Prutton, Carl F.; and Maron, S. H. : Fundamental Principles of Physical 

Chemistry. MacMillan Co. , 1944. 

2. Partington, J. R . : An Advanced Treatise on Physical Chemistry. Vol. 1, 

Fundamental Principles, the Properties of Gases. Longmans, Green, § Co., 
1949. 

3. Landau, L. D.; and Lifshitz, E. M. : Statistical Physics. (E. Peierls and 

R. F. Peierls, transl.): Course of Theoretical Physics, vol. 5. 

Pergamon Press, 1958. 

4. VanWylen, Gordon J.; and Sonntag, R. E.: Fundamentals of Classical 

Thermodynamics. John Wiley 8 Sons, Inc., New York, 1965. 

5. Liepman, H. W.; and Roshko, A.: Elements of Gas Dynamics. John Wiley 

6 Sons, Inc., New York, 1957. 

6. Ferziger, Joel H. ; and Kaper, H. G. : Mathematical Theory of Transport 

Processes in Gases. North Holland/American Elsevier, Amsterdam/New 
York, 1972. 

7. Rushbrook. G. S. : Introduction to Statistical Mechanics. Oxford Univ. 

Press, 1949. 

8. Vincenti, Walter G.; and Kruger, Charles H. : Introduction to Physical 

Gas Dynamics. John Wiley § Sons, Inc., 1965. 

9. Reynolds, William C.: Thermodynamic j. Second ed., McGraw-Hill Book Co., 

1968. 

10. Glasstone, Samuel: Theoretical Chemistry. An Introduction to Quantum 

Mechanics, Statistical Mechanics, and Molecular Spectr* for Chemists. 

D. Van Nostrand Co., Inc., 1944. 

11. Mayer, J. E.; and Mayer, M. G. : Statistical Mechanics. John Wiley § 

Sons, Inc., London, 1940. 

12. Tolman, R. C.: The Principles of Statistical Mechanics. Oxford Univ. 

Press, 1938. 

13. Pauling, Linus; and Wilson, E. Bright, Jr.: Introduction to Quantum 

Mechanics. McGraw-Hill Book Co., New York and London, 1935. 

14. Gurney, Ronald W. : Introduction to Statistical Mechanics. McGraw-Hill 

Book Co., 1949. 

15. Sokolnikoff, Ivan S.; and Sokolnikoff, Elizabeth S.: Higher Mathematics 

for Engineers and Physicists. Second ed., McGraw-Hill Book Co., New 
York and London, 1941. 

40 




1 


V., 


Sk Uk _ 


w- * ■> < 




16. Fowler, R. H.: Statistical Mechanics, The Theory of the Properties of 

Matter in Equilibrium. Second ed., Cambridge, the University Press, 
1936. 

17. Becker, Richard: Theory of Heat. Second ed., Revised by G. Leipfried, 

Springer-Verlag, Berlin, 1967. 

18. Slater, John C.; and Frank, Nathaniel H. : Introduction to Theoretical 

Physics. First ed., McGraw-Hill Book Co., New York and London, 1933. 


41 


CHAPTER 2 - CHEMICAL EQUILIBRIUM 


nt > 006 




2.1 SUMMARY 

I 


The entropy of a gas system with the number of particles subject to 
external control is maximized to derive relations between the thermodynamic 
variables that obtain at equilibrium. These relations are described in terms 
of the chemical potential, defined as equivalent partial derivatives of 
entropy, energy, enthalpy, free energy, or free enthalpy. At equilibrium, the 
change in total chemical potential must vatiish. This fact is used to derive 
the equilibrium constants for chemical reactions in terms of the partition 
functions of the species involved in the reaction. Thus the equilibrium con- 
stants can be determined accurately, just as other thermodynamic properties, 
from a knowledge ot the energy levels and degeneracies for the gas species 
involved. These equilibrium constants permit one to calculate the equilibrium 
concentrations or partial pressures of chemically reacting species that occur 
in gas mixtures at any given condition of pressure and temperature or volume 
and temperature. 


2.2 INTRODUCTION 


According to the fundamental postulate of Statistical Mechanics formu- 
lated in chapter 1, the equilibrium state of a system is the most probable one 
consistent with the constraints imposed on the system. Since entropy 
increases with probability, the equilibrium state is alternatively described 
as that state to which spontaneous processes lead, resulting in a maximum in 
entropy. The word spontaneous is somewhat ambiguous in this statement; usu- 
ally, it means that the irreversible process leading from a nonequilibrium 
state to the equilibrium state is allowed to proceed undisturbed in a system 
kept at constant energy anu volume or at constant enthalpy and pressure. One 
should not infer that all irreversible processes leading to equilibrium must 
increase entropy; it is perfectly feasible to devise such a process in which 
the entropy of the internal system is decreased merely by subtracting heat or 
work from the system, for example. 

Generally, as a closed system la.c., a system with zero mass addition or 
subtraction) approaches the equilibrium state by some arbitrary irreversible 
path (which may include heat addition or subtraction), a typical inequality 
that obtains, according to the results in chapter 1, is 

dE + pdV-TaS<0 (2.1a) 
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One can see immediately that if the system is constrained to constant E and 
constant V (i.e., the system is isolated from its surroundings), then the 
incremental changes of entropy aS that occur in the system during the irre- 
versible process are always greater than zero since T is a positive quantity. 
Thus, if E and 7 are kept constant, the entropy is maximized as the system 
irreversibly approaches equilibrium. Similarly, if S and 7 are kept con- 
stant, the increments in energy dE are always negative, and the energy is 
then minimized at equilibrium. 

To illustrate how entropy of a closed system can also decrease in an 
irreversible process leading co equilibrium, we can relax the requirement that 
energy be kept constant, but keep the volume constant as before. Figure 2.1 

depicts the path of several such pro- 
cesses with paths along a constant 
volume plane in energy, entropy, and 
volume space. One equilibrium condi- 
tion is represented by the point 0 
in this plane; the locus of all equi- 
librium points at constant volume 
forms the equilibrium state line O'O" 
in the constant volume E,S plane; 
this iine is the intersection of the 
E,S plane with the equilibrium sur- 
face, defined by the equilibrium 
function £’(5,7) in three-dimensional 
E,S, and 7 space. 

Away from the equilibrium sur- 
face, at least three variables are 
required to define the state of the 
system; only three are required if 
only one degree of freedom of the sys- 
tem is out of equilibrium and one 
additional variable is required for 
each additional degree of freedom out 
of equilibrium. However, in an infin- 
itesimal region next to the equilib- 
rium surface, the state of the system 
can be defined by only two independent variables. In the present case, volume 
and entropy are chosen as the independent variables and the systems are con- 
strained to a fixed volume. (A fixed volume is a simple constraint to impose 
experimentally, of course, though this is not essential to the argument.) 

Thus, in a region very near the equilibrium line along a constant volume path. 



Figure 2.1.- Relations between energy 
E and entropy S in irreversible 
approaches to equilibrium point 0 
at constant volume 7. 


£ = £’(5,7) 




as 


\tSjy 


eq 


(2.1b) 


For an arbitrary nonequilibrium path approaching the equilibrium region at the 
point 0 (fig. 2.1), 


dE 


T 0 dS < 0 


(2.1c) 


4 1 


where T 0 is the equilibrium temperature at point 0. Thus, if the path 
approaches point 0 from lower values of entropy (path AO ) , the slope of the 
path must be less than T ot whereas if the path approaches point 0 from 
higher values of entropy (path BO ) , the slope of the path must be greater 
than T 0 . This means that the part of the E,S plane below and to the right 
of the constant slope line (dE/ZS) v = T 0 through the point 0 is inaccessi- 
ble to the system. The equilibrium state at. point 0 can be approached only 
from the region above and to the left of this line. If both E and V are 
kept constant, the process approaches equilibrium along line CC and the 
entropy is maximized at equilibrium. If S and V are kept constant, the pro- 
cess approaches equilibrium along line DO and the energy is minimized at 
equilibrium. These non equilibrium process paths are irreversible paths. 

The same situation holds at any point along the equilibrium line, of 
course. The slope of any arbitrary ineversible process path approaching the 
equilibrium line is related to the slope of that line at the point of approach 
by the inequality 


ZE\ n0mq 


V3S/, 



dS < 0 


(2. Id) 


As the equilibrium line is approached from a lower value of entropy ( dS > 0) , 
the slope of the path an infinitesimal distance away from the equilibrium 
point must be less than the slope of the equilibrium line at that point: 
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dS> 0 



(2.2a) 


On the other hand, if the equilibrium point is approached from a higher value 
of entropy ( dS <• 0), the reverse inequality holds: 
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dS < 0 V'S/y 


(2.2b) 


In other words, the curvature (3 2 £'/35 2 )^ c>ne ^ for any irre /ersible constant 
volume process path near an equilibrium point must be positive: 


Z3 2 E\ n0neq 
\35 2 )y 



(2.2c) 


In problem 2.1, the reader is asked to deduce that the curvature of the 
equilibrium line (3 2 £'/3S 2 )^ is also positive. 

Problem 2.1: Consider c nonequilibrium state described by three variables, nair 'ly, V, S, and T. Note that 
5 and T are defined by a nonequilibrium distribution function as in chapter 1. For a segment of the process 
path not at the equilibrium point, the energy is expressed as 

E = E{V, S, T) (2 . 3a) 
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Expand the first derivatives of E for the nonequilibrium path about QI^W)^b^tIeqIli&i(tEiiiII|>oiPOOR shoH that, 
at equilibrium, 
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so that energy is minimized at equilibrium for any process path occurring at constant S and V. 


(2. Sc) 


The same type of reasoning can be applied using other sets of thermo- 
dynamic variables to show that entropy is maximized by any process occurring 
at constant H and p, for example, or that enthalpy is minimized by any pro- 
cess occurring at constant S and p. The most useful relations of this type 
involve the free energies. The Helmholtz free energy F is minimized at equi- 
librium for systems maintained at constant T and V, and the Gibbs free energy 
G is minimized at equilibrium for systems maintained at constant T and p (as 
the reader is asked to show in problem 2.2). 

Problem 2.2: Show that the Helmholtz free energy F is minimized by an irreversible process occurring at 

constant V and T, which leads to equilibrium, and that T is minimized by an irreversible process occurring at 
constant F and V, which leads to equilibrium. Show that the curvature (3 2 F/37’ 2 )p for any process path in a 
constant volume F, T plane is positive at the equilibrium point. Sketch a curve of irreversible process paths 
on the F, T plane about the equilibrium point and show the region of this plane which is inaccessible to real 
systems. Deduce similar relations for the Gibbs free energy. 


2.3 THERMODYNAMIC RELATIONS IN OPEN-SYSTEM GAS MIXTURES 


In the previous chapter, closed systems composed of a single pure gas 
with constant number of particles were considered. Now, a system composed of 
a mixture of gases is treated and, for the moment, the number of particles is 
left open to external control. Then the thermodynamic properties all become 
functions of the number n-i of each species involved, as well as of two other 
independent thermodynamic variables. Let the entropy take the form 

5 = S(E,V, ni ,n 2 , . . .) (2.4) 

Then the differential of entropy is 



The two partial derivatives of entropy with fixed numbers n £ are the same as 
though the system were closed, with a fixed number of particles. Then, accord- 
ing to the results found in the last chapter for such systems, equations (1.9) 
and (1.11), 
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E,ni 


= E 
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( 2 . 6 ) 


(2.7) 
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A quantity y^ 4 the chemical potential per molecule, is defined as 


\ ifE t V t nfoi 


( 2 . 8 ) 


where all nj except are maintained constant. The chemical potential 

y^ divided by the temperature is just the negative change in entropy created 
when one molecule of species i is added to the gas mixture at fixed energy 
and volume. The symbol y is reserved for the total chemical potential per 
mol and y^ designates the chemical potential per mol of species i, or N\i ^ 


Equation (2.5) can now be expressed as 

dS = ^ | ^ drii (2.9) 

i 

If entropy is to be a maximum (c£S = 0) in systems kept at constant E and V, 
the change in total chemical potential must vanish: 


Ay = 2) y. dn. - 0 (2.10) 

i x v 

Equation (2.10) is very important because it is the general condition for 
thermodynamic equilibrium. This relation holds for both open and closed sys- 
tems. Note that a closed system is merely a special type of open system for 
which every particle abstracted is re-introduced, perhaps as another species. 

If energy is taken to be the dependent variable, equation (2.9) is 
conveniently rearranged in the form 

dE = -p dV + T dS + T. yj dn. (2.11) 

r 

But energy can also be considered a function of the variables V, S, and n{,, 

E = E(V,S, ni ,n z , . . .) (2.12) 

so that the derivative of energy is 



The partial derivatives with constant n ^ are again the values for a closed 
system with a fixed number of particles found in equation (1.9) and (1.11): 
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(2.14) 
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(2.15) 


so that equation (2.13) becomes 

m - -p dV ♦ T dS ♦ £ (^) (2.16) 

i x i''S i V a nj 

Now one can see by comparison of equation (2.16) with (2.11) that an alterna- 
tive definition of the chemical potential per molecule is 



(2.17) 


which is the change in energy created when just one molecule of species i is 
added to the gas mixture at fixed entropy and volume. The derivation of addi- 
tional thermodynamic relations of interest is left to the reader as 
problem 2.3. 


Problem 2.3: Show that for a mixture of gases in an open system. 

dH = V dp * T dS ♦ £177 (2.18) 

t 

dF = -p dV - S dT * dns (2.19) 

i 

dO - V dp - S dT * 2)^7 dn£ (2.20) 

i 


and that the chemical potential p.. may be defined by any one of the partial derivatives: 


u 





( 2 . 21 ) 


Many authors make a point of classifying chemical potential as one of the 
intensive thermodynamic variables since TT^ is a derivative of one extensive 
quantity with respect to another extensive quantity, which obviously depends 
only on the gas mixture involved and not on the total amount of mixture con- 
tained in the system. In this sense, all specific thermodynamic variables 
measured with respect to a unit quantity of gas, such as energy per molecule 
or energy per mol, are intensive properties. Like vf, they are derivatives 
or ratios of two extensive quantities. However, a total chemical potential 
can be defined for the system which is the sum of all chemical potentials of 
the parts of the system; this total chemical potential is an extensive quan- 
tity just as total energy, total enthalpy, total free energy, or total free 
enthalpy. This group of properties clearly belongs to a different class than 
the inherently intensive properties such as pressure, temperature, and density. 
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2.4 CLOSED-SYSTEM GAS MIXTURES WITH CHEMICAL REACTION 


Now we return to the problem of a gas mixture in a closed system, that is, 
with no particles added or subtracted from the external environment, but where 
the numbers of the gas particles can change due to chemical reaction: 


3 * 


( 2 . 22 ) 


The reactant species are designated by Aj and the product species by B 
and the corresponding stoichiometric coefficients of the reaction are a j and 

bfc, respectively. These are the molecule numbers (or the mol numbers) which 
balance the equation. 


The forward ri.te of reaction (2.22) can be expressed in terms of the 


partial pressures of the reactants and the forward rate coefficient k 


/ 


R f = k f 


(Pj) 


(2.23) 


and the reverse rate in terms of the partial pressures of the products and the 
reverse rate coefficient k p 

— b k 

= k p [| (p fc ) * (2.24) 

k 


At equilibrium, these rates must be equal and the ratio of the forward and 
reverse rate coefficients at equilibrium is, by definition, the equilibrium 
constant K„: . 

V ,11 CP*)** 

*£ * 
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(P 


a,* 

0 3 


(2.25) 


The equilibrium constant is really a function of temperature, but it is 
called a constant to focus attention on the concept that it is independent of 
pressure or any other thermodynamic variable except temperature, at least 
under ideal conditions. Historically, the term arose because rate experiments 
were conveniently made under constant temperature conditions. 


The rates can also be expressed in terms of concentrations c , which may 
be expressed in molecules per unit volume n/v, or mols per unit volume 1/V, 
or mass per unit volume M/V, for example. (Mols per unit volume are the 
units used here.) The equilibrium constant K a is defined similar to the 
above: 



(2.26) 
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For dilute or ideal gas species, o - p/HT and the two equilibrium constants 
are then related by 


K p = (i?T) An K a 


(2.27) 


where An is the change in the number of molecules of the system per 
molecular reaction: 


An = 23 b k - 2 a A 


(2.28) 


The equilibrium constants K p and K c are now derived in terms of the 

partition functions of the chemical species involved in the reaction. At equi- 
librium, the change in total chemical potential must vanish. The changes in 
different species numbers dn ^ are related by the chemical reaction (2.22) 
according to 


dn 


'J _ 


dni 


= d\ 


(2.29) 


where d\ is a common factor of proportionality. Thus equation (2.10) 
becomes 


Au = Z H dn i * dx (s a jVj - £ = 0 


(2.30) 


or, in other words, the decrease in chemical potential caused by the disappear- 
ance of the reactant species must just balance the increase in chemical poten- 
tial resulting from the appearance of product species: 


='E b k v k 

<7 k 


(2.31) 


The chemical potentials may be evaluated in principle from any one of the 
partial derivatives listed in equation (2.21). In practice, derivatives of 
the free energy or the free enthalpy are most convenient to evaluate. The 
free enthalpy for n particles may be expressed, v :ing the definition of 
enthalpy and equation (1.77) for entropy, as 


G = H - TS 


nt 0 + 


n(e - e c ) + pV - T^ik In | + n ^ — y — ^ + nfcj 
nz Q + pV - nkT^l + In ^ 


(2.32) 


where the total number of particles has been left as n, rather than the con- 
stant Avagadro number, N, to call attention to the fact that this is the 


50 


X-* 







tfc.i 


* ~ T*’**'! 1 * 




mm t r,m[ M* \ 




variable of differentiation and, accordingly, V is taken as the total volume 
rather than the molar volume V. Then the chemical potential per molecule is 



(2.33) 


Note that the ideal gas assumption has not been invoked here, so the results 
above are general. However, from equation (1.81), 


/3 In Q\ p 
V dV ) T ~ rikT 


so that equation (2.33) becomes 

i 1 = t n - kT In — 
° n 


(2.34) 


(2.35) 


If free energy is chosen as the starting point, exactly the same results 
follow: 


i 


F = ne 0 - nkT (l + In 


'( 1 * ln !) 


“ = (!£)./, T = z ° ' * ln n)- nkT (- j) 

= e 0 - kT In ^ 
v n 


(2.36) 


(2.37) 


Note that Qfn is the quantity that keeps appearing in the thermodynamic 
relations for gases. Often the tacit assumption is made that this is the 
quantity meant when one speaks of the partition_functior. for gases. However, 
the ratio Q/n is defined here as the symbol Q: 

Q = Q/n (2.38) 

as a reminder that this quantity is the partition function of the species 
divided by the number of molecules of the species contained in the gas system. 
Normally, we consider one mol of particles at a time, for which n = N. Also, 
focusing attention on the chemical potential per molecule II emphasizes the 
idea that this potential is a derivative or, in other words, a ratio taken at 
the limit where the changes are vanishingly small. (The system is perturbed 
hardly at all by the addition of a single molecule.) However, in practice, 
one customarily works with the chemical potential per mole. Since the 
potential is clearly an additive quantity, this potential is simply 

p = Nu = E Q - RT In Q (2.39) 
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Whether p or F is used in the equilibrium relations in equation (2.10) or 
(2.31) is immaterial in any case. 

The partition functions may be expressed as functions of V and T or of 
p and T as desired. We now wish to relate Q to some arbitrary reference 
level or standard state where the volume is V 0 . This is easy for the very 
dilute gas since Q is simply proportional to V (eq. (1.59)). Then 

In Q = In Q. + In ~ (2.40) 

c v o 

where Q c is the partition function at the standard state with molar volume 
equal to V Q . In terms of concentrations c - l/V (mols per unit volume) or 
similar units, equation (2.40) becomes 

In Q = In Q a - In -f- (2.41) 

a o 

where c Q is now a reference concentration that defines the standard state. 
Since the ideal gas law pV = RT is obeyed for this case, equation (2.40) may 
also be expressed as 

In Q = In Q v - In -2- (2.42) 

p P o 

and, in this case, p o is a reference pressure that defines the standard state. 
The concept of a standard state is introduced because the standard state par- 
tition functions Q c ana Q ^ can be treated as purely functions of temperature, 
and the variation of Q with concentration or pressure is accounted for in 
the separable term. For dilute or ideal gases, the concentration standardized 
partition function is 


, = 9 . = 

c V RT 


(2.43) 


while the pressure standardized partition function is 


Qr. 


= pQ 


(2.44) 


Substituting the chemical potentials given by equation (2.39) into (2.31) 
yields the equilibrium condition 
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(2.45) 


where A E is the change in zero point energy when the a. mols of reactants 
form the b j. mols of products: " 


SVe* * ^ a J E o, 

k 3 0 


(2.46) 


In other words, A E o may be considered the heat of reaction extrapolated to 
zero temperature, in terms of the pressure standardized partition functions 
Qp (see eq. (2.42)), equation (2.45) becomes 


T\Q k 

IS 

17 p. 
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(2.47) 


Introducing the definition of the equilibrium constant Kp (eq. (2.25)) into 
the last term of equation (2.47) yields 
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(2.48) 


Normally, the standard state pressure is taken as unity (e.g., 1 atm) so that 
equation (2.48) is often written without the dimensional term p^ n . However, 

including it here reminds us that K is a dimensional quantity whenever An 
is different than zero. v 


Similarly, the equilibrium constant K a can be related to the concentra- 
tion standardized partition functions Q a . From equations (2.41) and (2.45), 
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(2.49) 


Again, introducing the definition of K a (eq. (2.26)) into the last term of 
equation (2.49) yields 
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^0 , k X 

-ssr + ln - Jr ~o r. 
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J 3 


(2.50) 


Once again, the standard condition a ^ is normally taken as unity (e.g., 

1 mol/liter) so that equation (2.50) is often written without the dimension 

term c^ n . 
o 

Problem 2,4: Use equations (2.48) and (2. SO) to verify the relation K - {R7)^ n K . 
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AG= £ b k G k - £ a j^j = 0 


(2.52) 


which leads to exactly the same results as above. However, equation (2.51) is 
satisfied only for the particular \Tlue of reference entropy given by equa- 
tion (1.78) (in accord with the statistical definition of entropy S-k In W ) , 
and, for another choice of zero point entropy, the sum AG will no longer 
vanish if the number of product molecules is aifferent than the number of 
reactant molecules from which they are formed (An ^ C) In fact, even with 
the zero point entropy given by equation (1.78), the Helmncltz free energy F 
cannot generally be used as a direct replacement for the chemical potential p 
for constant volume processes. For a chemical reaction at constant volume and 
temperature, the sum 


A F ^kFk ~ ^ a j^j 


(2.53) 


vanishes only if An = 0. These difficulties are avoided, however, when the 
chemical potential is treated as a derivative of G or F, as it should be. 

Then the results are independent of the zero point entropy. 

Problem 2.5: bhow rh.it it the :ern point i*ntrop\ is shifted by a constant S* different than zero, that is, 

the chemical potential is still .civen In the same function of 


Furthermore, show that the sum A# (cq (2.52)1 is then different than zero if An is different than zero, and 
that the sum Af (oq. (2.53)1 \ am sites the same case onl\ if 4 - -/'. 


2.5 CONCLUDING REMARKS 


The curvature of the equilibrium surface in a three-coordinate thermo- 
dynamic variable space (such ,.s energy, volume, and entropy) can be deduced 
from the first and second laws of thermodynamics. From this curvature, one 
can predict maximum and minimum relations that occur at equilibrium, such as 
the fact that entropy is maximized at equilibrium in any system kept at con- 
stant volume and energy, for example. An irreversible process need not always 
lead to an increase in entropy; indeed, spontaneous processes isolated from 
external influence do lead to an entropy maximum at equilibrium, but an 
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We should mention that the equilibrium condition is often analyzed by 
equating the chemical potential to the free enthalpy. This is indeed true for 
ideal gases, the case treated here. From equations (2.32) and (2.39), one can 
see that for f. molar quantity of gas {n = N ) , 

V ~ G = E a - RT In Q (2.51) 

Then the equilibrium condition requires that the summation AG should vanish 
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irreversible path that decreases the entropy of a system can be arranged by 
suitable interaction with an external system. The only requirement is that 
the total entropy of both the system of interest and the external system must 
increase. 

The equilibrium condition is given in terms of the chemical potential, 
which can be expressed in completely equivalent ways as partial derivatives of 
entropy, energy, enthalpy, free energy, or free enthalpy. Physically, the 
chemical potential per molecule represents quantities such as the increase in 
free energy when a single molecule is added to a system at fixed temperature 
and volume, or the increase in free enthalpy when a single molecule is added 
to a system at fixed temperature and pressure, for example. 

At equilibrium, chemically reacting species exist in the proper ratio to 
balance the forward and reverse rates of reaction, which means that the change 
in chemical potential caused by the reaction vanishes. This relation has been 
used to express the chemical equilibrium constants (i.e., the ratio of the 
forward and reverse rate coefficients) in terms of the partition functions of 
the species involved, once again illustrating that any thermodynamic property 
of a system may be deduced from these partition functions. Sometimes the 
chemical potential is equated to the Gibbs free enthalpy in such derivations, 
which leads to the same result as when the chemical potential is taken to be 
the change in free enthalpy per molecule taken at constant pressure and tem- 
perature, because of the particular choice of zero entropy required in statis- 
tical mechanics. However, the concept that the free enthalpy is the chemical 
potential is basically misleading. The chemical potential is expressed 
equally well as the change in free energy per molecule taken at constant vol- 
ume and temperature, but the chemical potential cannot be equated to free 
energy because the incorrect result is then obtained for chemical equilibrium 
whenever the reaction causes a change in the total number of molecules. 
Fundamentally, this situation occurs because the energy involved in the prod- 
uct of pressure and volume is not accounted for in free energy whereas it is a 
part of the free enthalpy. However, these conceptual difficulties are avoided 
when the chemical potential is merely treated as any one of the equivalent 
partial derivatives derived from the first and second law. 
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CHAPTER 3 - QUANTUM PRINCIPLES AND FREE PARTICLES 

3.1 SUMMARY 


The quantum principles that establish the energy levels and degeneracies 
neec ;d to evaluate the partition functions are explored. The uncertainty 
principle is associated with the dual wave-particle nature of the model used 
to describe quantized gas particles. The Schroedinger wave equation is pre- 
sented as a generalization of Maxwell's wave equation; the former applies to 
all particles while the Maxwell equation applies to the special case of photon 
particles. The size of the quantum cell in phase space and the representation 
of momentum as a space derivative operator follow from the uncertainty prin- 
ciple. A consequence of this is that steady-state problems that are space- 
time dependent for the classical model become only space dependent for the 
quantum model and are often easier to solve. The partition function is 
derived for quantized free particles and, at normal conditions, the result is 
the same as that given by the classical phase integral The quantum correc- 
tions that occur at very low temperatures or high densities are derived. 

These corrections for the Einstein-Bose gas qualitatively describe the con- 
densation effects that occur in liquid helium, but are unimportant for most 
practical purposes otherwise. However, the corrections for the Fermi-Dirac 
gas are important because they quantitatively describe the behavior of high- 
density conduction electron gases in metals and explain the zero point energy 
and low specific heat exhibited in this case. 
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3.2 INTRODUCTION 


In the preceding two chapters, all the thermodynamic properties of gases, 
including the chemical equilibrium constants, were related to the partition 
functions. We now consider some of the quantum principles that establish the 
energy levels and the degeneracies of atoms and molecules in gas 

phase - quantities needed to determine the partition functions. Strictly , 

speaking, the energy levels are always quantized and the partition function is 
a sum over these levels. However, when the spacing between levels is small i 

compared with kT, the classical phase integral will prove to be a useful 
approximation to the partition function since the integral is often easier to 
perform than the sum. The engineer who works on problems involving atomic and 
molecular properties needs some insight into quantum principles, primarily to 
give him the judgment to understand when classical methods can be used and 
when quantum methods must be invoked. The uncertainty principle of quantum 
mechanics is fundamental to this question. . ' 


57 


PRECEDING PACK A Aul i 








3.3 UNCERTAINTY PRINCIPLE 


The uncertainty principle can be related to the properties of the quantum 
mechanical wave functions (refs. 1 and 2) which describe the behavior of par- 
ticles. These functions are just solutions to Schroedinger's equation, a 
famous equation often taken as the starting point or fundamental postulate 
(ref. 3) of quantum mechanics. However, we are apt to be staggered by the 
leap of intuition that, would instantly postulate a complete second-order par- 
tial differential equation as the starting point for a description of the 
physical universe if wo are not aware that Schroedinger discovered his equa- 
tion by making some relatively simple modifications of the Hamilton-Jacobi 
equations that govern the motion of particles under the constraint of least 
action. Schroedinger's genius permitte ' him to realize that the time coordi- 
nate could profitably be treated as an imaginary variable; the Schroedinger 
equation was the result. Although this was the historical process of dis- 
covery, with hindsight, we can use a sample analogy to Maxwell's electromag- 
netic wave equations (ref. 4) that makes Schroedinger's result very olausible, 
particularly to engineers since they are so familiar with Maxwell's equations 
and their exceedingly successful applications in electrical engineering. 

Experimentally, the fact has been repeatedly established (first by 
Davisson and Germer for electrons, e.g., see ref. 1) that moving particles 
possess the characteristics of waves. DeBroglie postulated that all particles 
behave something like photons (refs. 2 and 5) which are "wave particles" known to 
have a momentum p equal to their energy h\> divided by their velocity c: 



where h is the Planck constant, v is the frequency and X is the wave- 
length. Furthermore, photons are known to obey Maxwell's equation 


v’y 


c 2 3t 2 


(3.2) 


where Y is the amplitude of the photon wave. By analogy, other particles 
can be expected to obey the same equation but with a different velocity of 
propagation, namely, h\>/p or vX: 
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p 2 3 2 Y 
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( 3 . 3 ) 


A steady state, oi standing wave, is rormed when the space and time 
dependence are separable: 


Y = iH-r,p 
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(3.4) 


The product YY* is then independent of t, corresponding to the standing 
wave. The spatially uependent part of the wave function obeys the 
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differential equation: 


_ 2 . 4 Xt 2 p 2 

7 * 


(3.5) 


The momentum squared, p 2 , may be replaced with its equivalent 2 m(E - U) , where 
E is the total energy, U is the potential, and m is the particle mass. 

Then 


[E - i/H 


(3.6) 


which is the usual time- independent Schroedinger equation. 

In Maxwell's equation, iji 2 is interpreted as a factor proportional to the 
energy density of the "ave (such as the square of the electric vector E 2 or 
of the magnetic vector a 4 -) (ref. 4), which is proportional to the photon 
density. In the Schroedinger equation, ij> 2 is interpreted as a probability 
(refs. 3 and 5), which is also proportional to particle density. For example, 
the probability that the particle will be in the volume element dx is 
defined as 


, . (3.7) 

/ dx 

where / dx is a definite integral over all values of the coordinates 
involved and represents a normalization constant. 

The uncertainty principle may be demonstrated from the wave function 
describing a free partic ‘ (i.e., a particle with constant momentum). If such 

a particle is moving in the x direction with momentum p Q , a solution to 
equation (3.5) is 


il> = C e 


(3.8) 


where the wave number k 0 is 2-n/\ 0 or 2xxp Q /h. According to equation (3.4), 
the total time-dependent wave function may be expressed as 


^ - q e ^o( x ~ x o^ 


(3.9) 


where x Q is p 0 t/m. This function represents a plane wave traveling in the 
x direction with velocity p 0 /m. However, it seems impossible to relinquish 
the idea that the object still retains some characteristics of a particle; 
that is, it should be localized in space. For example, if the probability is 
unity that the particle is somewhere in the interval Ax abou. x c , then 


C x +Ax/2 

0 dx = C 2 Ax = 1 

: 0 -Ax/2 


(3.10) 
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Thus the amplitude must vanish (C = 0) if the particle is not localized 
(Ax = °°) . For Ax finite, a spectrum of wave numbers exists which is given 
by a Fourier analysis of the localized wave packet. The wave function may be 
expressed as the Fourier integral : 
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(3.11) 


where the variable x now signifies the distance (x - x c ) and <{>(&) is the 
amplitude of the wave number spectrum: 


= ( 2 V) / >P( x )e~ tkX dx 


Thus, for the truncated wave packet, 


(3.12) 


/I \ 1/2 e ^ x ^k 0 -k) . ~ x 1 ^ 2 sin(k n -k) Ax/2 
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The intensity of the packet in the wave number interval dk about k is 

* 2 (fc): 


<t> 2 (k)dk = 


2 sin 2 (k 0 - k) (Ax/2) 
__ 


(3.14) 


If the effective width of the packet in k space is defined as the width of a 
square pulse bk with the maximum height (i.e., Ax/2tt) which has the 

same integrated intensity as given by equation (3.14), then 


A k A x 
2tt 


2 sin 2 (k 0 - k) (Ax/2) 
7T A x{k - k n ) 2 


dk = 1 


(3.15) 


The wave number k is just 2ir p/h and A k is 2tt A p/h. Thus, 

A p ox = h 


(3.16) 


the familiar relation for the size of a quantized cell in momentum-position 
space, which was used in chapter 1 to make the classical phase integral dimen- 
sionless. Of course, the definition of the effective width of a nonrectangu- 
lar pulse is somewhat arbitrary, but any reasonable definition leads to a 
relation similar to equation (3.16), where the product of the uncertainty in 
momentum and position is the order of Planck's constant. This is a general 
result for any wave packet having a smoothly varying pulse shape. 

Problem 3.1: Show that the following normalized wave packet with a Gaussian envelope 

,, -crV'm 2 zknX 
v = (. e p 


where o is the standard deviation of the probability 4 /^*, leads to a Gaussian distribution in the intensity of 
the wave number spectrum. Furthermore, show that the same relation as equation (3.16) is obtained if the effec- 
tive pulse widths arc defined as times the standard deviations of the Gaussian distributions for ty 2 and $ 2 . 
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Our purpose here is not to refine the mathematical description of the 
uncertainty principle, but to emphasize that the principle comes about in a 
natural way as a consequence of trying to impose a dual nature on the 
"particle wave." One might consider discarding both the wave and particle 
model and attempt to construct an atomic theory that permits exact determina- 
tion of all quantities appearing in it. Rice and Teller (ref. 6) point out 
that even though this might be possible in principle, since the mathematics of 
quantum mechanics is complete and free from contradictions, the theory would 
start from concepts having no immediate equivalent in everyday experience and 
one would run into all the difficulties in explaining the meaning of such an 
abstract theory that were avoided in formulating it. In addition, such a 
theory would doubtless fail to emphasize an important part of quantum mechan- 
ics known as the correspondence principle - that for certain limiting cases 
the laws of quantum theory converge on the laws of classical mechanics. 

A distinction should be made between quantum transitions and classical 
processes. The quantum transition takes place between two different states 
with different physical properties. The classical process is associated with 
only one set of physical conditions and thus describes the situation when the 
change in physical properties between the initial and final states is negli- 
gibly small. Often this is the case in the limit of very high quantum numbers. 
In gases, the change in internal energy pioduced by collision must be small 
compared with the average energy per molecule, generally the order of k± , for 
classical methods to apply. The laws of quantum mechanics are a finished 
formalism, but the correspondence principle is useful in addition to its value 
as a limiting case because it helps to visualize and understand laws that are 
otherwise predominantly mathematical formalisms. Finally, Rice and Teller 
(ref. 6) conclude that any attempt to divorce quantum theory from the classi- 
cs. 1 picture of particles and waves would destroy the significance of tne 
correspondence principle and thus lead into a field where one is not allowed 
to use words that are used to express our everyday thinking and experience. 
They do not believe that a theory is possible which in its final analysis is 
not based on these words and therefore on classical physics and common sense. 
Bridgman (ref. 7) often expressed similar ideas. 

One important consequence of the uncertainty principle is that a dynamic, 
steady-state process analyzed in terms of both space and time coordinates in 
classical mechanics can be transformed into a purely space-dependent problem 
in quantum mechanics. The latter is often easier to solve because the time 
parameter is missing since the time dependence is associated with the momentum 
coordinates of the system, which are represented in quantum mechanics by 
purely space-dependent derivative operators. To develop this relation (ref. 1), 
consider the Fourier integral representations of the wave function iK®) and 
the wave number amplitude function <p(k) of a particle constrained to one- 
dimensional linear motion along the x coordinate, equations (3.11) and 
(3.12), respectively. The momentum of the particle is fik and the average 
value of momentum is given by 


p~, = h. / °° <j>*?C(}> dk 
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Substituting the Fourier integral of equation (3.12) for and 4 in 
equation (3.17a), one obtains 

J Jf J \e ik * ^*(x*)]fc|e' tfcr *(x)]<ia:' dx dk (3.17b) 

where x' and x are two different variables of integration. The factor 
k e~‘ l ^ x can be expressed as the derivative 

-ikx . 9 /-ikx\ ,, 


, -tkx . 9 / -IKX\ 

ke ■ 1 s (* ) 


(3.18) 


and equation (3.17b) then becomes 


^ = |j-f / f e^'r(a')(t ^ e" tfcx )i*.(x)£fc' dx dfe (3.17c) 

•-oc^-oo^-oo ' ' 


Interchange the order of integration and integrate first over x; integrate by 
parts and use the fact that the wave function vanishes at the limits, 

<K±°») = 0. Then 


K *£ £ **<*•>£ e ik ^'^dk *•] * ^ & 


(3.17d) 


According to the Fourier integral theorem (refs. 1 and 8), i(i*(x) is just the 
inner bracket of equation (3.17d): 


<|>*(x)=-^-J ii»*(x')J e %k ^ x '~ x) dk dx' 


(3.19) 


This theorem may be derived by substituting equation (3.12) for <J> (J' > in 
equation (3.11) and changing the result to the complex conjugate. T’ equa- 
tion (3.17d) becomes 


Px = f **(*) Hx)\d* 

* —CD 


(3. 17e) 


an expression for the average value of momentum in terms of and the 

derivative of ip. At any point x, the integrand is just the product of the 
momentum p at that point and the probability that the particle is observed 
at that point, #*. Thus the momentum as a function of the position 
coordinate is 


- A li 

Px ~ ity 9x 


(3.20) 
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It is in this sense that the momentum is to be replaced by a derivative 
operator whenever it appears in any observable quantity to be evaluated from 
the wave function. The y and z components of momentum in Cartesian coordi- 
nates are, of course, represented by the corresponding derivatives with 
respect to y and z: 


3x ’ 
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-*£■ 


-ih 


3 z 


(3.21) 




The operator for a component of momentum squared is obtained by two successive 
applications of the single-derivative operator. The operator of most interest 
here is the total energy or the Hamiltonian. For a single particle, this 
operator is just 


H = 


■ x 


+ Pu 2 + p 2 


2m 


+ V(x,y,z) 


( 


3 2 3' 

+ + 


\3x 2 3 y 2 3 z : 

£ ’ i 2 * 


r) 


+ 7(x,l/,3) 


(3.22) 


Note that the corresponding operators for the space coordinates x, y, 
and z are just the coordinates themselves. The potential V may be 
expressed in any coordinate system other than Cartesian, of course, after 
which the Laplacian operator V 2 is taken to be the appropriate operator in 
that coordinate system also. Frequently, these operators are expressed in 
terms of dimensionless coordinates that absorb all constants. Typically, dis- 
tances are given in units of the Bohr radius a Q , and energy in units of 
h l /2ma 0 2 , in which case the kinetic energy operator becomes simply -V 2 /2. 

One can see from the reciprocal Fourier transform relations between the 
wave function ^(x) and the wave number amplitude <j >(k) (eqs. (3.11) and 
(3.12)) that problems could be worked in momentum space or wave number space 
equally as well as in position coordinate space. Then the probability of the 
particle having a wave number k is just $*$, and all the observables of the 
system are appropriately weighted with this probability factor. The Cartesian 
distance coordinate x becomes ih 3/3 p x in this system. 

Problem 3.2: Use Fourier transform relations to show that the average value of x may be found in terms of 

wave-number amplitude functions as 

x =J* <li* (x)x* lx)dx ~ J J J dk dx 

'" a —00 —00 —00 
and that the value of x for a given momentum r is 

i 3<t> ih 3<fr 

$ 3fr $ 3 p 


where = h $ 

are replaced by the e 


, the normalized momentum amplitude wave function, 
rators 


Thus, in momentum space, x, y , and z 
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whenever they appear in any observable quantity to be evaluated from the momentum amplitude functions. 


Quantum problems are usually worked in coordinate space rather than 
momentum space because the potential energy functions of interest are usually 
functions of coordinates only. Thus a much simpler operator results in coordi- 
nate space (where the coordinate operators are the coordinates themselves) than 
in momentum space where some very complex derivative operators would result. 
Note also that the sign convention on the derivative operators is arbitrary, 
provided only that the momentum operator in coordinate space and the coordi- 
nate operator in momentum space have opposite signs. For example, the Fourier 
transform relations in equations (3.11) and (3.12) could be expressed equally 
well with the exponential factors and e-tkx interchanged. Then one 

would obtain the momentum operator ift. 3/3a: for p x and the coordinate oper- 
ator -ih 3/3 p x for x, rather than the relations given in equations (3.21) 
and (3.23). 

To translate these ideas into a physical situation, consider the steady- 
state wave function of a single particle moving in the x direction, in a 
region of space where the potential is a constant V 0 . The momentum in the x 
direction is then given by 

p Q = ±[2 m(E - V 0 )) 1 ' 2 (3.24) 

Several solutions to the Schroedinger equation (3.6) are possible, depending 
on the boundary conditions. One such solution is 

i p = C e' P ° X ' fl (3.25) 


If we operate on this function with the momentum operator and then divide by 
the wave function as in equation (3.20), 


Px 



_ 3 _ 

3a: 



(3.26) 


we obtain the probable momentum of the wave, the constant p Q . Thus the wave 
function in equation (3.25) is said to represent a plane wave traveling with a 
constant momentum p Q , in the posit.'ve x direction if p Q is positive and 
in the negative x direction if p Q is negative. (If we had chosen the 
opposite sign convention, where tne momentum operator is ih 3/3a:, then equa- 
tion (3.25) would merely represent waves traveling in the opposite directions.) 
Note that, while the momentum is fixed, the probability of locating the par- 
ticle is everywhere equal so the location is completely indeterminate in 
accord with the uncertainty principle. In fact, for a single particle, the 
constant C must be zero (as discussed relative to eq. (3.10)) in order to 
normalize the probability to unity. More typically, we deal with a directed 
beam of almost free particles, where the constant C can be normalized to the 
known current density 
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where j is the number flux per unit area, p_/m is the beam velocity, and 
V is the unit of length. Thus C z has the dimensions of particle number per 
unit volume in this case. Sometimes the integration over the beam cross- 
sectional area that gives the total current is used, in which case the normali- 
zation constant squared has the dimensions of particles per unit length of 
beam. 


Generally, the momentum is not a constant, of course, but changes with 
the potential of the region in which the particle moves. Again, if the par- 
ticle is restricted to one- dimensional motion for simplicity, the wave function 
has the form 


t[2m(£M0j 1/2 */rt 


C e 


(3.27) 


where the constant E is the total energy and the potential V and amplitude 
C are both functions of x. If V is relatively constant over a region 

large compared with the wavelength, h[2m{E - 101 ” 2 (which corresponds to 
classical behavior of the particle) , the solution to the Schroedinger equation 
has the same form as equation (3.25) with nearly constant C and with p 0 
representing the slowly varying quantity [2m(£ - V ) ]* /2 . Any arbitrary poten- 
tial function can be approximated by a series of step functions, each giving a 
solution for the wave function of the 
form of equation (3.25). These solu- 
tions may be interfaced with one 
another by matching the magnitude and 
the first derivative of the wave func- 
tion at each interface to give an 
approximation to the true wave function. 

Matching the wave functions conserves 
the probable number density at that 
point and makes number density a con- 
tinuous function; matching the deriva- 
tives conserves the probable momentum 
at that point and makes momentum a con- 
tinuous function. In this manner, the 
character of the wave function for any 
arbitrary potential can be physically 
assessed, even though the analytic 
expression for that function may be 
complex. For example, figure 3.1 shows 
the form of the wave function for a 
beam of free particles crossing a poten- 
tial hump of some sort. Only the real 
part of is shown, but an imaginary 
part 90° out of phase with the real 
part can be visualized out of the plane \ \> ~ He 



Figure 3.1.- Wave function for a beam 
of free particles crossing a 
potential hump; 
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Figure 3.2.- Wave function for a bound 

particle in steady state in a 

potential well: 

. „ [2 m(V~E)] 1/z x/fi 

x<xj, (/-C e l J 

x 1 <x<x 2 , <1* - C cos[2m(E-V) ] 

* 2 <x, t.c.-w v -™ u * x '* 
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of the figure. Up to point xj , ip 
has a constant amplitude and wave- 
length characteristic of the com- 
pletely free beam. At xj, the 
wavelength and the amplitude both 
increase as the beam loses momentum 
and bunches up over the potential 
hump. At the potential maximum, the 
wavelength and amplitude decrease 
again until they return to their 
original value at x 2 . In the step 
function approximation, C and V are 
piecewise constant, and the result 
cf operating on the wave function 
with the momentum operator and 
dividing by the wave function is a 
real quantity, corresponding to the 
fact that the momentum of the beam 
is everywhere observable: 



ifi 3iJ< 
ip 3x 


[2 m(F-V)] 1/2 (3.28) 


In many situations, the wave 
function is needed for particles 
that are bound and move about in 
some sort of potential well. Even 
in a gas where the particles are 
relatively free, the particles are 


eventually bound by the walls of the 
container, for example. The particle then reflects from the region where 
V-E becomes positive, as illustrated in figure 3.2, again for one- 
dimensional motion. In this case the reflected wave is added to the trans- 
mitted wave, which in steady state sets up a standing wave. Again, for the 
slowly varying potential case, the wave function has the character of cosine 
or sine waves if E > 7: 


i[2m(E-V) ] 17 2 x/fi -i[2m(E-V)] l ^ 2 x/'h\ 


ip - C\e 


± e 




(3.29a) 


but decreases as an exponential in the region where V > E: 

* . c swv-m in *i* 


(3.29b) 


The negative exponent must be used if x increases and the positive exponent 
if x decreases. Otherwise, the wave function becomes infinite at the bound- 
aries (x -+ ±«>) and the probability everywhere vanishes (i.e., C = 0). In 
figure 3.2, a standing wave is depicted between xj and x 2 with small 
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amplitude and short wavelength near the potential minimum, where the particle 
has the largest velocity and the least probability of being located, and with 
largo amplitude and long wavelength near the classical turning points x* and 
® 2 » where the particle has the least velocity and the largest probability of 
being located. Outside the region x* to X 2 , the wave function is nonoscil- 
lating and has an exponentially decreasing amplitude. 

Note that the momentum operator leads to an imaginary quantity with such 
a function. For example, if E > V and \p ~ cos kx, 

- — r- = -ifik cos kx sin kx (3. 3^1) 

oX 

while, if E < V and - e~ kx , 


-fS < 3 - 3ob > 

This corresponds to the fact that momentum is unobservable in this system; 
that is, one cannot tell whether the bound particle in steady state is 
approaching the potential barrier or receding from it. However, note that 
kinetic energy and probability both have finite real values in the region 
V > E. The skin depth where the probability is appreciable in this region is 
very thin if V » E, of course. 

A system of gas particles in a box is modelled well by assuming that the 
box is potential free and that the walls are a sudden discontinuous potential 
rise to +<*». Then the wave functions for such particles are precisely the 
sine and cosine waves that match these boundary conditions; only in the region 
of the wall, where the barrier is not truly discontinuous, would these wave 
functions be somewhat imprecise. Gas particles move in three dimensions, of 
course, but usually in relatively potential free space, in which case the 
three-dimensional wave function can be simply expressed as a product of one- 
dimensional wave functions of the type discussed above: 

<K x.y.z) = iKatJiKj/Wa) = C e tik ^ c+k y y+k ^ s) (3.31) 

In many cases of interest, particles are bound in a potential well, with 
boundary conditions best described in spherical, or sometimes cylindrical, 
coordinates. In these coordinate systems, the momentum operators are no 
longer simple first derivatives, as in equation (5.21), but must be con- 
structed so that the value of an observable quantity given by the operator is 
a real quantity. A number is purely real if, and only if, it equals its com- 
plex conjugate. Thus the operator 0 which corresponds to an average observ- 
able quantity 0 must satisfy the relation 


0 = f (0* \\>* ) di - 0 


(3.32) 
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A class of operators called Hermitian have this property. Actually, Hermitian 
operators may have yet more general properties with respect to an entire class 
of functions. These properties are discussed briefly in appendix 3-A, along 
with some comments on wave functions that have spherical or cylindrical symme- 
try, so that the reader may refresh his knowledge in these Msic quantum 
topics. 

3.4 QUANTIZED FREE PARTICLES 

A particle moving in potential free space ( V ■ 0) with momentum p*fot 
has a wave function that obeys 


v 2 i|i + k 2 \ l> 


(3.33) 


The solution is determined by the boundary conditions, of course. If boundary 
conditions consistent with a plane wave are assigned, a traveling wave solu- 
tion in three dimensions takes the form 


il> = C e 


±ik-r 


(3.34) 


where k and r are now vector quantities giving the wave number and position 
in three orthogonal coordinate directions. The steady-state, standing wave 
function that fits the given boundary conditions is formed from a linear super- 
position of the traveling wave solutions above; these are expressible as prod- 
ucts of cosine or sine factors, for example. 


<l> = C co8(kir , i)ao8(k2P2^ a08 (^2 r 3) 


(3.34a) 


where the subscripts 1, 2, and 3 represent vector components in the x, y, and 
2 directions, respectively. Consistent with the choice of the plane-wave 
solution, a boxlike volume with sides Xi, X 2 , an< * ^3 is imposed as the 
boundary. (Different boundary conditions are required for a differently 
shaped standing wave.) The standing wave must return to its original value 
after a distance 2 \i (one complete traverse of the box in both directions); 
therefore. 


= r = 2ir 


(3.35) 


where may be any integer from 0 to « and is a quantum number that repre- 
sents the steady- state translational wave function of a particle. The energy 
of the particle in steady state is thus 


= ei = 

2m 8m 




(3.36) 


The usual procedure at this point is to combine all energies lying within 
a range dz and compute how many different combinations of the n{, give this 
same energy; this number is the degeneracy g. We can equally well count each 
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state separately with unit degeneracy. The partition function for the 
translational motion is then (see ch. 1) 

% n x - 0 « 2 =0 « 3=0 


(3.37a) 


where a^ 2 is h 2 /8mkT \^ . Because a £ is normally very small compared with 
unity, the sums may be approximated with an integral 


-a 2 « 2 f -a 2 x 2 j /it 
= | e ax - ■=— 
Vn 2a 


(3.38) 


Thus, the partition function of the free particle becomes 


Q= ^r ') 3 2 XlX2 * 3 3 (^fr 1 ) y 


(3.37b) 


where V is the potential free volume available to the particle. We state 
without proof that the same result as equation (3.37b) would be found for an 
arbitrarily shaped volume if the appropriate standing wave function for that 
shape were used (ref. 2) . 

Problem 3.3: Show that for a gas of //j molecules at normal temperature and density, and with scattering 

cross sections the order of 10' 15 cm 2 , a 2 , is the order of 10' 6 . Thus, the integral in equation (3.38J is a good 
approximation for the sums involved in trie partition function. Note that the approximation improves as density 
and scattering cross section decrease and temperature and molecular weight increase. 


3.5 CLASSICAL FREE PARTICLES 


The spacing between energy levels of a free particle is normally small 
compared with kT, at least for moderate values of the quantum number n: 


W = 2a * n 


(3.39) 


In such cases, one expects the correspondence principle to apply and the 
classical and quantum results should be the same. The classical partition 
function for the free particle is 


Q = £3 J*. • • J e ~ H/kT dxi dx 2 dx 3 dp x dp 2 dp 3 


(3.40) 


The Hamiltonian expression for the energy of a free particle is 


( 3 - 41 ) 
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Performing the integrations over xj , X 2 , and X 3 yields the free volume V 
over which the Hamiltonian is given by equation (3.41). Thus 

Q = ^ (j e ‘ p i 2/lmkT dpt'j - ^ (2mkT)* /2 (3.42) 

the same result obtained by the quantum arguments, equation (3.37b). 


3.6 THERMODYNAMIC PROPERTIES OF INERT GASES COMPOSED OF CLASSICAL PARTICLES 


For gas particles with no internal degrees of freedom, Q/N, from 
equation (3.42), is 

s ■ w t 2 ”* 3 ’) 3 ' 2 < 3 - 43 > 

The energy is then 

E - E 0 = RT 2 * f (3.44) 

and the specific heat at constant volume 


The entropy becomes 


3 = » | * ^ (MH, 


(3.45) 


(3.46) 


and the free energy is given by 


The pressure is 


F - E 0 


-X? (in | ♦ l) 

-RTYln — {2-nmkT) 3/ 2 ♦ 1 

L A % 3 


P = 





(3.47) 


(3.48) 


the familiar ideal gas lav/. The enthalpy H and free enthalpy G are simply 
evaluated by adding pV to equation (3.44) and (3.47), respectively. 
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So far, the gas has been treated as a collection of independent particles. 
This model is a good approximation for dilute gases where the particles have 
negligible interaction except during collisions, which occupy only a small 
fraction of time. The above results are later modified to account for disper- 
sion forces in very dense gases (ch. 8). Even in the dilute gas phase, how- 
ever, collections of electrons and photons are found to obey somewhat differ- 
ent statistics than the Maxwell -Boltzmann statistics used thus far. The 
differences introduced by quantum statistics are considered next. 


3.7 THERMODYNAMIC PROPERTIES OF INERT GASES COMPOSED OF QUANTUM PARTICLES 


The thermodynamic properties of gases composed of quantized gas particles 
are slightly different than the properties deduced for a gas of Maxwell- 
Boltzmann particles because the statistical distributions are different. The 
deviation from the Maxwell-Boltzmann distribution is called degeneration (when 
used in this sense, the term has no connection with the concept of a degener- 
ate energy level). The normalization parameter a is an index of this degen- 
eration. One readily sees that if a is very large, both the Einstein-Bose 
and Fermi-Dirac distributions become Maxwell-Boltzmann as the factor ±1 is 
negligible compared with In this state, n-i « and the degenerate 

energy levels are not filled, which means that the state is one of high dilu- 
tion and high energy. The smaller the value of a, the larger will be the 
effect of degeneration. The minimum value a can have is zero for the 
Einstein-Bose gas since negative n ^ is meaningless, while a can go as far 
as -oo for the Fermi-Dirac gas. 


Before investigating quantum effects on thermodynamic properties of gases, 
we derive general ormulas for the kinetic energy and pressure of weakly inter- 
acting quantized particles without internal energy. At any given instant, 
each particle is in one of the available steady-state eigenvalues given by 
equation (3.36). Consider the special case of a cubical box with equal sides 
Aj = \ 2 = A 3 = 7 1/3 . The energy of n noninteracting particles in this box 
is 
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i= 1 
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(3.49) 


A fundamental theorem of quantum r.echanics states that reversible adiabatic 
variations of external parameters do change the quantum numbers. In prac- 
tical terms, this means that if the perturbations are small enough, the quan- 
tum states are perturbed so little that the summation of squared quantum 
numbers in equation (3.49) is essentially constant. In this limit, then 

E const /V 2 ' 3 (3.50a) 

The same result occurs for any trbitrarily shaped volume (see ref. 2), and the 
result is also the same as for classical ideal gases in reversible adiabatic 
change of state, 
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(3.50b) 


since y, the ratio of specific heats, is just 5/3 fo^* a gas of monatomic 
particles considered here. 

A completely general relation for pressure follows fro*' equations (1.9) 
and (3.50): 
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(3.51) 


This relation is useful later in obtaining the equation of state for 
degenerate gases. 

Define a vector magnitude squared as the sum of all sou ..ed quantum 

numbers : 
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(3.52) 


Then the number of states with energy E or less is just the number of 
lattice points in a volume 1/8 the volume a sphere of radius v, or itv 3 /6 
(i.e., just the volume of the spherical quadrant in which all quantum numbers 
are positive). From equation (3.49) and (3.52), one obtains as the total 
number of quantum states with energy less than E: 


G = (2s 


*■ / 


4ttI/(2 mE) 3/2 
Sh 3 


(3.53) 


where the result is multiplied by (2s + 1) to account for the degeneracy of 
spin states occurring when the gas particles have spin quantum number 8 (see 
ch. 4). The degeneracy of states with energy levels between E and E + dE is 
thus 


dG JT , (2s ♦ \)2i\V{2m) 3l2 E xl3 dE 
9 ~ dF ^ = h 3 


(3.54) 


Prob'em 3.4: Show that the total number of degenerate states available to gas particles of normal mass and 
temperature Is the order of 10 J1 * per cm 3 so that, at normal gas densities, only a fraction of the degenerate 
states is occupied. 


First consider the case of negligible degeneration. The factor e a is 
given by normalization to the total number of particles n as 


n = (2s + 1) 


2-nV(2mkT ) 3/2 - 
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dx 
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where the variable of inte\ration x = E/kT. Thus 
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(2s + 1) J'(2Trm/'2’) 3/2 

is the degeneration factor obtained when the quantized particles obey Maxwell- 
Boltzmann statistics. If this value of e~ a is substituted in the distribu- 
tion function, the usual Maxwell velocity distribution law of kinetic theory 
is obtained. The dimensionless quanti*/ on the right-hand side in equa- 
tion (3.56) is defined as y, for ease in formulating the expansions that 
follow, and it is a very small quantity for usual values of m, T, and V/n . 

Next consider the Einstein-Bose gas. The degeneracy factor g is the 
same as given by equatio.. (3.54), but the distribution function now has a 
different form: 


w> 1 


x 1/2 dx 


* (2s + 1)V(2 vmkT) 3/2 T(3/2) J o e ct+x _ i 

Digress for a moment to examine the integrals 


£/(a,r) - - 


x T dx 


The values of r of interest are 1/2 and 3/2. Lxpand the integrand in 
equation (3.58) as 


e a+x - 1 


= z 


-n (a+x) 


y(a,r) - r( + Z 

H= 1 


r -nx , 
x e dx 
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Note that the series converges for all a > 0. The value of y given by 
equation (3.57) can thus be expressed as the series 


y = v 


(a, t) = 
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T' quantity may be obtained by successive approximation. The 

first approximation is 


e' a = y 


V. 




which gives just the Maxwell- Boltzmann law. Substituting this value of e‘ 
in all but the first term of the series in equation (3.61) yields a second 
approximation to terms of order y 2 : 


-a xr- 

6 = * - 


Similarly, substituting the second approximation in all but the first term of 
the series yields a third approximation to terms of order j/ 3 : 


-a y 

e = y - 




The process can easily by continued to higher-order terms, but the third 
approximation is sufficiently precise for most applications. 

Now calculate the energy and pressure for the Einstein-Bose gas: 


e dn = 


(2s + \)V(2nmkT) 3 ' 2 kT 


x 3/2 dx 
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E = ~ nkT 
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The ratio i/(ot,3/2)/l/(a,?/2) corrects the classical energy to account for the 
effects of degeneration. 

The pressure is obtained from equation (3.51) as 

n _ 2. E _ nkT U( a, 3/2) ,, , 

P 3 V V U{ a, 1/2) 1 } 

so the same ratio corrects the classical pressure for effects of degeneration. 

Consider weak degeneration where the third approximation is sufficient 

(^)-($f)’F ■ ■ ■) (3 - 6Sa) 

then, if we substitute for e a . Cue correction factor becomes 


(sir) = (4r) - i - 0 . 1768 ^ - o.oossr 
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For H 2 at standard conditions, y - 10” 5 , so both energy and pressure 
take their classical values. For other gases, the value of y is even 
smaller because of the larger mass involved. Only at veiy low temperatures 
will strong degeneration occur. To see how low these temperatures must be, 
consider the minimum value of a that can occur for an Einstein- Bose gas, 
namely, a = 0. Then the series expression for y converges to a finite limit 


y - 1 . -i_ , . J L. . 

s 2 3/2 3 3/2 S 3/a 

and the temperature at this ^imit is 


. * 2.612 


(3.66) 


.6127(2s + 1) 


(3.67) 


(called the critical temperature) . One might conclude that lower temperatures 
are not possible for an Einstein-Bose gas since a cainot be less than zero 
in this case. However, this conclusion is not correct; the value of n is 
actually given by a summation rather than the integral, and the summation 
terms have positive values for n-i for all T even when a = 0. At tempera- 
tures below critical, an increasing number of molecules are found in the 
ground state until, finally, at T = 0 all molecules are in the ground state. 
On compression or expansion at constant T below ci tical, pressure does not 
vary and the gas behaves like a two-phase system, a behavior called "condensa- 
tion" of the Einstein-Bose gas. 

He 1 * is the only molecule that provides a perceptible value of T c , and 
even in this case the gas liquifies _t 4° K, before the critical point is 
reached, and the assumption that the system is composed of weakly interacting 
particles is no longer valid. The critical temperature given by equa- 
tion (3.67) with the liquid He mol volume equal to 27.6 cc is T 0 = 3.13° K, 
quantitatively somewhat different than the observed X point of liquid He, 
2.19° K. (The properties of liquid He drastically change at the X point. 

For example, Hel condenses to Hell below the X point and is then observed to 
have nearly zero viscosity, zero surface tension, and fantastically high 
thermal conductivity - hundreds oi times the value of Cu and thousands of 
times larger than Hel). Nevertheless, the condensation effect predicted for a 
gas of weakly interacting bosons does qualitatively describe many of the 
observed features of Hell the simple model described needs to be corrected 
primarily for perturbation effects of nearby neighbors in the liquid phase. 

In a practical sense, aside from understanding the behavior of Hell, the 
quantum model of a boson gas is not very useful. However, the quantum model 
of a gas composed of fermions, which obey Fermi-Dirac statistics, is exceed- 
ingly useful because electrons free to move in space or in a crystal lattice 
of conducting material comprise such a gas. In this case, the mathematical 
model develops exactly the same as for the boson except that the negative sign 
in the denominator of the 4 rtegrand becomes a plus: 
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For this case, examine the integrals 
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for the range of a from -oo to +oo. Consider first a > 0 and, subsequently, 
a < C. 


For a > 0, expanding the integrand as before one obtains 
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which, by successive approximation, leads to a formula similar to the boson 
gas case: 
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For a < 0, the series above diverges. Sommerfeld (ref. 9) developed a 
series in inverse powers of a which converges only for a < -1 (see also the 
review of degenerate gas relations _n ref. 10). To terms of second order, 
this series is 


V(a v) = -C-- a 3— [i + I i + .J) + . . 1 

1 ' J F (r + 2) L 6 a 2 ' • J 


(3.71) 


which can be used when a << -1. Thus, 
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Again, by use of smcessive approximation, we obtain for a first approximation 
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and, for a second approximation. 



which is sufficiently good for very strong degeneration, a « -1. 


(3.75) 


Proceeding as before, we find that the expressions for energy and 
pressure have the same form for the fermion gas as for the boson gas except 
that the functions 7(q,r) replace the functions y(q,r): 




2 E pV _ P(q, 3/2) 
3 nkT = nkT ~ V(a,l/2) 


(3.76) 


For the case of weak degeneration, the expansions are the same as before except 
for an alternation in sign of the series terms 

3^r = ^ = (1 + 0.1768i/ - 0.0033y 2 + . . .) (3.77) 

Physically, the effect of degeneration is like an attractive force between 
boson particles which reduces the pressure and like a repulsive force between 
fermion particles which increases the pressure. For strong degeneration of 
fermions, the Sommerfeld approximation is used: 
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Substituting for a from equation (3.75) one obtains, to terms of order 

y ~ 2/3 



From equation (3.68), z/ 2/3 varies as T ~ 1 : 
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so at absolute zero temperature the fermion gas still has finite energy and 
pressure 
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(3.81) 


The first term on the right side of equation (3.8 1 ) is just the zero point 
energy of a Fermi-Dirac gas. The constant volume specific heat vanishes at 
zero temperature instead of being finite (3nfc/2) as for the Maxwell-Boltzmann 
gas: 


c v 




(3.82) 


The existence of E 0 follows from the Pauli exclusion principle, of 
course. Only (2s + 1) particles can occupy the lowest state, the next (2s + 1) 
must go into the next highest state, and so on. The sum of all these energies 
is E 0 . 


Problem 3.5: Derive the expression for E 0 by normalizing the distribution at absolute zero temperature so 

that all levels up to c n are filled: 



<2e * l)2»V(2m> 3/2 
h 3 



, 1/2 


dt 


Then, with the value of e m so obtained, calculate 


J EW E * . &L±m . gw - V i j Cn e 3 ' 2 * 


Problem 3.6: Calculate the value of y and a for Ag at 300* 1C. Use H/V * 5.9*10 22 electrons/cm 3 and 
spin quantum number 8 « 1/2. Show that y is the order of 10 3 rather than 10' 5 as for ordinary gases and that 
(-a) is the order of 10 2 , which is large enough for the Sommerfeld expansions to become reasonably accurate. Also 
find the contribution of the free electrons to the specific heat C v and show that it is the order of 10' 2 times 
the specific heat of a normal nondegenerate gas. 

Problem 3.7: Tc what temperature would Ag need to be raised (assuming that the crystal did not melt) so 

that the electron gas would be reasonably nondegenerate and contribute approximately ink/2 to the specific 
heat? Note that according to equation (3.77) y must be the order of 1 or less. 


3.8 CONCLUDING REMARKS 


The uncertainty principle is fundamental to the quantum behavior of 
matter and follows from the mathematical description, in terms of Fourier 
transform integrals, of a particle whose motion is described by a wave but 
which is simultaneously localized in space. This principle establishes the 
quantum cell size in phase space and, consequently, the numerical equivalence 
between the classical phase integrals and the partition functions, which allow 
us to evaluate all thermodynamic properties of a system of particles. In addi- 
tion, the uncertainty principle establishes the derivative operators that 
allow us to evaluate functions of momentum in physical space from the quantum 
wave functions or, conversely, to evaluate functions of position in momentum 
space from the momentum amplitude functions, which are Fourier transforms of 
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the wave functions. These quantum formulations remove time as a parameter 
from steady-state problems, and these may then become easier to solve than in 
the corresponding classical formulations, even when the classical model is a 
good approximation. 

In most gases of interest, the particles behave classically and the 
statistics lead to the Maxwell -Boltzmann distribution for the equilibrium 
state of a system of particles. However, at very high density and/or very low 
temperature, the quantum effects of gas degeneration are sometimes observed. 

If the gas is composed of particles with an odd number multiple of half inte- 
ger spin (i.e., the particles consist of an odd number of fundamental parti- 
cles), the particles cannot simultaneously occupy the same quantum state and 
they then obey Ferrai-Dirac statistics. At low temperature or high density, 
these particles behave as though they .epel one another. Effects of this 
repulsion are observed in gaslike, high-density conduction electrons in metals, 
for example. If the gas is composed of particles with an even number multiple 
of half integer spin (i.e , the particles consist of an even number of funda- 
mental particles), the particles can simultaneously occupy the same quantum 
state and they then obey Bose-Einstein statistics. At low temperature or high- 
density, these particles behave as though they attract one another. Effects 
of this condensation are noticed in the low- temperature behavior of helium, 
for example. 

The analysis of the normally weak quantum effects mentioned above reminds 
us that the models established for the partition functions and the derivative 
thermodynamic properties are, after all, just models. Despite the very good 
accuracy these models attain over a broad range of variables, all have approxi- 
mations that eventually limit their usefulness when certain parameters of 
state are extended far enough. 
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APPENDIX 3-A: HERMITIAN OPERATORS AND WAVE FRONTS IN CYLINDRICAL 


AND SPHERICAL COORDINATES 


In section 3.3, we found that by expressing the wave function as a 
Fourier integral in momentum space, a component of momentum could be expressed 
as an operator acting on the wave function, all divided by the wave function: 


ih 3ij> 


(3-A1) 


A similar operator relation obtains for observable quantities other than 
momentum: for example, some arbitrary function of both momentum and position 
such as total energy. Such operator relations may be expressed generally as 

Otl> = Oil> (3-A2) 

where 0 corresponds to the operator and 0 corresponds to the observable 
quantity, which is a real number. 

Multiply equation (3-A2) by ii»* and integrate over all space to obtain 


f\p*(d\l>)dr = dr - 0 


(3-A3a) 


Also take the complex conjugate of equation (3-A2), multiply by i|>, and 
integrate over all space: 


$ty{0*ty*)dr = J>* dr = 0 * (3-A3b) 

But since 0 is everywhere a reai quantity, the average value 0 must also 
be real, which is true if and only if 0 equals its complex conjugate 0 * . 
Thus the equality of equation (3.32) must obtain 


{Oty)dr - fil>(0*\l>*)dT (3-A4) 

Any operator that satisfies this equality is said to be Hermitian with 
respect to the function i f>. Often the operators of interest in quantum mech- 
anics are Hermitian with respect to an entire set of wave functions as well as 
to a single member of this set. For example, a system in steady state may 
generally occupy any one of a number of different steady states a, b, o, etc. 
that have different energies and different wave functions, t l> a , if/j , etc. 
These are orthogonal to one another (ref. 3) and may be normalized so that 

dr = if i = J> =0 if i t j) (3-A5) 

Equation (3-A5) merely expresses the physical requirement that the integral of 
the probability over all possible configuration space is unity, and that the 
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probability vanishes that the system is simultaneously in steady state t and 
a different steady state j . 

The same operator 0 will generally result in different values of the 
observable 0 a , 0 ^, 0 Q , etc., depending on the state of the system 

* 0^ (3-A6) 

Multiply equation (3-A6) by and integrate over all space to obtain 

t 9 dr - cTJ (3-A7a) 

where represents the average value of 0 during a time-dependent transi- 

tion from state i to state j. (Such transition quantities are discussed in 
chapters 5 through 8 when perturbation coupling between states is considered, 
for example.) Similarly, in the reverse transition from state j to state £, 

fH*(W>j)dr = dx ~°ji (3-A7b) 

the complex conjugates of the above relations may also be formed as 

S$j0*${*)dr = dr = Ojj* (3-A7c) 

J\\> i (d*ii>j*)dr = dr * 0^* (3-A7d) 

Often we are concerned with quantities where the average value in transition 
in one direction is the same as the average value in the reverse direction. 
Sometimes the quantity is independent of the state of the system and is con- 
served ( 0 i = Oj). For example, 0 might be a perturbation potential energy 
that is a function of the coordinates but is externally induced and does not 
depend on the state of_the system acted on by the perturbation. In such cases, 
the averages 0 ^ . and 0.^ are equal, and if the observable is everywhere a 
real quantity the averages must also equal their complex conjugates. Then 

S^j*0^{}dr - (d*tyj*)dr (3-A8) 


Equation (3-A8) defines an operator known as Hermitian with respect to the 
entire class of functions. Note that if 0 is a constant, such as total 
energy or total angular momentum, the integrals in equations (3-A7) and (3-A8) 
all vanish by virtue of the orthogonality relation, equation (3 -h 5) , so that 
the operator for any constant quantity is automatically Hermitian. 

Next consider some specific cases of the general relations above in 
Cartesian, spherical, and cylindrical coordinate systems. First, the momentum 
operator of a particle in Cartesian coordinates (- ifi 3/3ar) is found to be 
Hermitian with respect to a given wave function <(»; 


(3-A9) 


p x * ~ i1x j ** H & * -*(\r*\:» - f * ^ <&) 

“00 V -00 / 

“ ^ la" * = P** 

The first integral above has been integrated by parts, with u * <|<* and 
do * (1ty/ix)dx. The term vanishes because the wave function must 

vanish at the limits x ±°>. 

Th - * kinetic energy operator p x z /2m is obtained by successive operations: 

/vwV 

Px 2 u ih 3 / .« a \ fi z a 2 

2m = ~ 2m 3a: V” 1, 3a / ~ 2m g x 2 

and this operator is also Hermitian. 

Problem 3.8: Show that 

Use integration by parts. Note that not only the wave function but also all its derivatives must vanish at the 
limits i * * if the probability is to be everywhere finite. 

In spherical coordinates, the operators are not quite as simple as in 
Cartesian coordinates. Consider a particle's radial momentum p p and its con- 
jugate coordinate r, for example. If p p is replaced by the simple deriva- 
tive -ih 3/3r, the resulting operator is not Hermitian because of the r l 
factor that appears in the spherical volume element. However, if the momentum 
is expressed in an equivalent form 

P r “ £ Cp^) (3-A12a) 

and then the radial momentum is replaced by the derivative -ih 3/3r: 

7 (Pr”) * 7 H & ') - - a (£ * ?) ( 3 - A121 » 

the resulting operator is found to be Hermitian with respect to any spherical 
wave function iji that vanishes at the limit /»■*■»: 
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Problem 3.9: Show that the operator -t>i(3/3r) is not Hermitian with respect to wave functions expressed in 

spherical coordinates. 

Show that the operator for the kinetic energy associated with the radial momentum of a particle is Hermitian 
when expressed in the form 
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(3-A14) 


Show that the operator in equation (3-A14) is obtained by two successive applications of the operator in 
aquation (3-A12b) . 

In cylindrical coordinates, the situation is slightly more complex yet. 
The Hermitian operator for the radial momentum of a particle is obtained when 
the momentum is expressed as the average of two operators: 



(3-A15J 


In this tease, however, a Hermitian operator for momentum squared is not 
obtained when two successive applications of the operator in equation (3-A15) 
are used. 


Problem 3.10: Show that -fc 2 [(3/3 r) * (1/2?*) ] [ (3/3 r) + (l/2r)j does not lead to a Hermitian operator for 

momentum squared in cylindrical coordinates. 

Show that the following average of two operators is Hermitian in cylindrical coordinates: 



V 3 -2 r 3r / 


(3-A16) 


The Hermitian operators in equation (3-A14) and (3-A16) correspond to the 
usual Laplacian operators in spherical and cylindrical coordinates when the 
function depends only on r and is independent of the angles. However, par- 
ticles trapped in a potential well typically have angular momentum as well as 
radial momentum. The angular momentum operators may or may not be Hermitian, 
depending on whether the angular momentum is an observable. For example, when 
the potential is given in spherical coordinates, the wave function may be 
expressed as a series of terms of the type Pj m (oc?a e)e wni f l , where the Pj w 
are the associated Legendre polynomials. Such wave functions are used for 
rotating molecules in chapter 4, for example. The operator for azi: ithal 
angular momentum (rotation about the polar axis) is 




P 


$ 



(3-AP) 


83 




'v» V*' 


* »« t 

X '&!* 
f 

♦. Ay 

‘t, 

3 


y -T 

l. i 


N. 




’ ■» a , 

wU 


«h*k 


• — «*« rrtrvrf 


Using this operator with normalized wave functions of the type *^/(2ir) 1/2 
one obtains 


T> *- 57 Hi •*■*>*♦ ■ ?? ' 3 - Al « 

(Note that m may be either a positive or negative integer.) Thus the opera- 
tor in equation (3-A17) is Hermitian for this class of functions and repre- 
sents a real observable. Similarly, the operator for azimuthal angular momen- 
tum squared is Hermitian: 
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(3-A19) 


However, the operator for polar angular momentum p 0 (rotations about the 
origin in a plane of constant $) is not Hermitian when the wave function is a 
purely real quantity in 6. Let P be any such real function; then the opera- 
tion on P and integrr ’on over all angles yields 

■ -M f P l| sin 6 <20 = -pi* (3-A20) 

*o s 

The fact that the operator pe' is non Hermitian corresponds to the fact that 
Pq is unobservable. Because of the uncertainty principle, once the component 
of total angular momentum along the polar axis is defined, the direction of 
the other component is (indefinable; this component of momentum may be consid- 
ered to be precessing about the polar axis (as it would if any slight perturba- 
tion were present) and thus having a time average of zero. The magnitude of 
this component of momentum is definable, however, since the rotational kinetic 
energy associated with polar angular momentum (i.e., p Q 2 ) is an observable. 
Accordingly, the operator p^ is found to be Hermitian: 
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In cylindrical symmetry, the angular momentum and the angular momentum 
squared are given by the same operators used in equations (3-A18) and (3-A19), 
respectively, while the a component of linear momentum and its square are 
given by the same operators used for the z axis components in Cartesian 
coordinates. 

With this review of the operators involved, consider the character of the 
spherically symmetric wave function: 
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which satisfies the Schroedinger equation in spherical coordinates for a wave 
function independent of 8 and 


i!± ♦ 1 |i u -kH 

3i» 2 i* 3r * v 


(3-A23) 


In this equation, k 2 is the energy E in units of fi 2 /2ma 0 2 and r is in 
units of Oq. 


If we operate on 
momentum operator and 


the function in equation (3-A22) with the radial 
then divide by the wave function, 
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(3-A24) 


Thus, the wave function in equation (3-A22) represents a spherically uniform 
wave front that describes a particle with radial momentum kti. If k is 
positive the wave advances outward; if negative, the wave advances inward. 
Standing waves in a potential well are composed of outward- and inward- 
traveling waves and the wave functions are superpositions of functions with 
both positive and negative values of k. If the potential V is some arbi- 
trary function of r, the steady-state or standing wave function has the 
character of a series of such functions: 


„ C I i[2m(E-V)] 1/2 r/fi -i[Zm(E-V)] l/ 2 s/fi 
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(3-A25) 


in the region E > V, and decreases exponentially in the region V > E: 


1 /2 

, C -[zm(V-E)] r/h 


(3-A26) 


For a stepped approximation *o the potential V, the standing wave func- 
tion is a sequence of wave functions of the above type which matches magni- 
tudes and first derivatives at the interfaces. The spherically symmetric 
standing waves thus have the characteristics of C cos kr/r or C sin k?/r, 
with variable wave number k and amplitude C, similar to the plane wave 
functions discussed in section 3.3 except for the factor r” 1 . This factor is 
just that required to conserve the probability flux of a spherically uniform 
wave growing in its cross-sectional area as r 2 . 


The wave function of a cylindrically symmetric wave is somewhat more 
involved near the origin where solutions to the Schroedinger equation are 
Bessel functions; but, at large values of r, these solutions reduce to the 
form 


lim \/> 


eikr 
r i ti 


(3-A27) 


/ 


j 


85 






k 







Once again, the wave function corresponds to an outgoing wave if k is 
positive. Standing wave functions have the character C oos kr/r^ ,z and 
C sin kr/r^ 2 in the region E > V and fall off exponentially as 
C «-&7r 1/2 in the region V > E. 

With the above general characteristics of plane waves, spherically 
symmetric waves, and cylindrical ly symmetric waves in mind, one can more 
readily visualize wave functions and their properties in cases of rather arbi- 
trary symmetry, and also visualize the physical meaning of Hermitian operators 
for momentum and momentum squared. 


Problem 3.11: Show that a solution to the Schroedinger equation in cylindrical coordinates for a wave 
function independent of ♦ and 2 


can be expressed as 
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where the coefficients a n are given by 
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For large r. find that this series asymptomatically approaches 
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which, except '->r a normaliung constant, is proportional to Bessel functions of half integer order: 


* * * iJ \ n {kn 


(3-ASlb) 


Problem 3.12: Show that the wave function given b> equation (3-AJla) represents a cyl indrical ly uniform wave 

front with outgoing momentum kh. Use the momentum operator in equatirr (3-A15): 
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CHAPTER 4 - RIGID ROTATORS 


4.1 SUWARY 


The two-particle, steady-state Schroedinger equation is transformed to 
center of mass ard intemuclear distance vector coordinates, leading to the 
free particle wave equation for the kinetic energy motion of the molecule and 
a decoupled wave equation for a single particle of reduced mass moving in a 
spherical potential field. The latter describes the vibrational and rota- 
tional energy modes of the diatomic molecule. For fixed intemuclear distance, 
this becomes the equation of rigid rotator motion. The classical partition 
function for the rotator is derived and compared with the quantum expression. 
Molecular symmetry effects are developed from the generalized Pauli principle 
that the steady-state wave function of any system of fundamental particles 
must be antisymmetric. Nuclear spin and spin quantum functions are introduced 
and ortho- and para-states of rotators, along with their degeneracies, are 
defined. Effects of nuclear spin on entropy are deduced. Next, rigid poly- 
atomic rotators are considered and the partition function for this case is 
derived. The patterns of rotational energy levels for nonlinear molecules are 
discussed for the spherical symmetric top, for the prolate symmetric top, for 
the oblate symmetric top, and for the asymmetric top. Finally, the 
equilibrium energy and specific heat of rigid rotators are derived. 


4.2 INTRODUCTION 


The diatomic molecule behaves as though it consists of two mass centers 
connected by a rather stiff spring. Following a collision between two mole- 
cules in a gas, the centers of mass of the colliding particles fly apart. At 
the same time, the molecules are usually rotating about their centers of mass, 
and if the previous collisions have been energetic enough to compress the 
stiff spring, the atomic centers of the molecule will also be in vibrational 
motion along the distance vector between them. Polyatomic molecules behave in 
a similar manner, generally rotating about their center of mass as an asym- 
metric top and vibrating as a collection of mass points connected by a complex 
network of springs. In this chapter, the springs or interatomic bonds are 
considered to be rigid, and the time- independent energy states associated with 
the purely rotational motions of the molecule are derived. 

The moments of inertia of most molecules are large enough that the energy 
levels of rotational motion are rather close together compared with a typical 
thermal energy kT. One can thus expect that a classical model of a rigid 
rotator will duplicate many features of real rotating molecules reasonably 
well. Nevertheless, quantum effects are clearly present in the pattern of 
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rotational energy levels observed and in the effects of symmetry and nuclear 
spin that occur. The solutions for molecular rotations obtained with 
Schroedinger's wave equation are just as simple as the classical solutions, so 
in this case there is no particular advantage gained by use of the classical 
model, while much of the exact detail would be lost. Therefore, the subject 
is approached primarily from the quantum viewpoint. 


4.3 SEPARATION OF TRANSLATIONAL AND INTERNAL MODE WAVE FUNCTIONS 


Diatomic molecules in steady state, free of external perturbations, obey 
the two-particle wave equation: 


Vi 2 * + V 2 2 * - V $i - ? 2 )* + W = 0 


(4.1) 


where and m 2 are the masses of the atoms in the molecule, 7(r^ - r 2 ) is 
the potential between the two atoms expressed as a function of the distance 
between them, if/ is the total wave function, E is the total energy, and the 
kinetic energy operator for the ith atom is 


# 2 2 
2 mi 


L/ai 

' i 


— + -2i_ + JL 

■i z *yi 2 


(4.2) 


^Equation (4.1) is transformed from the coordinate system described by j»i 
and r 2 , the vector position of the two atoms, to the center-of-mass coordinate 
vector J? and the radius vector ? between the two atoms with the following 
relations: 


-+■ -*■ -► 
r ■ - r 2 


(4.3) 


* = m i r i ♦ w 2 r 2 
fi?l + J ?? 2 


(4.4) 


which have the x components: 


x * Xi - x 2 


(4.3a) 


„ mi _ . «2 

X * a?i + — — - xo 

m\ + m z 1 m\ + m 2 c 


(4.4a) 


and similar expressions for the y and z components. The partial derivative 
operators become 


3 2 + 2”! 3 2 + 

ii? mi + m z a® 3* 


( ) 

\mi + m 2 / 


? 32 
1 i? 


(4.5) 








3x 2 2 »x 2 m l + m 2 3x 3JST 


/ w 2 \ 2 3 2 
\*1 + « 2 / 3*2 


(4.6) 


again with similar expressions for derivatives with respect to y and a. The 
sum of the first two terms in equation (4.1) thus include terms such as 


JL a 2 + _L a 2 , / + J\ _a£ 

m l 3xi 2 m 2 3xg 2 ' m l m 2/3x 5 


/J - + J_\JL L__!l 

V^l "» 2 / 3 x 2 mi + m 2 3^2 


(4.7) 


and the two-particle wave equation can be expressed as 


§ + % - W* + * 0 


(4.8) 


where Af is the total mass, m i + m 2 , and y is the reduced mass defined by 


I.J-e-L 

V W] ff?2 


Assume the wave function is separable: 


(4.9) 


*(*,*) * mg(r) 


(4.10) 


Then the wave equation can be written as 


7 S + - 7 ») * * * 0 


(4.11) 


The first term on the left is a function only of the center-of-mass coordinate 
R, the second term only of the distance between atoms r. If the sum of these 
two functions is to be the constant (-E) for arbitrary values of R and r, then 
the individual terms must be constants. These constants are designated the 
translational energy of the center of mass, E-fr, and the internal energy of the 
molecule, E±. Thus, the center of mass obeys the free-particle wave equation: 


2J *!tf- 0 


(4.12) 


while the internal motions are described by 


+ l*i - Wl* - 0 


(4.13) 


a wave equation with the same form as one that describes a single particle 
with mass y moving in the potential field F(r) . 
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The wave equations given above apply not only to the bound state of two 
atoms in a diatomic molecule, but also to the collision process between any 
two free particles. Collision processes are not of primary concern here since 
the same equilibrium state results regardless of the path followed toward 
equilibrium. However, the engineer is ultimately interested in nonequilibrium 
properties as well, such as viscosity, thermal conductivity, mass diffusion, 
electrical conductivity, etc., and these properties are uniquely determined by 
two-body collision processes in gases of normal density. Thus it may be appro- 
priate to point out that the separation of the wave equation into equa- 
tions (4.12) and (4.13) immediately tells us something about conserved 
quantities in any collision process: The kinetic energy, E £, associated with 

the total mass moving with the center-of-mass velocity is a conserved quantity 
in collision, and is thus unavailable for excitation of internal energy of the 
colliding particles. The only energy available for this purpose is the 
kinetic energy Ei associated with the reduced mass y moving with the 
velocity of relative motion between the particles. In the free state, this 
energy can be described as the sum of a component associated with just the 
change in distance between particles, and a component associated with the angu- 
lar momentum of the particles about their centers of mass. In the bound state, 
Ei is the sum of the vibrational and rotational energy of the diatomic molecule. 

Problem 4.1: Show that the wave equation for three particles with masses raj, raj, and ra 3 can be expressed 

as 


where M is the total mass. 


hi, 2 

2 M n 


ii* 2 ,* 

2p’ r ,v 


hj_ 

2u 


7 r J \|i - Vi * Eii 


M - rrt\ * rn 2 ♦ w 3 


The term u* is another reduced mass given by 


1 1 


1 


U * w 3 ru j ^ 

and u is the reduced mass in equation (4.9). 

The center-of-mass coordinate ? is, in this case, 


t „ 

R M 

while r is the distance between atoms 1 and 2 as given in equation (4.3) and r' is the distance between 
atom 3 and the center of mass of atoms 1 and 2: 

-*. rairi ♦ raj?? 
r‘ « — =— = =-=• - r, 

j 4 ^2 * 


Further show that if the potential can be expressed as a linear superposition of functions of r and of r' , 

V * F(r) ♦ V* [»•• ) 

the steady-state wave function can then he expressed as a product of separable functions: 

♦ Cff.r.r') • fWgirWr') 

Show that this leads to a wave equation for a free particle with mass H, a wave equation for a particle with 
■ass u moving in the potential field F(r), and a wave equation for a particle with nass v ' moving in the 
potential field V (!•'). each with a constant component of energy. Note that this process can be repeated with 
the addition of still more particles, and so long as the potential is Independent of the center-of-mass coordinate, 

* . -5= 

t 


• wave equation for a free particle with total mass results that describes the motion of the center of mass 

of the system. Thus, in any system of interacting particles, the kinetic energy associated with the center-of- 
mass motion is a conserved quantity and is unavailable for chemical reaction or excitation of internal energy. 


4.4 CLASSICAL RIGID ROTATORS 


The classical rigid-rotator model of 
a diatomic molecule consists of two mass 
points constrained to be a fixed distance 
t 0 apart (fig. 4.1). The model is free 
to rotate about the center of mass, and 
the angular momentum is represented by a 
vector t orthogonal to the molecular 
axis with the magnitude yr^w, where y 
is the reduced mass and u is the angular 
velocity. Classically, this rotator 
possesses the energy 


yr 0 2 ui 2 _ £ 2 

2 = 2J 


(4.14) 


L 



where J is the moment of inertia, 

y^o 2 - 


Figure 4.1.- Rigid diatomic 

rotator with angular momentum 

, m l m 2 9 

L = m * t r 0 <*>• 

m l + m 2 v 


Problem 4.2: Verify that the total kinetic energy of two point masses mj and m 2 , fixed a distance r„ 

apart and rotating about their center of mass with angular velocity u, is the same as the kinetic energy of a 
single particle of mass u « ♦ m 2 ), which is constrained to move along a circle of radius r 0 with the 

same angular velocity u. 


The angular momentum involves two independent momentum coordinates, and 
it may be decomposed into two mutually orthogonal components: 


L 2 = Lj 2 ♦ L z 2 


(4.15) 


(A third spatially orthogonal vector component is eliminated as an independent 
variable by the relation that L is orthogonal to the molecular axis.) We 
shall choose a spherical coordinate system with the polar axis lying in the 

J _ J 1 i -m.1 1 1 ^ A . • — a. i 


plane defined by 
(fig. 4.2) 


> 

L and r Q at the polar angle 0 with respect to v 0 


Problem 4.3: Show that the element of phase space dp t dp 2 dq l dq 2 for the particle shown in figure 4.2 
(where pj and p are orthogonal components of the linear momentum vector p, and q t and q 2 are corresponding 
distance coordinates) can be expressed in terms of the angular momentum components £9 and £* and the angles 
$ and 4 


4>i dp 2 dq l dq 2 • dp$ dp g dq e dq^ • dig dig ein 6 de d4 


(4.16) 
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for the rigid diatomic rotator’s 
equivalent single-particle motion. 
The effective mass is the reduced 
mass y , the radius vector r 0 is 
constant in magnitude, and the 
linear momentum p is orthogonal 
to v 0 . 


With the relation given by 
equation (4.16), the classical parti- 
tion function (see eq. (1.52b)) for 
the rigid rotator is written: 


«r* 

ein 6 de d$ j 

(4.17) | 

The integrations over 6 and 4 give 
the total solid angle, 4v steradians, 
and equation (4.17) becomes 





-Li 2 /2lkT 



8ir 2 ikr T_ 
h 2 * ®r 


(4.18) 


where 9 r is a characteristic 
rotational temperature H 2 /2Ik. 


The unit of angular momentum in classical phase space may be deduced from 
the uncertainty principle developed in chapter 3: 


*Pi 1 - & (4. 19 j 

where and represent a linear momentum and its conjugate distance coor- 
dinate, respectively. For a particle moving in a circle of radius r 0 , the 
maximum uncertainty in linear position is 


Aq ■ 2irr 0 (4.20) 

which corresponds to the minimum uncertainty in angular momentum 


tl ■ r 0 Ap 


(4.21) 


Thus AZ is 


« ■ -<> ^ ‘ & ■ * (4 - J2) 

the quantum unit of angular momentum. The angular momentum can thus be 
determined only within some interval that is a multiple of h: 
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(4.23) 


where l is an integer. The classical energy of a two-dimensional rigid 
rotator expressed in these units is 


E - ^ - kQ r l 2 (4.24) 

Problem 4.4: Show th«t, for two independent nodes of angular momentum, the number of cells of phase space 

which have the total energy given by equation (4.24) is 21. Using this value for the degeneracy, g{l ) , show 
that the phase Integral expressed in the form 

<7 r ■ ^ J g(l)»- Ell)/kT dl (4.25) 


leads to the sane results as equetion (4.10). 


4.5 QUANTIZED RJRTD ROTATORS 


The rigid rotator has only kinetic energy; the potential is zero so the 
steady-state wave equation is 


V 2 y + Q EY = 0 
¥ 


(4.26) 

The wave function Y is separable in spherical angular coordinates 0 and ♦: 

T(9,$) * P(6)*($) (4.27) 

Substituting equation (4.27) into (4.26) and dividing by Y one obtains 

3 2 * . 


1 




*i> 0 2 a in 2 6 3 $ 2 Pt 0 2 ain 0 

which can be arranged as a sum of separate functions of 0 and of $ 




» o 


(4.29) 


The two terms on the left must be constants, one the negative of the other, to 
satisfy this relation for arbitrary choice of 0 and $. Let 


I iii 
4 d* 2 


-m 


2 


For which a solution is 


±im$ 

♦ C4>) B 

/nr 


(4.30) 


(4.31) 
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The term m must be integer for ♦ to be single valued, and the constant of 
integration (2ir)‘ 1/2 has been normalized so there is unit probability that 
the rotator appears. somewhere in the interval 0 < 4> < 2», that is* the inte- 
gral of over all t is unity. 

Hie remaining equation for P now becomes 

sin 0 3e (® in 0 3e) + 0^r 8i * 2 6 ~ m2 ) p * 0 (4,32) 


which is the Legendre differential equation. A finite solution exists only 
for energy values given by 


" 3T 1(1 * i) * 1(2 + 1)fe0 f 


(4.33) 


with l constrained to integer values equal to or greater than m, that is, 
l in. Conversely, the values of m are constrained to integer values 
between zero and l, that is, 0 < m < l. The solutions, P • 0) are 

power series with a finite number of terms known as the associated Legendre 
polynomials. The allowed steady- state energy levels for the quantized rotator 
differ from the classical rotator in that + 1) replaces l 2 in equa- 
tion (4.24). The difference becomes small at large values of 1, ai example 
of th e correspo ndence prinicple. Since the quantized total angular momentum 
is A/i (t + l), the classical relation between energy and angular momentum is 
retained. 

Solutions to equation (4.32) in terms of the associated Legendre poly- 
nomials are derived in any elementary text on quantum mechanics (refs. 1 and 
2) and are not repeated here. The total rotational wave function is the 
spherical harmonic function: 


*f(M) 


8 



P^(ooa 0) 


(4.34) 


where the factor [(2 l * 1)(Z - m) 1/2(1 + m)l] 1/2 is the normalizing constant 
required so that integration of IT* over all 4* steradians is unity. Note 
that m is defined as a positive integer here, and both positive and negative 
values are allowed by including both positive and negative exponentials in the 
solutions for 4(4) (eq. (4.31)). Often m is treated as a positive or nega- 
tive integer; then the absolute values must be specified in the associated 
Legendre function and its normalizing constant. 

The first few associated Legendre polynomials are 
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Additional members can be derived from the recursion relations; 


(Z-m + l)Z^ +l ■ (2Z + l)af^- + ' (4.56a) 

(2l + l)(l - (l + m)(l + m + l)P^_ 1 - (Z-m)(Z-m+l)Z^ +1 (4.36b) 

or from the relation between Legendre polynomials P° and the associated 
Legendre polynomials fl: 


__ , _ /2 < fW ( x ) 

*?(*) - (1 - x 2 )'"' 2 l — 

1 da!" 


(4.36c) 


The quantum number m represents the magnitude of the projection of the 
total angular momentum (in units of ft) on the polar axis of the coordinate 
system chosen. Classically, the total angular momentum is Z and its projec- 
tion on the polar axis, Z ooe 9, may take any value from -l to Z (f ig. 4.3a). 
For the quantized rotator, the total angular momentum is A(l "* "1) units of /» 
and its projection on the polar axis can take the (2Z ♦ 1) integer values from 
-Z to Z including zero (fig. 4.3(b) ). In oth er words, the degeneracy of 
states with total angular momentum A{i * l)h and rotational energy 
Z(Z ♦ 1 )k6 r is (2Z ♦ 1). 
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(a) Classical rotator's total angular 
momentum vector l (in units of X) 
may be at angle 6 and have the 
projection m * l ooa 0 on the 
polar axi>, which takes any value 
from l to - l . Without a u exter- 
nal field, the vector l remains 
fixed in space. If the angular 
momentum i-j coupled to a field 
aligned with the polar axis, the 
component m remains fixed while 
the component l Bin 6 processes 
about thw polar axis with an 
angular velocity that increases 
with the strength of the coupling. 



(b) Quantized rotat or's tota l angular 
momentum vector /£’(Z + 1) (in units 
of Pi) takes one of the (21 + 1) 
possible positions with respect to 
the polar axis, for which the pro- 
jection m is any integer from l 
to -l. Again, the total angular 
momentum vector remains fixed in 
space without an external field, 
but if coupled to a field aligned 
with the polar axis the component 
m rem ains fixed wh ile the compo- 
nent [Vl(l * l)-m2] processes about 
the axis. 

of 


Figure 4.3.- Rotator angular momentum and its projections on an axis 

symmetry. 


The quantum partition function for a diatomic rotator is thus 


«r 



( 2 1 + 1 )« 


-l(l+l)9 r /T 


(4.37a) 


In the limit as T becomes large compared with 6 r , the summation can be 
approximated by the integral 


Or -,TT X C2I * u.-W’Vr dl . £ 


(4.37b) 
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which gives the sane result as the classical model. At lower temperatures, 
the summation in equatior (4.37a) should be performed for the first few terms, 
then the remaining series :an be approximated with an integral 


t (21. ,„-2CM) V' ♦ * ,-»(«♦») V* 

Z«0 


(4.37c) 


At very high temperatures, the rigid- rotator partition function is 
proportional to T without limit, as given by equation (4.37b). This behav- 
ior is due to the infinite number of energy levels tl t exist for the rigid 
rotator. A qualitatively more realistic model of reai molecules would trun- 
cate the rigid- rotator levels at the dissociation limit D, in which case the 
maximum rotational quantum number l 1 is approximately given by 


l* (l' + 1 ) « 


(4.33a) 


The integral approximation to the partition function sum then approaches a 
finite limit: 


JP'CM. l)e- nUlWI dl ■ % (l - 


- D/kT ' 


T»D/k Ee 


(4 , 37d) 


This limit is large - the order of 10 4 for many diatomic molecules. 


In practice, a correction for truncation of the rotational energy levels 
is normally unnecessary. Corrections for centrifugal stretching and vibration- 
rotation coupling (considered later) are lar larger at temperatures of inter- 
est. Molecules are normally all dissociated at temperatures the order of D/k, 
where the asymptotic limit on rotational partition must be considered. How- 
ever, the truncated- rotator model does illustrate the qualitative concept that 
a finite limit to the partition function does exist. 


In spectroscopic notation, the observed rotational energy levels are 
expressed as 


&/(«/ + 1) 


(4.38) 


where J replaces the rotational quantum number l, and B is the rotational 
energy constant. The rotational constants are usually listed in wave numbers; 
the energy is then in units of ho. The constant B in wave numbers is 
related to the moment of inertia I and the characteristic temperature 6 r 

by 

^ k* r 


B “ 4?sr * 


(4.39) 


A few typical values of B and 6 r for diatomic molecules are given in 
table 4.1. Except for #2 an <* #2> the values of 8 r are well below the 
critical temperatu* - where gas phase cannot exist. Since the classical 
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TABLE 4.1.- ROTATIONAL CONSTANTS FOR DIATOMIC MOLECULES 3, 


Molecule or radical 

B, cm -1 

e r , °K 

A 

h 2 

59.37 

85.42 

0.7506 

HD 

44.15 

63.52 

.7539 

D 2 

29.93 

43.06 

.7477 

0 2 

1.4378 

2.069 

1.2107 

n 2 

2.001 

2.879 

1.0968 

NO 

1.6957 

2.440 

1.1538 

CO 

1.9227 

2.766 

1.1308 

Cl 2 

0.2430 

0.3496 

1.9918 

Br 2 

.08077 

.1162 

2.2856 

I 2 

.03730 

.0537 

2.6687 

OH 

18.514 

26.64 

0.9799 

CH 

14.190 

20.42 

1.1303 

HCZ 

10.440 

15.02 

1.2838 

HBr 

8.360 

12.03 

1.4233 


a Molecules are assumed to be composed of the most common atomic isotopes and 
the constants given obtain for the ground vibrational state (i.e., B 0 and r 0 
in spectroscopic notation) , since these are appropriate to the calculation of 
the partition function where energies are measured relative to the ground 
state. The spectroscopic values B e and r e which obtain at the potential 
minimums are slightly different due to rotation- vibration coupling as dis- 
cussed in Chapter S. B 0 = B e - a e /2, where a e is the rotation-vibration 
coupling constant. 

approximations for rotational partition function are adequate whenever 
7 '> 6 r , the more exact quantum solutions must be considered for gas phase 
only for H 2 and D 2 . Even then, the classical approximation is adequate at 
normal temperatures and above. The interatomic distance r Q = (I/iO 1/2 is 
also listed. Note that the values of r Q are all the order of 1 A. This is 
a consequence of the fact that outer electron orbitals are about the same size 
for all atoms, so the binding electron interactions occur at about the same 
intemuclear distance. 


4.6 MOLECULAR SYMMETRY EFFECTS 
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One additional factor must be included in the partition function, the 
symmetry number o, which equals unity for diatomic molecules when the two 
atoms in the molecule are different (as with NO, CO, HD, or 0 16 0 17 , e.g.) and 
equals two when the particles are indistinguishable (as with N 14 N 14 or 
0 16 0 16 , e.g.). The complete rotational partition function is, in the limit 

t » e r , 


= 


T 

a0 r 


(4.40) 


Classically, we say the symmetry number occurs because the same observ- 
able state occurs when the angle of a homonuclear diatomic rotator changes by 
u, whereas the angle must change by 2tt for the heteronuclear diatomic rotator 
to arrive at the same observable state. Thus, half the angular range must be 
excluded from the phase integral for the homonuclear molecule. 


In quantum mechanics, we find from the Pauli exclusion principle (dis- 
cussed in the next section) that the wave function of any system of particles 
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must be antiasymmetric with respect to the exchange of any two fundamental 
particles - that is, the wave function must change sign when two such parti- 
cles exchange quantum states. Note that exchanging quantum state involves 
exchanging position as well as exchanging energy level since the uncertainty 
principle divides momentum- coordinate space into cells of different quantum 
state. Thus the rotation of a homonuclear diatomic molecule through the angle 
ir exchanges two like nuclei composed of fundamental particles - protons and 
neutrons. These nuclei possess both spin and orbital momentum. For a spin 
state of given symmetry, the orbital momentum must have a given symmetry in 
accord with the Pauli principle; even orbital symmetry corresponds to even- 
numbered l integers and odd orbital symemtry corresponds to odd l integers 
(note the symmetry of the associated Legendre polynomials listed in eq. (4.35)). 
Thus only half the rotational states are available to a homonuclear diatomic 
molecule in a given spin state. Even and odd rotational states of such mole- 
cules are thus like two separate species, and the partition function for each 
species includes a summation over half the total number of rotational levels. 

The reader is aware that collisions of molecules with other gas particles, 
with photons, or with the walls of a containing vessel can produce perturba- 
tions that change the quantum state of the molecule. These perturbations have 
a negligible effect on nuclear spin states of the molecule, however, because 
spin is influenced mainly by magnetic forces that are relatively weak compared 
with the electrostatic forces that perturb molecules during collision and also 
because the different spin states are widely separated in energy, with the 
result that collision perturbations are unlikely to cause transitions in spin 
state. Thus once a homonuclear diatomic molecule finds itself in a rotational 
state of one symmetry, it will maintain that symmetry for most practical pur- 
poses. Rotational states with even-numbered l will make transitions only to 
other states with even-numbered l, states with odd-numbered l only to other 
states with odd-numbered l. Of course, eventually some rare collision event 
or photon absorption will produce an excited state in which both nuclear spin 
and rotational symmetries change, leaving the molecule in a new steady state 
that satisfies the Pauli principle. Thus a mechanism exists for eventually 
establishing complete equilibrium between even and odd rotational states. 
However, these events may be so rare that the homonuclear diatomic gas is 
frozen, for most practical purposes, in whatever nonequilibrium ratio between 
even and odd states which may be imposed as an initial condition. 

To understand the effects of nuclear symmetry in a more fundamental way, 
the Pauli principle of quantum mechanics and the effects of nuclear spin are 
considered in more detail in the following sections. 


4.7 THE PAULI PRINCIPLE 


To state the Pauli principle, the definition of a fundamental particle 
should first be treated in more detail. A fundamental particle is defined to 
be an indivisible atomic particle with exactly 1/2 quantum unit of internal 
angular momentum (called a unit of spin). These may include neutr^ ios and 
mesons, for example, but for present purposes, we consider only three funda- 
mental particles: electrons, protons, and neutrons. Atomic nuclei are 
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considered as aggregates of protons and neutrons; molecules consist of a group 
of such nuclei bound in an electrostatic potential-well resulting from their 
own charges and the charges of an appropriate number of orbiting electrons. 

Any particle with more or less that one spin unit is automatically a complex 
particle; a particle with one spin unit may be a fundamental particle, or a 
complex particle composed of an odd number of fundamental particles in which 
all spins are paired except one. Spin states are considered in more detail in 
section 4.8; for the present, we note that just two spin states are observed, 
which result in zero spin when paired. Accordingly, particles composed of an 
even number of fundamental particles must have an even integer number of spin 
momentum units - such particles are called bosons. Particles composed of an 
odd number of fundamental particles must have an odd number of spin momentum 
units - such particles are called fermions. Of course, the fundamental parti- 
cles themselves are fermions also. 

With this introduction to the definition of fundamental particles, the 
Pauli principle may be stated simply: no two identical fundamental particles 

can exist in the same quantum state. The principle is merely an empirical 
statement that generalizes all presently known observed facts; it is not 
derivable from more fundamental principles as far as we know. 

A somewhat more general statement of the Pauli principle, which calls 
attention to the mathematical symmetry relations implied in the elementary 
statement above, is useful: generalized Pauli principle - the steady-state 

wave function of any system of fundamental particles must he antisymmetric. 
Recall that antisymmetry means a change in sign of the wave function when any 
two fundamental particles are interchanged. The value of or the proba- 

bility, is unchanged by this operation, of course. Sometimes the Pauli prin- 
ciple is stated in a slightly different but completely equivalent way: the 

steady-state wave function of any system of particles must be antisymmetric 
with respect to the exchange of any two identical fermions and symmetric with 
respect to the exchange of any two identical bosons. The reader can readily 
see that this statement of the principle follows from the generalized state- 
ment given above and from the definitions of fundamental particles, fermions, 
and bosons. The elementary statement of the principle is also seen to apply 
as follows: 

Consider two independent identical particles 1 and 2, with quantum states 
having the wave functions u\ and m 2 available to them. A total wave func- 
tion for the system of two particles can be constructed: 

<K1,2) = «i (1)«2 (2) (4.41) 

which describes particle 1 in state u\ and particle 2 in state u 2 . However, 
this function does not satisfy the generalized Pauli principle because gener- 
ally when the particles are interchanged, 

Ui(1)m 2 (2) t -m 1 (2)m 2 (1) 

However, an antisymmetric wave function that satisfies the Pauli principle is 

<J, a (l,2) = u\ (l)u 2 (2) - mi(2)m 2 (1) (4.42a) 
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Note that if = w 2 » the total wave function vanishes. In other words, the 
probability is zero that the two particles occupy the same quantum state. On 
the other hand, if symmetrical wave functions such as 

<l< a (l,2) = m 1 (1)u 2 (2) + «i(2)m 2 (1) (4.42b) 

were allowed, the wave function remains finite when u\ - u 2 , and two or more 
identical particles could then occupy the same quantum state with finite proba- 
bility. This contradicts all experimental evidence: for example, all the elec- 
trons in a multi-electron atom would occupy the same ground state electronic 
level at low temperature, and the structure of electron configurations leading 
to the periodic system of elements would be destroyed. 

In the more general case when n identical fundamental particles have 
the independent wave functions uj, u 2 , . . . , available to them, the anti- 
symmetric wave function for the total system can be expressed as a determinant: 

m 2 (1) . . . z^(l) 

m 2 (2) . . . u„(2) 

(4.42c) 


u 2 (n) . . . M„(n) I 

Exchanging any two particles is equivalent to interchanging two rows, which, 
of course, changes the sign of the determinant. The total wave function may 
contain factors that are symmetric, but it must contain an odd number of 
antisymmetric factors to satisfy the Pauli principle. 

For the homonuclear diatomic rotator, exchanging the two atoms is 
equivalent to reversing the radius vector r 0 (fig. (4.2)), which in polar 
coordinates is produced by a change in 0 of it radians with no change in <|>. 
The spherical harmonic functions I(9,<j>) (eq. (4.34)) are even functions of 0 
when l is even and odd functions of 9 when l is odd. To select the 
appropriate rotational wave function, the symmetry properties associated with 
nuclear spin must be considered. 

4.8 NUCLEAR SPIN 


Spin is generally conceded to be a purely quantum phenomenon that has no 
classical analog (ref. 3). For example, Dirac finds that the relativistic 
quantum treatment of the electron leads to the two observed spin states of the 
electron in a natural way, without the need for additional postulates (ref. 4). 
However, this treatment is so involved that spin is usually explained nonrela- 
tivistically as an unknown internal degree of freedom associated with the 
internal angular momentum of fundamental particles. Such particles must have 
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an angular momentum of /3 #/2 and a degeneracy of 2 to agree with observed 
facts - such as the measured magnetic moments of protons and electrons, the 
observed periodic structure of the table of elements, and the fine structure 
of optical spectra. Accordingly, a spin quantum number a = 1/2 is assigned 
to the internal state of these fundamental particles; the angular momentum is 
then /sT(*' + 1) h and the degeneracy is 2s + 1, as required. The orthogonal- 
ity and symmetry properties of the spin wave functions may be deduced from the 
commut.i'ion rules that exist for angular momentum operators in general, with- 
out specifying in analytic detail what those functions are (ref. 1). 

Actually, spin need not be treated as a mere formalism. Although the 
quantitative analysis is very involved, the spin concept is readily appreci- 
ated as a direct consequence of the uncertainty principle. A moving particle 
has an incertainty in position approximately equal to the De-Broglie wave- 
length .-.long the direction of the observed momentum vector, but the same par- 
ticle h< s uncertainty in position and momentum along the other two directions 
in spaci as well. If the situation is described in cylindrical coordinates, 
this means an uncertainty in the v and 8 coordinates and their derivatives 
about the momentum vector. For r as small as possible, the uncertainty is 
described by a wave function with either ±1/2 quantum units of angular momen- 
tum. The classical analog would describe a particle that corkscrews either 
clockwise or counterclockwise about the observed momentum vector, with a cir- 
cular component of velocity a, which adds to the observed linear velocity 
(see, e.g., Huang's discussion in ref. 5 of the zitterbewegung of the Dirac 
elecron). If the particle is charged, a magnetic moment results, of course. 

A sonewhat simpler semiclassical model treats spin as the quantized rotations 
of particles with very small but finite moments of inertia, as though the 
particle consisted of "smeared out" distributions of mass. Such a model gives 
many qualitative similarities to the actual spin states and therefore has some 
heuristic value, whatever its other shortcomings. 

The two spin wave functions for e = 1/2 can be symbolically designated 
as a and 3, without specifying exactly what these functions are. However, 
they must be orthogonal and normalized with respect to integration over some 
unspecified spin variable t, representing the spin degree of freedom: 

/a 2 dx = /b 2 dx = 1 (4.43a) 

/aB dx = 0 (4.43b) 

Two identical particles fl and 2) can exist in one antisymmetric spin 
function: 

S a - -j= [a (1) 0(2) - a(2)B(l)] (4.44a) 

or in ? y of three symmetric spin functions: 

S 8 = a(l)o(2) (4.44b) 

S 8 = [a (1)0 (2) + a(2)8(l)] (4.44c) 

S 8 * B(1)B(2) (4.44d) 
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The antisymmetric function (eq. (4.44a)) represent the case when the spins are 
opposed, the total spin quantum number S and total spin angular momentum are 
both zero, and the degeneracy (2 S * 1) ■ 1. The symmetric spin functions 
(eqs. (4.44b, c,d)) represent the case when the spins are additive, the total 
spin quantum number S ■ 1, the total spin angular momentum is /2 X, and the 
degeneracy (25 ♦ 1) ■ 3. These various spin configurations are diagrammed in 


figure 4.4. 


z 



(a) Antisymmetric spin configuration 
S a * o(l)8(2) - a(2)g(l) ; total 
spin 5=0. 


z 



(b) Symmetric spin configuration 
S 8 - a(l)g(2) + a(2)$(l) ; total spin 
5 = 'll A, with zero projection on 
the polar axis. 




(c) Symmetric spin configuration 
S g * a(l)a(2); total spin S=/ 2 h, 
with projection Ji on polar axis; 
S\ is shown in the plane of the 
figure, but both S 2 and S\ + S 2 
lie out of this plane. 


(d) Symmetric spin configuration 
Sg * 6 (1)8(2) ; total spin S = /2 
with projection -ft. on polar axis; 
S 2 is shown in the plane of the 
figure and S\ and S\ -*-S 2 both lie 
out of this plane. 


Figure 4.4.- Spin momentum and its projections on an axis of symmetry. 
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Problem 4.5: Verify that the two particle spin functions in equations (4.44) are normalized and are all 

orthogonal to one another, if the individual spin functions a and 9 are normalized and orthogonal as defined in 
equations (4.43). 

the notation used for the spin function (4.44c) might, at first glance, suggest that the spins are opposed. 
However, it means only that the projections of the two spins on a polar axis are opposed (fig. (4.4b)). The 
paired spin states in equations (4.44c and d) have additive projections on the polar axis and lie in a plane such 
that each spin projection is hf 2 and the total spin projection is fi on the .polar axis (fig. (4.4c)). Note that 
the expression "parallel spin" means that the spins reinforce one another, not that they are truly parallel in the 
classical sense. 

Problem 4.6: The following problem is designed to convey some heuristic notions about spin with a model that 
is nonrelativistic, but where the maximum velocity is taken to be the velocity of light and the Einstein equiva- 
lence between energy and mass is used. Keep in mind, however, that spin should properly be analyzed by use of the 
general relativistic relations of accelerated motion. 

Consider a hypothetical, nonrelativistic particle with finite moment of inertia. According to fundamental 
quantum principles of angular momentum operators, such particles can exist (ref. 1) in states with angular momentum 
{a(e + 1)] 1 /2 A, which have projections tmk on an axis of symmetry, where mis and Am is an integer (as 
required by the size of the quantum cell in phase space given by the uncertainty principle). This relation is 

satisfied if s takes either the integer values 0, 1, 2, 3 etc., or the half-integer values 1/2, 3/2, S/2, 

.... etc. The only observed spin state of fundamental particles is s * 1/2, and excited spin states are not 
observed. 

When the particle is following a trajectory determined by some potential field, the tangent to the trajectory 
becomes the axis of symmetry and the wave function in this coordinate has the form «*** (discussed in ch. 3). 
However, the particle is also localized in the remaining coordinates, choson to be the cylindrical coordinates z* 
and 4 measured relative to the trajectory line. According to the uncertainty principle, the maximum localization 
(i.e., the smallest average value of r) occurs with the maximum velocity (i.e., the velocity of light). Visualize 
the particle then with an angular momentum about a point that corresponds to a circular motion with the velocity of 
light and with a slow drift component along the linear trajectory that corresponds to the linear momentum kfi. 


In terms of a quantum wave function, consider solutions to the Schroedinger equation with m 
that, in cylindrical coordinates, 

a . 


(4.45a) 


satisfies the Schoedinger equation and results in a component of angular momentum along the polar axis 

ih dt ft 

p 4 * ‘ « 34 2 

The wave function in equation (4.45a) actually corresponds to a traveling wave with momentum fi/2 circling 
the polar axis with wavelength where r 0 is some average radial distance. In steady state, the hypothet- 

ical particle with a * 1/2 is represented by a standing wave formed from linear combinations of the wave 
functions given by equation (4.45a) 


. 1 4 

4 * me , 


1 . 4 

7 = exn f 


(4.45b) 


Show that these spin functions are normalized and orthogonal to one another as required. These functions are not 
single-valued, of course, but the probability 4 2 is. Note that the probability is unity that the particle is in 
one or the other of the two spin states. 

The spin wave function might include some function of the radial distance also, but, for present purposes, it 
is considered to be a delta function S (r 0 ) that represents a thin shell distribution at average distance r 0 . 

To estimate the size of r 0 , assume that the rest mass of the hypothetical particle equals the spin energy: 


Find the moment of inertia of such a particle having 1 atomic unit mass (1 .66X10" 24 gm) . Find the radius r 0 of 
such a particle if the mass is uniformly distributed in a spherical shell and compare this with the effective 
radius of protons, known from high-energy scattering measurements to be the order of 10‘ 13 cm. 

Sometimes it has been suggested that rest mass might be related to the energy of a surface charge of 1 esu 
placed on a spherical particle. Show that such a charge energy, e 2 /r 0 , is negligible compared with the spin energy 
of the above particle. 

Show that if an excited state with spin a » 3/2 existed without a change in moment of inertia, this would be 
the order of 10 7 eV above the ground state. For most practical purposes, such a high energy state would not be 
excited and would remain unobserved. Show that the surface velocity at the equator of the above particles is rela- 
tivistic in the ground state, so that higher states would correspond to super-relativistic spin velocities and 
would presumably be unobservable for this reason also. Thus, the maximum possible localization of the spinning 
sphere, that is, the minimum size r 0 , just corresponds to the maximum possible angular momentum and energy for the 
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particle if the velocity of light is assumed to be limiting. Of course, a precise analysis of real spinning parti- 
cles at these spin velocities would require that mass, size, and angular frequency all be transformed in accord 
with the general relativity of accelerated motion. 


In accord with common usage, spin is hereafter described as having the 
value a, the spin quantum number, b ut it shou ld be clearly understood that 
this means a total spin momentum of /e(a * 1) h. 


4.9 ORTHO- AND PARA-SPIN STATES OF HOMONUCLEAR DIATOMIC MOLECULES 


Generally, nuclei are a collection of fundamental particles or nucleons 
(protons and neutrons), all having intrinsic spin 8 - 1/2. The total spin 
of the nucleus is the algebraic sum of the individual spins 

a - J2 e i (4.46) 

i 

A collection of odd-numbered nucleons must have an odd number of half spin 
units (a ■ 1/2, 3/2, 5/2, . . .) while an even number of nucleons must ha''e an 
integral number of spin units (a = 0, 1, 2, 3, . . .). Nuclei with half inte- 
ger spin are called fermions; they obey Fermi-Dirac statistics because the 
wave function for a collection of fermions must be antisymmetric with respect 
to exchange of any two identical fermions, in accord with the Pauli principle. 
Thus, no two fermions can occupy the same quantum state or cell in phase space. 
(Examples of fermions are H 1 , H 3 , He 3 , C 13 , and N 15 .) 

Nuclei composed of an even number of nucleons, and thus with an integer 
number of spin units, are called bosons; they obey Bose-Einstein statistics 
because the wave function for a collection of bosons must be symmetric with 
exchange of any two identical bosons, again in accord with the Pauli principle. 
(Each boson pair exchanged means exchange of an even number of nucleons, which 
leaves the wave function unchanged in sign.) Thus, two or more bosons can 
occupy the same quantum state. (Examples of bosons are H 2 , He 4 , C 12 , N 14 , and 
0 16 .) 


A diatomic rotator composed of two identical fermions must have the anti- 
symmetric spin function (known as the para- state) when the rotational quantum 
number l is even, but must have a symmetric spin function (known as the 
cv.'-ho-state) when l is odd. Then the spin-orbit wave function of the nuclei 
wiil be antisymmetric as required by the Pauli principle for exchange of 
fermions. On the other hand, diatomic rotators composed of two identical 
bosons must be in the ortho-spin state when l is even, and in the para-spin 
state when l is odd in order that the spin-orbit wave function be symmetric 
ps required by the Pauli principle for exchange of bosons. 

Now consider the H 2 molecule. The H nucleus is a proton with spin 1/2. 
The para- spin function, corresponding to opposed spins with total spin 0, has 
a degeneracy of 1; the ortho-spin function, corresponding to parallel spins 
with a total spin of 1, has a degeneracy of 3. The equilibrium ratio of para- 
to ortho-H 2 is the ratio of the even and odd rotational state partition func- 
tions weighted with the appropriate nuclear spin degeneracy: 
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(4.47) 


At high temperature, the two partition functions both approach T/ 26 r and the 
ratio of para- to ortho-H 2 approaches 1/3. 

In the more general case, the atoms of a homonuclear diatomic molecule 
have spin 8, which may be any number of half-integer units. The total 
nuclear spin degeneracy (ref. 2) is 


g ■ (2s + l) 2 


(4.48a) 


corresponding to the fact that the spin of one atom can be oriented C2s + 1) 
different ways in space, while the spin of the second atom can couple to any 
one of these in (2s + 1) different ways. The total spin projection on the 
molecular axis o thus can take all the integral values from 2s to -2s. The 
even functions are those for which 0 takes the values (ref. 2) 


0 * 28, 2s - 2, 2s - 4, etc. 
and the odd functions those for which a becomes 


(4.49a) 


a = 2s - 1, 2s - 3, etc. 


(4.49b) 


There are s + 1 different combinations for the even functions, each capable 
of (2s + 1) different orientations in space. Thus, the degeneracy of ortho- 
states is 

g 8 = (s + 1) (2s + 1) (4.48b) 

Similarly, there are s different odd states, again each with (2s + 1) 
orientations in space, so the degeneracy of para- states is 


0 a =s(2 s + 1) 


(4.48c) 


Problem 4.7: Show that if the nuclear spin of the atoms in a homonuclear diatomic molecule is a, the total 

number of ortho-spin functions given bp equation (4.49a) i.t the sum 

28-1 

£ [2(28 - n) ♦ 1] ■ (8 - 1) (2s ♦ 1) 

. . , 

when 20 is odd, and the sum 

28 

2 [2(28 - n) ♦ 1] • (8 * 1) (2s ♦ 1) 

n * 0 ,2 , . . . 

when 2s is even. Also show that the total number of para-spin functions given by equation (4.49b) is the result 
given by equation (4.48c) in either case. 


Next consider the deuterium molecule D 2 . The total spin of the D atom 
can be 0, but this is an excited state. The ground state of the D atom is 
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observed to have spin e = 1. Thus, for the D 2 molecule there are six ortho- 
spin states (eq. (4.48b)) and three para-spin states (eq. (4.48c)). The D 
atom is a boson, so the total rotational wave function of 62 must be symmetric. 
This means that the six ortho- spin states are associated with even orbital 
momentum states ( l = 0, 2, 4, . . .) and three para-spin states are associated 
with odd orbital momentum states {l = 1, 3, 5, . . .). The equilibrium ratio 
of ortho- to para-D 2 is thus 

D 2 (ortho) 6Q r (even l) ^ 

D 2 (para) = 3$* (odd t) ~T^ 1 ' 

The normal oxygen atom 0 16 is ah interesting boson because its ground 
state has zero spin. Thus, for the O ^ 6 molecule, the nuclear spin function is 
ortho with a degeneracy of 1 and the rotational wave function must then be 
symmetric for the total nuclear wave function to be sy” etric. This means 
that only even-numbered orbital angular momentum states are allowed; this is 
observed spectroscopically in that every other line in the rotational band 
structure is missing. On the other hand, the missing lines appear for 0 16 -0 17 
spectra. On a classical basis, one would hardly expect this small difference 
in nuclear mass to result in such a total effect, and the observed phenomenon 
constitutes a striking example of the importance of quantum effects. The 
spectra of other molecules, such as N^ 4 , also show quantum effects, even where 
the nuclear spin is not zero; the lines of the rotational band spectra have 
alternating intensities in proportion to the ratio of para/ortho species. On 
the other hand, N 14 N 15 has equal strength rotational lines. 

Collisions can cause conversions between ortho- and para-states, but 
these occur infrequently because the spins are so weakly coupled to the motion 
of the nuclei. Transitions are more common in the presence of strong inhomo- 
geneous magnetic fields, or where a paramagnetic collision partner such as 0 2 
or NO is available to function as a catalyst. Conversions are also produced 
by dissociation. When the dissociated atoms recombine in the gas, they do so 
in proportion to the statistical weights of ortho- and para-states. Rela- 
tively pure para-H 2 can be prepared in H 2 cooled to near absolute zero temper- 
ature. All the para-molecules arrive at the state 1 = 0, and all the 
ortho-molecules arrive at the state 1=1. A catalyst is provided to promote 
transitions to the lower-lying para-state and is subsequently removed. The 
pure para-H 2 can then be heated to normal temperatures with essentially no con- 
version to the ortho-states. Incidentally, ortho-para effects occur wherever 
rotations can exchange similar atoms, such as in H 2 0 or CH 4 molecules as well. 


4.10 NUCLEAR SPIN ENTROPY 

The total partition function of a diatomic rotator should, strictly 
speaking, include the nuclear spin degeneracy. For the homonuclear diatomic 
molecule of bosons, 
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Q r • (e * l)(2e ♦ 1) ^ (21 + l)«‘* (l+l)e * ,/2 ’ 

Z* 0 | 2 j 4 j • • • 

♦ 8(28 + 1) (2Z ♦ l)e" Z(Z+ 1 ) V r (4.50a) 

I* 1,3,5,... 

while a similar expression gives the partition function for a homonuclear 
diatomic molecule of fermions as 

Q P • 8(2 8 + 1) ^ (2Z + 

Z* 0 )2|4 1 • • • 


(8+1) (28 + 1) £ (2Z + 1 ) 0 -^^^^' 


,-Z(Z+i)e r ,/r 

▼ x;c 

Z s 1,3,5,... 

In the limit T » 0 r , all the summations above approach T/20 ? and 

Q r ► (28 + l) 2 ^L 

T T»Qp 


(4.50b) 


(4.51) 


which is the same as it was before spin was considered except for the factor 
(28 + l) 2 . A similar factor (28 + 1) (2s' + 1) appears for heteronuclear dia- 
tomic molecules (ref. 2), where 8 and 8' are the spins of the two atoms 
involved. Normally, the symmetry factor 1/2 is retained to differentiate the 
homonuclear and heteronuclear cases, but the nuclear spin degeneracies are 
ignored because spin does not change at practical temperatures and the degen- 
eracy is constant (the factor (28 + 1) (2s * + 1) is actually a nuclear spin 
partition function at the limit where temperature is negligible). This con- 
stant factor does not influence any of the thermodynamic properties except to 
change the reference level of entropy and the free energies. For example 
(see problem 1.4, ch. 1), 


s ■ “■ (Mf 2 ) p * * ln I (4 - S2) 

In this case, the nuclear spin degeneracy contributes a constant 
R Zn[(2a + l)(2s' + 1)] because of the second term on the right in equa- 
tion (4.52) - referred to as the nuclear spin entropy. The entropy disregard- 
ing nuclear spin is called the virtual or practical entropy. For homonuclear 
diatomic molecules, the subtraction of nuclear spin entropy is applicable only 
if the ortho/para ratio equals its limiting high-temperature value. Otherwise, 
the two sums in equation (4.50) do not approach the same value as half the 
single sum over all states. However, for practical purposes, one can ignore 
nuclear spin entropy, except for H 2 and D 2 below about 200® K. 
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Usually, atoms in the ground state have low values of nuclear spin, as 
spins tend to pair up in the lower energy levels, somewhat similar to electron 
pairing in atomic and molecular structure. A short list of nuclear spins in 
ground state atoms is given in table 4 . 2 . * 

TABLE 4 . 2 .- NUCLEAR SPINS OF GROUND STATE PARTICLES 


Particle 

e 

n 

H 1 

D 2 

H 3 

C*2 

c* 3 

Nl*» 

N 15 

0^6 

Na 

A l 

Cl 

Spin 

1 

7 

1 

_2_ 

1 

2 

1 

1 

2 

0 

1 

2 

1 

1 

2 

0 

3 

2 

5 

2 

5 

2 


4.11 POLYATOMIC MOLECULE ROTATORS 


Any linear molecule is a two-dimensional rotator with two equal and 
independent moments of inertia about the center of mass and a zero moment 
about the molecular axis. Then the results are the same as for the diatomic 
rotator. However, in general, polyatomic molecules have finite moments of 
inertia in all directions. As for any r.gid body, these moments have a vector 
magnitude that lies along the surface of an ellipsoid. The three perpendic- 
ular axes of the ellipsoid, called the principal moments of inertia, are 
usually indexed in the order of increasing moments (Ij < I 2 < I 3), sometimes 
in reverse order. The first convention is followed here. 




The derivation of the rotational partition function for an arbitrary 
three-dimensional body is a somewhat involved but useful exercise, so it is 
sketched here. Let <71, q2, and <73 be the axes of the principal moments of 
inertia (I*, I 2 , and I3). The kinetic energy of the rotator may be expressed 
as 


T 
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where wj, u> 2 , and 103 are the angular velocities of spin about axes <7p <7 2 » 
and q 3 , respectively. The kinetic energy is expressed in terms of the 
Eulerian angles 8 , 4* a nd 4 shown in figure 4 . 5 , which describe the orienta 
tion of the rotator with respect to the x, y, z coordinates of space. 


Note that 4 is the angular velocity about the z axis, 4 is the 
angular velocity about the <7 3 axis, and 8 is the angular velocity about 
the nodal line. Take the component of these three independent angular veloc- 
ity vectors along the q\, q 2 , and <73 axes and sum like components to find 

( 4 . 54 ) 

( 4 . 55 ) 

( 4 . 56 ) 
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Figure 4.5.- Eulerian angles that define the position of the three principal 
axes C<7i » <J 2 > and ( 73 ) for the moment of inertia of the rigid body ellipsoid 
in x, y, and z space; 0 is the angle between q 3 and the z axis. The 
nodal line is the perpendicular to q 3 which lies in the x-y plane, and 
iji is the angle between the nodal line and the x axis. The arc symbol- 
izes the plane orthogonal to q 3 ; that is, the plane defined by the axes 
q 1 and q 2 i $ is the angle between q , and the nodal line. Note that some 
authors use the notation a for ip, $ for 0 , and y for <fr, and also some- 
times use a left-handed coordinate system in which the x and y axes are 
interchanged . 


Then the total kinetic energy expressed in terms of the Eulerian angles and 
their derivatives is 


T * TP- (i|» 2 ain 2 0 8in z b * -^0 ainQ ain $ 008 $ + 0 2 eoe 2 $) 


2 

♦ ~y (4* z 8-in 2 e ooa 2 t - 2^8 einQ ain $ coe $ ♦ 0 2 atn 2 $) 
+ ~Y (<i » 2 008 2 0 + 2 ^ 0080 + $ 2 ) 


(4.57) 


Since the potential is zero, the kinetic energy expressed in these units is 
the Lagrangian function Liq^/q^) . The generalized momenta p. conjugate to 
the coordinates q ^ are, by definition. 


3 £(<7i><7£) 

Pi ■ 357 


(4.58) 


Thus the generalized momenta conjugate to the three Eulerian angles are 
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Py, ■ -Ti sin 2 9 ein *• 4» * 8 ein 0 atn $ oo* 4) 
+I 2 (i sin 2 0 oos 2 - 0 sin 0 ein ooe $) 
♦l 3 (i ooe 2 0 + $ ooe 0) 

p fl ■ I x ($ 8 tn fc ein 4 ooe $ ♦ 6 ooe 2 ♦) 

-I 2 0 i> ein 0 ein $ ooo 4-6 ein 2 $) 

p^ ■ l 3 (i ooe 0 + 4) 


(4.59) 

(4.60) 

(4.61) 


Now the Hamiltonian for a three-dimensional rigid rotator in terms of the 
Eulerian angles and their conjugate angular momenta can be written as 


.* 

2I 2 

2 


& 


(4.62a) 


which can be rearranged somewhat to give: 

i2 A /viq2 


• • Ht? 1 * tH) 


/j_ ! v 8in » coa d>(p^ - Pfr ooe 0) 

P ® + VI ’ 12 ) - ( ein 2 4 , ooe 2 ^ j 


1 (fy - P$ ooa 9 ) c P* 


sin 0 
2 


2r x I 2 ein 2 0 / etn 2 <P ^ ooe 2 A 
V i 2 ii / 


21, 


(4.62b) 


This arrangement makes the integrations more straightforward in the phase 
intergral : 

« ■ £3 / j[ J f*/ 2 * f 2 * «‘ W * r 4> e 4v i9 <?♦ * (4.63) 


Note that 


f dx . J" ^ 


! 1 


113 




Integration over p & yields a factor 


( ; 


sin 2 4> oos 2 1/2 
I 2 * 1 


(2 ltkT) 


1/2 


Similar integration next over p ^ yields the factor 

o , 2 * v ^ ^ 


^_± + sin Q (2irJkril J2) 1/ 2 


Finally, integration over p ^ yields the factor 

(2*MT 3 ) 1/2 


Integration of the remaining integrand, sin 0, over all angles 6, <j>, and 
yields 8ir 2 , Thus, for three-dimensional rotators, the partition function is 

Q = (2ir kT) 3/ 2 (J 1 I 2 I 3 ) V 2 = $ (^) (4 • 64) 

where the symmetry number a is again introduced to account for the duplica- 
tion in the observably different volume of phase space that occurs when the 
orientation vector of molecules with like atoms is integrated over all 4ir 
steradians. The symmetry numbers for some common polyatomic molecules are 
listed in table 4.3, for ex. nple. The most symmetrical molecule in this table 
is methane ’'ith a = 12. Even greater symmetry is possible, sulfurhexafloride, 
SFg, for example, has a symmetry number a = 24. Herzberg (ref. 6) lists a 
cable of symmetry numbers by point groups, which is a system designating the 
symmetry of structures according to the mathematics of group theory. The 
point group to which individual molecules belong is then given at various 
places in Herzberg' s text where these molecules are discussed. The symmetry 
introduced when some of the atoms are identical produces degeneracy and limits 
the number of rotational energy levels observed; the more unsymmetrical the 
molecule, the more levels are observed. Although symmetry effects change the 
absolute level of entropy, they do not affect the contribution of rotational 
motions to the equilibrium energy or specific heat per mol. 

The characteristic rotational temperature defined by equation (4.64) is 


6 


r = 


Pi 2 

2k(irlil 2 l3) 1/3 


(4.65) 


A quantity that is normally the order of 10° K or less. 

Table 4.3 also gives values of rotaticnal constants, bond angles, and 
bond lengths (ref. 7) for the polyatomic molecules listed. Just as for 
Table 4.1, the molecules are assumed to be composed of the most common atomic 
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TABLE 4.3.- ROTATIONAL CONSTANTS FOR SOME POLYATOMIC MOLECULES 


Molecule 

Rotational constant, cm -1 

Bond angle, deg 

Interatomic 
distance 
d, k 

Symmetry 

number 

a 

A 

— 

B 

C 

2 a 

O-C-O 


0.3902 


180 

1.162 

2 

S-C-S 


.1092 


180 

1.554 (C-H) 

2 

H-C-N 


1.478 


180 

1.064 (C-N) 

1 

N-N-0 

H /0S H 


0.4190 


180 

1.126(N-N) 
1 . 191 (N-O) 

1 

27.88 

14.51 

9.285 

105.0 

0.9568 

2 

D^D 

15.38 

7.25 

4.835 

105.0 

.9568 

2 

h" S 'h 

10.37 

8.991 

4.732 

92.3 

1.334 

2 

O 

\ 

O 

/ 

O 

3.553 

0.4453 

0.3947 

116.8 

1.278 

2 

o'% 

2.024 

.3442 

.2935 

119.6 

1.433 

2 

H-C-C-H 

H>° 


1.177 


180 

1.208(C-C) 
1 . 058(C-H) 

2 

9.410 

1.295 

1.134 

118 (HCH) 

1.12 (C-H) 
1.2KC-0) 

2 

nh 3 

9.94 

9.94 

6.24 

106. 8(HNH) 

1.014(N-H) 

3 

CHt» 


5.249 


108.0 (HCH) 

1.093 (C-H) 

12 

CH 3 CZ 

5.097 

0.4434 

0.4434 

110. 5 (HCH) 

1 . 781 (C-CZ) 

3 

- 





1 . 113(C-H) 



isotopes, and the constants given obtain for the ground vibrational state. 
Values. for other isotope configurations can also be found in reference 7, as 
well as some values of B e , a e , and d e which obtain at the potential minimums. 

4.12 ROTATIONAL ENERGY LEVELS OF NONLINEAR MOLECULES 

The classical approximation for the rotational partition function is 
usually adequate for polyatomic molecules, and this requires only knowledge of 
the three moments of inertia, Jj, 1 2 , and I 3 . However, these three moments 
must be deduced from the spacing of rotational energy levels observed by the 
spectroscopist. In the general case, the three moments are all unequal, the 
molecule behaves as an asymmetric top, and the rotational energy levels follow 
a very complex pattern. Deducing the moments is an involved process in this 
case, and this specialized topic is not pursued here. However, many molecules 
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possess considerable symmetry and can sometimes be treated exactly, or 
approximately, as symmetric tops, in which case the rotational energy levels 
follow much simpler patterns. The symmetric top results also serve to give a 
qualitative concept of the relations that exist between the rotational energy 
levels and the moments of inertia in the more general case of the asymmetric 
top. 


The classical energy of the rigid rotator given by equation (4. S3), but 
expressed in angular momentum coordinates, is 


_ V V V 

Et • 21 1 * 21 2 * 21 2 


(4.53a) 


where P^ is the angular momentum about a principal axis £, one of the axes 
of the moment of inertia ellipsoid. The rotational energy constants A, B, 
and C are defined as 


A 


2I\ ’ 



C 


2 T 3 


(4.66) 


In accord with the convention adopted above (Ij <. I 2 <. 13 ), the rotational 
constants are given in the order of decreasing magnitude. 

Several limiting cases are of interest. A spherically symmetric top is 
one where all three moments of inertia are equal (Ii - I 2 = T 3 ) . A prolate 
symmetric top has one smaller moment of inertia and two larger equal moments 
(Ii < I 2 = I 3 ) while an oblate symmetric top has two equal smaller moments and 
one larger moment (Jj = J 2 < I 3 ). 


Case 1. Spherical Symmetric Top, Ii = I 2 = I3 
The rotational energy can be expressed as 

Pi 2 + p 2 2 + p 3 2 _ _p2_ 

Er ' 21 2 2 1 2 


(4.67) 


where P is the total angular momentum. This quantity is quantized, the wave 
equation to be solved for the eigenvalues is the same as equation (4.29), so 
the solutions are 


P 2 = + l )* 2 (4.68) 

E r s 7EZ + 1} = + 13 (4,69) 

where J is any integer from 0 to 00 . By convention, J is used for the 
rotational quantum number for polyatomic molecules (rather than V) and B is 
used for the rotational constant when a single constant exists. Thus, for 
spherically symmetric tops, the energy levels follow the same pattern as for 
the diatomic molecule. 



A molecule with equal masses equally spaced in three-dimensional space, 
such as C CI 4 , is a spherically symmetric top. Any very large organic mole- 
cule of about equal extent in all three dimensions would also be approximately 
modeled by a spherically symmetric top; only, in this case, internal rotations 
of parts of the molecule relative to the whole usually occur. Such molecules 
are not then rigid bodies, and the internal angular momenta couple to the rota- 
tion of the whole molecule to present a very complex pattern of rotational 
energy levels. 


Case 2. Prolate Symmetric Top, I\ < I 2 - 1 3 

Again, let the total angular momentum be quantized as in equation (4.68). 
The principal axis 1 is now a singular axis of symmetry, and the projection of 
P on this axis takes quantized values: 


?1 = Xh (4.70) 

where K is an integer taking values from -J to J, the exact counterpart of 
the quantum number m used in equation (4.30). Tnus, 

P 2 2 + P 3 2 = [J(J + 1) - K 2 ]fi 2 (4.71) 

and the rotational energy in equation (4.53a) becomes 

. 1 ) . . |L) *2 

= BJ(J + 1) + (4 - B)K 2 (4.72) 

The (2 J + 1) degenerate levels of the spherically symmetric top are now 
split into (J + 1) different levels, each with a degeneracy of 2 except when 
K = 0. Since A > B, the perturbed energy levels all lie above the principal 
level BJ(J + 1) by amounts proportional to the squares of the integers K. 

Methylchloride, CH 3 C 7 , is an example of a prolate symmetric top 
(4 = 5.007 cm” 1 , B = £7= 0.4434 cm -1 ). A molecule such as O 3 has two larger 
moments of inertia that are nearly equal (4 = 3.55 cm -1 , B = 0.445 cm -1 , 

(7 = 0.395 cm -1 ). In this case, the molecule behaves almost as a prolate sym- 
metric top, and a useful first approximation is to average the two nearly 
equal rotational constants: 

B = (4.73) 

The energy levels are in this case approximately given by 

E r = BJ{J + 1) + (4 - B)K 2 (4.74) 

but the levels with K + 0 are closely spaced doublets. Mass distributions 
that are cigar-shaped, rods, discus -shaped, and flat circular plates are 
examples of prolate symmetric tops. Note that linear molecules (Ii = 0, J 2 = ^ 3 ) 
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are a special case of the prolate symmetric top. In this case, the energy 
levels are independent of K and K is eliminated as a necessary quantum 
number. 


Case 3. Oblate Symmetric Top, I\ ■ 1% < 1 3 

Again, the total angular momentum is quantized as in equation (4.68). 

Now, however, the principal axis 3 Is the singular axis of symmetry, and the 
projection of P on this axis takes the quantized values: 

P 3 = I'Jfi (4.75) 

Thus, in this case. 

Pi 2 + P 2 2 = [«7(«7 + 1) - K 2 ]* 2 (4.76) 

and the rotational energy levels are 

= BJ(J + 1) - (5 - C)K 2 (4.77) 


In this case, the energy levels have a pattern similar to the prolate symmet- 
ric top except that it is inverted; all perturbed levels differ from the prin- 
cipal level BJ(J + 1) by amounts proportional to K 2 , although in this case 
lying below the principal level since B > C. 


Ammonia, NH 3 , is an example of an oblate symmetric top (A -B = 9.94 cm -1 , 
(7=6.24 cm -1 ). A molecule such as H 2 S has two nearly equal smaller moments of 
inertia (A = 10.37 cm -1 , 5=8.991 cm -1 , (7 = 4.732 cm" 1 ) and therefore behaves 
almost as an oblate symmetric top. Again, a useful first approximation in 
this case is to average the two nearly equal rotational constants: 


The energy levels are approximately 

E P = BJ(J + 1) - (B - C)K 2 

Again, the levels with K / 0 are closely spaced doublets. 


(4.78) 


(4.79) 


Mass distributions either doughnut -shaped or ring-shaped (such as benzene 
molecules) are examples of oblate symmetric tops. Derivation of the relations 
that exist between masses and bond angles in the more general triatomic mole- 
cule case is given as the following problem. 
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Problem 4.8: Show that a nonlinear, sym ntric 

triatomic aolecule of the type X-X-X (fig. 4.6) 
has the aonents of inertia: 


2mi m 2 j 

* s r;-^ d 808 • 

fj, * 2mi d 2 stn 2 a 
la • la* *b 


(4.80a) 


(4.80b) 


(4.80c) 


where mj is the mass of the end atoms, m 2 is the 
mass of the central atom, d. is the bond distance 
between the central atom and the end atoms, and the 
angle between these bonds is 2a. Whether la or 
is the smaller thus depends on this angle. The bond 
length and angle can be determined from the moments 
of inertia if these can be fit to the observed 
rotational energy levels 


{— \ 

V2mi * m 2 ) 


CENTER 
OF MASS 

/ 



2m|d cos <t 

2 mi+ 

— t— -— $■ 

mad cos a 


mi+fng 


Figure 4.6.- Nonlinear symmetric 
triatomic molecule; interatomic 
distance d, included bond angle 2a, 
mass of end atom mi, mass of cen- 
tral atom m 2 ', axes 

through center of mass. 


Note that a particular angle exists, tan a * /m 2 / ( 2 m) ♦ m 2 ) , such that la * ffc * I a / 2. If the bond angle is 
close to this angle, as it is for H 2 S, the triatomic mole. ile behaves approximately as an oblate synsetric top. 

If, on the other hand, the bond angle 2a is near 0 or x, the molecule behaves as a prolate symmetric top. In the 
former case, I a * 0 and Ifc » l c , while, in the latter c ase, Ih * 0 and I a = I 0 . At angles rather different than 
either of these limits or the particular angle arctan '/m 2 f ( 2 m] * m 2 ) , the molecule behaves as an oblate symmetric 
top if mi * m 2 as for O 3 , or as an asymmetric top if m j and m 2 are rather different as for H t 0. Moments of 
inertia and bond angles fot some typical triatomic molecules are given in table 4.3. 


Problem 4.9: Show that the symmetric XYj molecule has two equal moments of inertia. Let d be the X-Y bond 

distance and g be the angle between the X-Y bond and the axis of symmetry. First, let S • 90* and show that 
I a * Ij> » 2I 0 for the planar molecqle case. Next let the mass of the X atom, m 2 , be infinite so that it is 
located at the center of mass, and show that the moments are Jmjii 2 sin 2 S and 3m)d 2 [1 - (l/ 2 )ein 2 g], where mi 
is the mass of one Y atom. What is the angle 8 where the molecule changes from prolate to oblate spherical top? 
Finally, show that the moments for arbitrary masses are 


3m] d 2 sin 2 g 


[ 2 • 0 • tSt) einZ 6 ] 


Calculate the rotational constants for NHj where B = 68 * and d * 1.014 A. 

Case 4. Asymmetric Top, Ii < J 2 < I 3 

In this case, there are 2J + 1 distinct energy levels for every value of 
the rotational quantum number J, and the pattern of levels is more complex 
than for symmetric tops. If any two moments of inertia are approximately 
equal, the pattern is similar to that of either a prolate or an oblate symmet- 
ric top, with the K t 0 lines split into closely spaced doublets as mentioned 
above. If none of the moments are nearly equal, the energy level pattern is 
distributed above and below an average energy: 


E = BJW + 1) = j (A + B + C)J(J + 1) 


(4.83) 


& 


- I 


.. . 



— -— *■ - <****-^ frwy 


In the general case, the pattern can be quite irregular. As an approximation, 
the energy levels can be taken to be an average of oblate-like top levels and 
prolate- like top levels 


E(J,x) = i [E ob i(J,i) * E pPO (Jj)] 


(4.84) 


where t is an index that runs from -J to J and i and j are indexes such 
that the lowest levels of E 0 bi and E pro are averaged for the lowest energy 
(x = -J ) , the next to lowest levels are averaged for the next level (t*-J+1), 
and so on. The levels E 0 bl and E pvo are given by 


■ (H 1 ) *D-(— 

E pvo V.K) =■ . 1) ♦ (— 


B - 2 
2 


2A - B - C> 


(4.84a) 


(4.84b) 


Therefore, the indexes t, i, and j are related as 

t = -J , -J +1, -J + 2, -J +3, -J + 4, -J + 5, 


i = J, 
3 = 0 , 


J, J-\, J- 1, J- 2, J- 2, 


If (A - B) - (B - <7), the pattern is approximately symmetrical; otherwise, the 
pattern is unsymmetrical . The average energy for a given J is given by 
equation (4.83) in either case. 

The H 2 O molecule is an example of a rather asymmetrical top rotator 
(A = 27.88 cm -1 , B = 14.51 cm -1 , and C= 9.285 cm" 1 ), with an asymmetrical 
pattern about the average levels BJ(J + 1) since (A - B) t (B - C) . Because 
the degeneracy of all rotational lines is removed for the asymmetrical top, 
the H 2 O rotation-vibration bands form a closely packed multitude of levels 
distributed across a major portion of the infrared spectrum. Consequently, 
the earth's atmosphere is opaque to the peak black-body radiation at the 
earth's mean temperature, the solar energy received by the earth is effec- 
tively trapped and does not reradiate into space and the earth's temperature 
is maintained at a level habitable for our form of life. 

Figure 4.7 shows the types of rotational energy level patterns obtained 
with the different configurations discussed above: spherically symmetric top, 

oblate symmetric top, almost oblate symmetric top, asymmetric top, almost pro- 
late_symmetric top, and prolate symmetric top. The energy is given in units 
of B as defined in the figure legend for the different cases, so that the 
principal lines fall at the same point on the energy scale, J(J * 1). Often 
the energy levels given by equation (4.84a) and (4.84b) are diagrammed on an 
absolute energy scale; then the levels in equations (4. 84) are indicated as a 
simple average of the corresponding lowest pair of levels, next lowest pair, 
and so on. Recall that each level of the symmetric tops has a degeneracy of 
2 except for K = 0, which has a degeneracy of 1. This degeneracy is illus- 
trated in figure 4.8 for levels up to J = 3 for (2/3)A = B= (3/2)C, which is 
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roughly like the fyO molecule. The levels predicted by this simple averaging 
cannot be expected to have high accuracy, of course, but they do give a real- 
istic idea of the spacing and symmetry of the pattern and they are often suf- 
ficiently accurate to use in calculating partition functions. If the 
differences A - S and B - C are more unequal, the pattern becomes more asym- 
metrical. For higher values of rotational quantum number J, the lines from 
different J groups overlap and produce a very complex spectrum that is tedi- 
ous to unravel. An approximation often used in this case is to assume that 
the 2J ♦ 1 different levels are randomly distributed in the interval between 
the minimum level in equation (4.84a) and the maximum level in equation (4.84b). 
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Figure 4.7.- Rotational energy level patterns for polyatomic molecules. Total 
quantum number, J ; projection of J on singular axis of symmetry for sym- 
metric top, K; integer index for lines of asymmetric top, t(-J < t < J) . 
Type I, spherically symmetric top (A ■ B * C), also linear molecul£ 

(a • », B • C ) , B • B; Type II, oblate symmetric top {A = B > C) , B » B, 

(B - C » (1/10)B for pattern shown); Type III, almost oblate symmetric top 
(A « B > C), B * (1/2) (A + B}| (5 - C = (1/10)B for pattern shown); Type_IV, 
asymmetric top (A > B > C)» B * (1/3) (A + B + C), (A-B“B-C“ (1/10)B 
for pattern shown); Type V, almost prolate symmetric top (A > B «* C), 

B » (1/2) (B + C), (A - B « (1/10)B for pattern shown); and Type VI, prolate 
symmetric top (A > B • C) , B • B, (A - B * (1/10)B for pattern shown). 
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Figure 4.8.- Rotational energy level pattern obtained for asymmetric top 
by averaging the oblate top and prolate top approximations. 


4.13 EQUILIBRIUM ENERGY AND SPECIFIC HEAT OF RIGID ROTATORS 


The equilibrium rotational energy of a collection of rigid rotators is 
given by 


E^ = RT 2 


d In Q r 


(4. 85) 


The partition function of the two-dimensional rotator is proportional to T, 
so the equilibrium energy is then 

E v (two-dimensional rotator) * RT (4.86a) 

On the other hand, the partition function of the three-dimensional rotator is 
proportional to T 3/2 , and the equilibrium energy is then 

E P (three-dimensional rotator) * y RT (4.86b) 
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This is an example of equipartition of energy, (1/2 )RT being allocatM to 
each of the available degrees of freedom at equilibrium. The specific heats 
are just the derivatives dEp/dT: 

C v (two-dimensional) ■ R (4.87a) 

3 

C v (three-dimensional) m jR (4.87b) 

Probl«a4.10: Develop analytic expressions for the rotational energy, the specific heat, and the entropy for a 
truncated rigid rotator with aaxiaun quantum nuaber V given by equation (4.33a). 


4.14 CONCLUDING REMARKS 


The steady- state wave equation for a two-particle system can, in the 
absence of external field effects, be decoupled into two independent wave equa- 
tions, one describing the kinetic energy of the center of mass and the other 
describing motion of the two particles relative to the center of mass. If the 
two particles are bound together by a potential, as in a diatomic molecule, 
the second wave equation describes the rotational and vibrational motions of 
the molecule. 

In many molecules, the amplitudes of vibrational motion are rather small, 
and to a good approximation the rotational motions may be modeled as a rigid 
rotating top. Diatomic molecules and linear polyatomic molecules are special 
cases of prolate symmetric tops and, in this case, the energy levels and rota- 
tional contributions to the thermodynamic properties can be analyzed quite 
rigorously. The polyatomic molecule generally rotates as an asymmetric top; 
in this case, the energy levels are more difficult to model exactly, but the 
pattern of levels can be obtained as an average of the prolate-top and oblate- 
top patterns. The center of these patterns can be accurately placed, so the 
rotational contributions to thermodynamic properties can be assessed with 
reasonable accuracy. 

Perhaps the most significant contribution gained from the quantum model 
of rotators is an appreciation of molecular symmetry effects and the role of 
nuclear spins. These effects do not normally influence the thermodynamic 
properties of gases appreciably, except for very light molecules at very low 
temperatures and except for shifting the zero level of entropy. However, 
nuclear spin effects can strikingly affect the pattern of observed energy 
levels and the transition* allowed between them. 
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CHAPTER 5 - DIATOMIC MOLECULE VIBRATIONS 


5.1 SUMMARY 


The rotational energy is separated from vibrational energy in the 
two-particle, steady-state wave equation and to first order the solutions are 
harmonic oscillator functions. The clarsical phase integral gives a partition 
function valid only at high temperature, but the quar.tum summation is easily 
performed to gi re analytic expressions for all the thermodynamic properties of 
the harmonic oscillator at all temperatures. Anharmonic effects are treated 
by small perturbation solutions to the wave equation and the relation between 
energy levels and a series expansion of the perturbation potential is derived. 
Next, the quantum solutions for an oscillator with a Morse- function potential 
are derived in terms of Laguerre polynomials. 


5.2 INTRODUCTION 


The vibrational amplitudes of many molecules are so small that the 
coupling with rotational motion is relatively modest and to a good approxima- 
tion the vibrational mode may be treated independently. As gas temperature is 
increased, a considerable amount of energy can be stored in the vibrational 
mode, which contributes to tfc;.- internal energy, specific heat, and other thermo- 
dynamic propt- ies of the molecule. Quantum effects are even more pronounced 
for vibrations than for rotations because the energy spacing between levels is 
often large compared with normal thermal energies kT. Thus a classical model 
would be totally inadequate in this case and, for most purposes, a quantum 
model must be used. In this chapter, we treat the diatomic molecule vibra- 
tions and follow with a treatment of polyatomic molecule vibrations in the 
next chapter. 


5.3 DIATOMIC MOLECULE WAVE EQUATIONS 


The steady-state, two-particle wave equation in center-of-mass 
coordinates (derived in ch. 4) is found to be 

V 2 * ♦ “ IF - V(r)J* « 0 (5.1) 

For the rigid rotator, the potential F(r) was taken to be zero; now to 
account for the potential that results from the combination of nuclear coulomb 
repulsion and the attractive electronic energy: 



n 
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(5.2) 



INTERATOMIC DISTANCE, r 

Figure 5.1.- Qualitative shape of 
interatomic potential in diatomic 
molecules. The potential is minimum 
at r e , it is steeply repulsive at 
shorter distances, and it asymptot- 
ically approaches the dissociation 
energy D at large r. The shape 
is approximately quadratic in (r - r e ) 
near the minimum. 


« 2 ZiZ, 

V(r) 

where Z\ and Z 2 are the nuclear 
charges involved. The electronic 
interaction E e is understood quali- 
tatively, and the general shape of 
the combined attractive potential 
and the short-range nuclear repul- 
sion is shown in figure 5.1. Unfor- 
tunately, accurate quantitative 
solutions for this potential are not 
generally available for multielec- 
tron atom interactions. However, we 
can proceed with the empirical obser- 
vation that most diatomic interac- 
tion potentials are very nearly 
harmonic near the potential minimum, 
and the lower energy states of vibra- 
tional motion at least can be 
modelled reasonably well with the 
harmonic oscillator potential 


V(r) *- y y- (r-r s )2 


(5.3) 


where w is the circular frequency 
of the oscillator, 2 irv, and r e is 


the equilibrium interatomic distance. Solutions for harmonic oscillators are 
considered first and anharmonic effects are treated subsequently. 

First the rotational motions are separated from equation (5.1) by 
assuming a separable wave function in spherical coordinates: 

*(r,8,#) - T(6,4) (5.4) 


Substituting equation (5.4) into (5.1) and multiplying by r 2 /^, one obtains 

Mr ts { Hn 8 1?) * htt 0] * 0 (s • s > 


The first bracket in equation (5.5) is a function only of r and the second 
is a function only of 0 and $. Each must be constant, one the negative of 
the other, for the equation to remain valid for arbitrary r, 6 , and 4 . If 
the second bracket is equated to -1(1 * 1 ), ¥ is then the same spherical 
harmonic function found in chapter 4 to be the solution for the wave function 
of a rigid rotator with energy 1(1 * l)K 2 /2ur 2 . The equatiori for R may be 
expressed accordingly as 
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(5.6) 
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V&K 




r 


r- f 

f i 


The diatomic oscillator thus behaves in a manner analogous to a single 
particle of mass v* moving in an effective pr* ntial V(i*) + Z(Z ♦ l)# 2 /2yr 2 . 
Strictly speaking, there is a coupling between the vibrational and rotational 
energy and the w«\ve function is not truly separable. However, to a first 
approximation, the vibrational coordinate changes so little from its equilib- 
rium value ? e that the rotational energy term may be replaced with the con- 
stant l{l * l)# 2 /2yr c 2 . To this approximation, the oscillator solutions are 
independent of rotational quantum number l and, by suitable choice of the 
reference potential level, the differential equation for the oscillator wave 
function R has the same form for any value of lx 


fM m -rwj*. o 


(5.7) 


where Ei is the energy above the reference level 1(1 ♦ l)j£ 2 /2yr e 2 . Note 
that this is a one-dimensional, harmonic-oscillator wave equation. The three- 
dimensional oscillator wave function is YR/r, as given by equation (5.4). 


£ 

' S 


5.4 CLASSICAL HARMONIC OSCILLATOR 


The limiting, high-temperature value for the partition function of the 
harmonic oscillator is the phase integral 


*y 


1 f “ r r a -H/kr 

" J.® j- 


T-**> 


dp dr 


(5.8) 


where the Hamiltonian function is the oscillator energy expressed in linear 
momentum p and distance units r as 


8 = & . HSi (, - 


2y 


The integrations in equation (5.8) are easily performed to give 




kf 


T»Qy *u> 


where e y is the characteristic temperature 

fldi 


0y * T 


(5.9) 


(5.10) 


(5.11) 
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Unlike the rigid rotator case, where the characteristic temperature was very 
small, the characteristic vibrational temperature 8 V is rather high for many 
diatomic gases (see table 5.1). Thus, the summation over quantized states is 
not accurately reproduced by an integral, as the classical model demands, and 
the quantum solution is needed for temperatures of practical interest. 


TABLE 5.1.- CHARACTERISTIC VIBRATIONAL TEMPERATURES 
FOR DIATOMIC MOLECULES 

(Based on w ■ oj e - ugXe + 0.75 oi gy e , data from ref. 1) 


Molecule 

°K 

0 2 

2256 

n 2 

3371 

NO 

2719 

CO 

3103 

h 2 

6159 

d 2 

4396 

C l 2 

801 

Br 2 

464 

HC l 

4228 


5.5 QUANTIZED HARMONIC OSCILLATOR 


Transform the oscillator coordinate to 





(5.12) 


so that the harmonic potential in equation (5.3) becomes j/ 2 /2 in units of 
^u). Then equation (5.7) becomes 


d 2 R 
dy 2 




[ 2 (s) - » 2 ]* ' 0 


(5.13) 


This equation can be put into the form of Hermite's differential equation by 
factoring out the asymptotic behavior as y 2 » 2 E/Jiut, 


dy 2 y^ 


y 2 R , 


R 


e' y2/2 

y-*» 


Let 


R = 



Then equation (5.13) transforms to 
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v ^ L \w' J 


(5.14) 


A series solution with a finite number of terms exists for this equation 
(refs. 2-3), one of the Hermite polynomials H v (y) , provided the energy is an 
odd half- integer number of quantum units fun; that is. 


= u + 


(S.1S) 


where the vibrational quantum number v is any integer from 0 to «®. 

Note that the ground vibrational state contains 1/2 quantum unit of 
vibrational energy. This occurs because the potential minimum tends to local- 
ize the oscillator position and a finite amount of energy must be retained to 
satisfy the uncertainty principle. For the rigid rotator, no localizing poten- 
tial was present and the ground rotational state could then be zero energy. 

The first few Hermite polynomials are 


H o = 1 

Bi = 2 y 

H 2 = 4y 2 - 2 

ff 3 = 8j/ 3 - 12 y 

H h = 16y 4 - 48y 2 + 12 


(5.16) 


s « = 

k- o 


= 0 


where k m is the largest integer less than or equal to y/2. This list may 
also be extended by means of a recursion relation: 


ffy+l - 2 yHy + 2 = 0 


(5.17) 


which is derived in any standard text on quantum mechanics (refs. 2,3). 

The one-dimensional, quantized harmonic oscillator wave function now 
becomes 


R v = N v e~ y2/2 H v (y) 


(5.18) 
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where N v is a normalizing constant 


-cm 


(5.19a) 


so that the integral of R v 2 over all space is unity: 




= /A.V /2 W 2„l/2 2 l»yi = ! 

\U<*>/ v 


(5.19b) 


-v 2 •> 

Evaluation of the integral of e a B v 2 is again available in standard quantum 
mechanics texts (refs. 2,3). The total three-dimensional, oscillator-rotator 
wave function, as given by equation (5.4), is 


*y(r) 


(5.20) 


5.6 THERMODYNAMIC FUNCTIONS FOR HARMONIC OSCILLATORS 


The degeneracy of each vibrational level for harmonic oscillators is 
unity and the partition function is a simple geometric progression: 


«„ - £ e- M ° ,T - 


1 - V* 


(5.21) 


where the energy levels are defined relative to the ground-state vibrational 
energy kQ v / 2, the zero point energy referred to in section 1.11. When 
T « 0 y , the partition function approaches unity and the diatomic molecule 
behaves as a pure rigid rotator. When T » & v , Q v -*■ T/ 6 V , the classical 
limit given by the phase integral, equation (5.10). 

The vibrational energy of an equilibrium distribution of harmonic 
oscillators is 


E v - E 0 = RI 2 


d In Q v 


- 1 


(5.22) 


where E 0 is the molar zero point energy, RQ v /2. The contribution of the 
vibrational modes to specific heat and entropy is 


JEPR0DtJCn»TT.7T7 Op trp 
ORWWAL VA' v r - 
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c a &V m My/2 T) I 2 
v 8inh 2 (Q v /2T) 


t W \ 

\e^ T - l) 


+ R In Q v 


(5.23a) 


(5.23b) 


Figure 5.2 shows the variation of 
B V /RT and C v /R as a function of 
T/ 0 y . When T « Qy , the energy 
becomes RQ v /2 or Nm/2 (the zero 
point energy for N molecules) 
and the specific heat vanishes. 
When T » 6 y , the energy 
approaches RT and the specific 
heat becomes a constant ~ R, the 
classical limit for two degrees of 
freedom that depend on quadratic 
terms in the Hamiltonian (see 
section 1.10). 

The partition function for a 
real molecule with a finite number 
of vibrational levels bounded by 
the dissociation energy D does 
not increase without limit, as 
does the harmonic oscillator model 
with an infinite number of vibra- 
tional levels. A qualitative idea 
of this limit is provided by a 
truncated harmonic oscillator 
model with maximum vibrational 
quant um number D/kQ: 


§ 2.6 
LI X 

z O 

LJ C 



I 2 

DIMENSIONLESS TEMPERATURE. T/8 V 


Figure 5.2.- Energy E and specific heat 
C v of a harmonic oscillator with 
characteristic temperature 9 y »JW?c. 
Vibrations are unexcited when T « 0 y 
and provide two classical degrees of 
freedom when T » 0„. 


v P -^ V /T 1 - e 


1 _ e ~ Q v/ T T»D/k 


(5.21a) 


This limit is the order of 20 or more for many diatomic molecules. At usual 
temperatures of interest, the correction for truncation of vibrational levels 
is small and is less important than corrections for anharmonic effects and 
vibration-rotation coupling. However, it is well to be aware that a finite 
limit for the vibrational partition function does exist for real molecules, 
rather than the limitless function deduced from the harmonic oscillator model. 
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5.7 ANHARMONIC EFFECTS 


The intermolecular potential is not purely quadratic, of course, and 
small deviations from the harmonic oscillator levels occur in real molecules. 
The observed energy levels are empirically fitted by spectroscopists to a 
series expansion of the form (refs. 4 and 5) 


ii&f : 


S’ 


E - 


17 i\ i i' 

\ 2 i 1\ 3 1 

L( u + 2 ) - M u + % 

) + + 2 ) + • • J 


(5.24) 


where x e is typically the order of 10" 2 and y Q , when determined, is gener- 
ally many orders of magnitude smaller yet. Higher-order terms are usually not 
warranted despite the magnificent precision of spectroscopic data. The zero 
level of energy in this expression is the value at the potential minimum, 
hence the subscript e on u>, x, and y . In older spectroscopic notation, the 
zero level is the ground-state eigenvalue. The energy function is then 
expressed as 


E = &»> 0 [y - x 0 v 2 + y 0 v 3 + . . .] 
and the subscript o denotes the appropriate reference energy. 


(5.24a) 


Chat 


Problem 5.1: Derive the relations between the spectroscopist's constants w 0 , x 0 , y 0 and w t . x e , y a . Show 

w 0 = w e - x e w e + | y e w e * . . . 
x d*o = *<Pe - | y e w e * ■ ■ ■ 
ycPo * y e w e * ■ • • 

One can see that the differences between the two sets of constants are small. 

The higher-order terms in the eigenvalues of energy appear when a series 
expansion is used for the potential function, known as the Dunham potential 


JL.i l. 

flit) 2 


ay 3 + by k + 


(5.25) 


Fitting higher-order terms than y 1 * to the observed energy levels becomes 
very involved and rarely do the data warrant retention of these higher-order 
•terms. To illustrate the method, retain only the term in y 3 ; the next order 
term can be included by following the same procedures, although the process is 
more involved. In either case, solutions to the Schroedinger equation are 
obtained by a perturbation method. 
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5.8 PERTURBATION SOLUTIONS FOR THE STEADY-STATE WAVE EQUATION I 

The steady- state Schroedinger equation is 

m ■ &\> (5.26) 

If the Hamiltonian can Le expressed as the sum „ , 

H = ♦ H' (5.27) 1 

where solutions to the wave equation, are known for the Hamiltonian H°, 
the perturbation method can be used. Since solutions to the Schroedinger equa- , 

tion must form an orthogonal set (ref. 2), which can be normalized, the known 
solutions obey 

A k ° = E k \° (5.28) !' 
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and the perturbed energy is 


*n ' E n *£ 3^ «nk 


(5. 35) 


Thus far, no approximation whatever has been involved. Now if H ' is small, 
“ ip n °, and to first order the coefficients in equation (5.30) are a^, =* 1 , 
dyfe « 1. The first-order perturbation result (refs. 2,3) is thus 


En ■ V + Vm 


(5.36) 


For the anharmonic oscillator for which ff' = aftow/ 3 , the first-order correc- 
tion vanishes by virtue of symmetry. 


[/„„ = o&d /_" j/ 3 (t|» n °) 2 dy = 0 


(5.37) 


and the next order terms must be considered. Approximate expressions for the 
coefficients are obtained by multiplying equation (5.32) by (t|i£ )* and 
integrating over all space: 


Zank°lk - S>Z< £ n - ®Z°) 
k 


(5.38) 


Again, where a. „ n * 1 and all other coefficients are of order much less than 
sffici* 


unity, the coefficient is given to terms of first order by 


U 


a ril ~ o 6 


In 


“n n 

Thus, equation (5.35) can be expanded to 

u kn u nk 


(5.39) 


E n = E n + U nn + 


ktn 


E n° - h° 


(5.40) 


Equation .(5.40) is a general result for any slightly perturbed system. For 
the case of interest here, a slightly anharmonic oscillator, E n ° -Ef^- (n-k)fiu 
and Ufa = Uyfe. Equation (5.40) thus becomes 


z/2 m2 m2 m2 m2 m2 

- -(ni , n . n >"’ 1 ' ”.« + l . u n,n-2 u n,n+ 2 u n,n- 3 u n,n+ 3 


(5.41) 


The matrix elements U are evaluated using the recursion relation 
between Hermite polynomials given by equation (5.17). Repeated application of 
the recursion relation leads to 


134 RKPRODUCIBti.Ux’ OP THE 

ORIGINAL PAGE IS POOR 




4 


5* 







« V,\ 




vu 




K >*& 


, 1 3 x n 2 

y* H n‘i H n+ 3 +f (» + DVi + tVi + "("* 1 )(«-2)V 3 (5.42) 


Since the harmonic oscillator wave functions are orthogonal, the matrix ele- 
ments U n k all vanish except for k * n + 3, h + 1, n-1, and n - 3. The 
nonvanishing matrix elements. 


2 

u nk a y^n^k d y * <^n N k X.I e_i/ Wc (5.43a) 


become 


;/ 3 n 2 v 3n 2 / 1 \ 1/2 v 

y «,n-l - 2 Vl * ~ \2n) 


N, 


u n,n+i * T (« + J ) W~~7 <&» ~ T (» + l)[2(n+ l)] 1/2 a^w 


(5.43b) 

(5.43c) 


Vn,n- 3 * n C«- 1)(«- 2) — - = »(n - l)(n- 2)|— -1 

"n-3 L2 3 n(n - 1) (n - 2)J 

y n,n + 3 = | [2 3 (n + 1) (n + 2) (» ♦ 3)] 1/2 a*u> 


1/2 




(5.43d) 

(5.43e) 


The perturbed energy in equation (5.41) thus becomes 


E n = fiw |^n + ^ (3n 2 + 3n + l)a 2 - (3n 2 + 3n + 2 )a 2 + . . .J 

■HK)-¥K) 2 -¥*-] <*•«> 


If the small zero point shift in energy level (7a 2 /16) is neglected, this 
takes the same form as the spectroscopic notation, equation (5.24), when 


2 4 *e 

“ = TT 


(5.45) 


Some typical values of x e are shown in table 5.2, and the difference 
7a 2 /16 is truly negligible. We conclude that a cubic anharmonic term in the 
potential can account for the observed first-order departures from the har- 
monic oscillator energy levels. However, a quartic perturbation must be 
included to account for the next order term with coefficient y (eq. (5.24)). 
This next term is derived in a way similar to the derivation just presented. 
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TABLE 5.?.- ANHARMONIC COEFFICIENTS FOR DIATOMIC MOLECULES 


Molecule 


feo/4D 

n 2 

0.00612 

0.00749 

0 2 

.00763 

.00963 

CO 

.00620 

.00605 

NO 

.00734 

.00909 

h 2 

.0268 

.0304 

Cl 2 

.00703 

.00707 

Br 2 

.00332 

.00508 


5.9 MORSE FUNCTION POTENTIAL 


The anharmonic effects in the lower vibrational levels can be accounted 
for adequately by an expansion of the potential function in a power series 
such as equation (5.25). But near the dissociation limit, such expansions 



Figure 5.3.- Approximate diatomic 
molecule potentials, (a) Harmonic 
oscillator potential that fits the 
observed vibrational frequency (solid 
curve) . (b) Cubic anharmonic poten- 

tial that fits the observed w and 
has a maximum at the dissociation 
energy D (dashed curve) . (c) Morse 

potential that fits the observed u 
and asymptotically approac’ es D at 
large interatomic distances (broken 
line curve), (d) Lennard-Jones 6-12 
potential that fits observed w and 
asymptotically approaches D (dotted 
curve) . 


with a practical number of terms 
will diverge from the true potential. 
Figure 5.3 shows a harmonic poten- 
tial adjusted to fit the observed 
vibrational frequency u>, and an 
anharmonic cubic potential fit to 
the observed u and with a maximum 
at the dissociation limit. The 
cubic correction fit to the observed 
lower energy levels gives a maximum 
considerably less than D. Both 
functions diverge from the correct 
asymptotic value, the dissociation 
energy, at large values of the inter- 
atomic distance. An empirical func- 
tion that does have the proper 
asymptotic behavior and that can be 
closely fit to the observed lower 
vibrational energy levels is the 
Morse function (ref. 6) : 

V = D ( 1 - e~ x ) z (5.46) 
where the distance variable x is 



(5.46a) 
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This function is also shown in figure 5.3 and, although it closely approaches 
the asymptotic limit at somewhat larger interatomic distances than observed 
for most diatomic molecules, the Morse potential gives a more realistic model 
of upper vibrational levels than the harmonic or power series potentials. An 
interesting feature of the Morse potential is that exact solutions to the 
Schroedinger equation can be found (ref. 6). Transform the oscillator wave 
equation (eq. (5.7)) to the coordinate x in equation (5.46a): 


d 2 R 
dx 2 


/2D\ 2 /E £\ 


R * 0 


(5.47a) 


Substitute the Morse potential in equation (S.47a) and let the constant 
a • 2D /flu: 


££♦.2(1 . i 

dx 2 ' & 

A further transformation to w ~ e~ x leads to 


+ 2e~ X - e' 2x \ R * 0 


(5.47b) 


a 2ps/2LLJL + 1 . i] 
<bj2 W du l w 2 » J 


1 /? = 0 


To transform this into the Laguerre equation, let 

R(v)_* e' aU (2 a») bl2 L(w) 


(5.47c) 


(5.48) 


It follows that 


wL " + (b * 1 - 2 ctw)L' + £(a 2 - a 2 )w + 2a 2 - a(b + 1) + jj ^o 2 a 2 + x)|] i * 0 


(5.49) 


For the expression in brackets, the term in w vanishes if a* a and the 
term in W 1 vanishes if (E/D) = 1 - b 2 /4a 2 . Finally, let a * 2aw. Then 


R(z) = e~ zl2 z b/2 L(z) 

where L(z) is the solution to the Laguerre equation: 

d 2 L 


(5.48a) 


3 dz 2 + 


(b + l-z)^+(a - - j L • 0 (5.49a) 


This equation has a finite polynomial solution if the coefficient of the last 
term, a - (b * l)/2, is an integer v. Thus, 
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(5.50) 


b_ v + (1/2) 
2o 1 " 


and the allowed energy levels are 

f M) - 4)’ 

* '■“[(“ * 1) - (®)(® * \f] 


(5.51) 


The factor fiu/AD is compared with the observed coefficient x e in table 5.2. 
Moderate agreement exists between the two; the Morse correction to the har- 
monic oscillator energy levels is typically 10 to 20 percent too large. 

The allowed energy levels are a monatonically increasing function of 
quantum number v up to (u + 1/2) <. 2D/fiu. Beyond this, the energy doubles 
back and finally becomes negative; the levels with decreasing energy as u 
increases are regarded as unreal and, in this sense, the Morse potential leads 
to a finite number of levels, approximately the number actually observed. 

The solutions to equation (5.49a) are the generalized Laguerre poly- 
nomials: 

l = L b v + h (*) (5.52) 

The index b need not be integral, but v must be. The complete Morse 
oscillator wave function is then 

R v = Cy e~ Z/z z h,2 L b v ^ b {z) (5.53) 

where b is given by equation (5.50). The constant C v is again derived by 
normalizing the integral of R v 2 to unity. In terms of the variable s, 


z 


2a e ~^ 2 /2D) l/2 (.r-r e ) 


(5.54a) 


dr * 



(5.54b) 


1 /?y2 ^ 


&rr 


(yw 2 /2 D) 


l/2_ 

p e 



(5.55) 
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The integral is evaluated using the monent- generating functions for the 
Laguerre polynomials: 

, 1V & -au/(l-u) h 
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Consider the integral I defined by 
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Expansion of the factors in the last expression for X yields 

Ml 


I - 




j ,k,l * o 


(5.57a) 


(5.57b) 


(5.58) 


(5.59) 
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To evaluate the normalizing integrals, choose those terms where j ■ k, 
l * k ■ n, and r • 8 • n * b and compare coefficients: 

go ft 

I « ^ * ll ^ * * terms with u n y m 

««o £=o ntm 


sm 


n+b 


J e~ a z b ~*(L^^j dz + other terms (5.60) 


n=o [ (« + b) i ] 2 "o 
E> inspection, one sees that 

; 0 - *-°* b -'(4J * ■ 

4=0 

and the normalizing constant in equation (5.56) becomes 

.!/*♦ r v .ni/2 


c-' . (15) \v-Wi fx: . tet j- U l 

y W L Uo J 


(5.61) 


(5.62) 


Since wave function solutions to Schroedinger's equation must be 
orthogonal, the overlap integral of Morse functions with different quantum 
numbers y and V' must vanish. Except for a constant multiDlier, these over 
lap integrals are 



-l+(b+c)/2 


L b ,L° t 
v*b y'+c 


dz 





b rfc +26 
v*d y + b +6 


dz = 0 


(5.63) 


where 5 is the integer y-y', b = 2o-2y-l, and a = 2a - 2y' - 1 *b + 26. This 
orthogonality may be demonstrated by use of the moment generating function: 


V(y,t) 



8"b*26 


(-D b+26 e~ sy/ ^~y\ b * 26 

oV* 24 * 1 


(5.57c) 


along with the moment -generating function U(u,z) in equation (5.57a). Con 
sider the integral 
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I We are interested in those coefficients where the exponent on y is r + 6, 

l- that is, the coefficients of terras with {uy) r y^ . But upon expansion of the 

T last expression for I* in equation (5.64) there are no such terms. The 
I expansion of the factor (1 - u) 5 " 1 is a finite polynomial with u 6_1 as the 

| highest power of u, whereas the expansion of the factor y 2 ^/ (1 - y)^* 1 is an 

| infinite polynomial with y zs as the lowest power of y. By inspection then, 

I the integrals described by equation (5.63) all vanish and the Morse wave func- 

| tions are indeed orthogonal, as required. 

5.10 OTHER EMPIRICAL POTENTIAL FUNCTIONS 


| 

j 

i 

] 


A number of empirical potential functions other than the Morse function, 
which also approach the correct asymptotic limit, have been considered. For 
example, the potential 



with a, b, n, and m positive, possesses a short-range repulsion, a long- 
range attraction, and asymptotically approaches the dissociation energy D at 
large r. For neutral atom diatomic molecules such as N 2 , the attractive 
potential is primarily associated with induced-dipole, induced-dipole inter- 
action, and n should then be about 6. For ionized diatomic molecules such 
as N|, the long-range attraction is fora charge- induced dipole pair for which n 
should be about 4. Ionic binding occurs in highly polar molecules such as 
H Cl, for which the long-range interaction is Coulomb-like and n z 2. The 
widely used Lennard-Jones potential lets n = m = 6. The twelfth power repul- 
sion is a fair approximation to the very steep repulsions that, actually occur 
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between atoms at short range. In some cases, an exponential repulsion is an 
even better approximation, so the potential 


-or b 

a e - + D 

r * 


( 5 . 66 ) 


is often used. The Lennard-Jones potential fit to the observed vibrational 
frequency u> at the minimum is also shown in figure 5.3. 

Problem S.2: Show that equation (S.6S) with the required shape near the potential minimum 

V T7& (uu z /2) (r - r e ) 2 can be expressed as 




where 


For n « m. 


and the Lennard-Jones potential is 


V n ( B n * m / 8 \ W . 

D m \B + x/ * m \B ♦ x) 

- ■ (£)‘'V - -•> 

V ■ [■ - (^)'] ! 


(S.67) 


The accuracy of empirical potentials may be assessed by comparing the 
calculated energy levels with the spectroscopically observed levels; the con- 
stant parameters of the potential are then adjusted until the best accuracy is 
obtained for a given group of levels, usually the low-lying levels near the 
ground state. This was relatively easy for the Morse function because ana- 
lytic expressions for the wave functions and the energy levels were obtained. 
However, analytic solutions have not been found for oscillators with poten- 
tials given by equations (5.65) or (5.66). In this case, the Schroedinger 
equation would need to be solved numerically with the energy level assumed, 
and this adjustable parameter varied until the solutions to the partial differ- 
ential equation match the required boundary conditions, namely, that the wave 
function and all its derivatives must vanish as the oscillator coordinate r 
becomes very large. These predicted eigenvalues of energy would then be com- 
pared with the measured values to assess the accuracy of the empirical 
potential function. 

An easier method of assessing empirical potential functions than 
presented above is available. The true potential may be deduced from the 
measured energy levels by a method called the Rydoerg-Klein-Rees (RKR) method 
(refs. 7-9). This need be done only once for a given molecule; then all types 
of empirical potentials may be compared with the RKR potential. In figure 5.4 
for H 2 , the Morse potential, the cubic anharmonic potential, and the Lennard- 
Jones potential, all giving the best fit at the potential minimum, are com- 
pared with the accurate Rydberg-Klein-Rees potential for this molecule. The 
Morse function is the best of these approximations at large values of r. 
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The Rydberg-Klein-Rees 
potential may be derived only up to 
the point where the energy levels 
are measurable. For some molecules, 
such as H 2 and 02 , for example, 
these levels are known nearly to 
the dissociation limit. The final 
few levels may be approximated rea- 
sonably well by extrapolation 
(ref. 4). In such cases, the 
empirical potentials are unneces- 
sary for the accurate evaluation 
of partition functions, since these 
may be calculated merely by summing 
over all measured energy levels. 

However, for many molecules, the 
upper vibrational levels are not 
readily observable for various rea- 
sons. Upper levels may not be pop- 
ulated at reasonable temperatures, 
for example; then the spectro- 
scopist will not see these levels 
in absorption. In emission spectra, 
the upper levels may disappear because of predissociation, and transitions to 
the upper levels of the lower state may be weak because of the small Franck- 
Condon factors involved (ref. 4). Finally, the energy levels grow very close 
together near the dissociation limit and line-broadening effects may smear the 
spectrum together and make it impossible for the spectroscopist to identify 
the upper states. The N 2 molecule is an example where this uncertainty in the 
upper states has existed. The extrapolation of measured N 2 vibrational levels 
was so uncertain that the dissociation energy of N 2 was in doubt for many 
years (see discussions of this problem by Herzberg (ref. 4) and Gaydon (ref. 5)) 
until it was finally established with a nonspectroscopic method by 
Kistiakowsky et al. (ref. 10). In such cases then, the Rydberg-Klein-Rees 
potential determined to the highest observable vibrational level is the stand- 
ard used to compare the various empirical potentials having the proper asymp- ( 

totic limit. The best of these potentials may then be chosen to evaluate the 
remaining vibrational levels. 

; r 

5.11 RYDBERG-KLEIN-REES POTENTIAL | ' v 



Figure 5.4.- Interatomic potentials for 
H 2 . Rydberg-Klein-Rees potential 
(solid curve), cubic anharmonic 
potential (dotted curve) , Morse 
potential (dashed curve) , and 
Lennard- Jones potential (broken line 
curve) . 


he Rydberg-Klein-Rees (RKR) potential is the standard by which other 
potential models are judged (as discussed above), but it also serves another 
purpose, namely, to provide the most accurate vibrational wave functions when- 
ever these are needed. These wave functions are obtained by successive numer- 
ical integration of the Schroedinger equation with the RKR potential function 
until the eigenvalues are found. Such functions may be needed to determine 
perturbation transition matrix elements that result from either collision 
perturbation or photon perturbations. The latter are the so-called 
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Franck-Condon factors that 
determine the strength of various 
rotation-vibration spectral bands 
(ref. 4), for example. For these 
reasons, it seems appropriate to 
review here the method of deriving 
the RKR potential. 


POTENTIAL, V 



OBSERVED Consider the function S 

vibrational- that is half the area bounded by 
rotational the total energy of the oscillator 
energy level and the interatomic potential 
(fig. 5.5): 


u r, r 2 

INTERATOMIC DISTANCE, r 

Figure 5.S.- Function 2 S used to 
evaluate Rydberg- Klein-Rees poten- 
tials (area bounded by total energy 
E and the interatomic potential V ) . 


= J^ Z (E-V)dr (5.68) 


The effective potential for rota- 
tional quantum level l is, from 
equation (5.6), 


V(r) -7 0 (r) 


(5.69) 


“» I 

i 


where F 0 (r) is the potential when l is zero and k is 1(1 + l)^ z /2y. Let 
functions f and g be defined as 


j f = . 1 „ '2 - '1 

1 7 V 3£, / k 2 Jvi 2 

(5.70) 

; 

! 

l ^ 

| _ /3 s\ _ 1 P *2 & _ 1 /_L 

9 ~ " 2 Jri p2 ~ 2 \r>i “ ri) 

1 

(5.71) 

l 

f Thus, if f and g can be determined for each measured energy level 

l turning points of the potential at that energy are given by 

l 

, the 

! 5 

; , 


b A 

| /f 

(5.72) 

r \ 
! 

\ 


f \ 

'* ■ (§ * rf 2 ■ f 

(5.73) 


j The area S may be defined in terms of an action integral I 

that is 

j* 

four times the kinetic energy integrated over time: 

f 

j 


r 

1 - 2 dt - 4 St\ (E - 

(5.74a) 

t i 
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Some authors define the action integral as 1/ 2tt, but this merely changes the 
constants in the following expressions. The term I must be expressed as a 
function of r. Since dr/dt = [2(2? - P)/u] 1/2 > 

(8y) l/2 J^ {E - V) l > 2 dr (5.74b) 

(8y) 1/2 (E - V) l/2 (5.74c) 


Then the area S may be expressed as 

2 S v = (8y)- 1/2 j£ Iy (E v - V) l,Z dl (5.75) 

where the potential V is now considered a function of the action integral I 
and the quantity k. The upper limit of the integral in equation (5.75), 

Jy, is obtained from Planck's first statement of the quantum principle 
(ref. 2), that is, the area swept out by the trajectory of the system in 
momentum-coordinate space should equal an integral number of quantum cells of 
size h: 


I = 
dl 

2F = 


fp ^ = 2jJ,* 2 p dr = 2$* 2 Ei dt = J y = (u ♦ j) h (5.76) 


v 


l 


K. 




SJ.. 


r 

1; 



The area is increased by h/2 to account for the residual motion of the 
ground state oscillator. This correction is strictly applicable only for the 
harmonic oscillator, but diatomic molecules are very like harmonic oscillators 
in the lowest levels, so the correction is sufficiently accurate. Trajec- 
tories in momentum-coordinate space are shown in figure 5.6 for a quantized 
harmonic oscillator and a slightly anharmonic oscillator, indicating how the 
trajectories gradually diverge while the swept-out areas remain integral 
multiples of the quantum cell size h. 

One can now see how to determine S graphically. Plot (ffy - 2? y i) as 
a function of u' + (1/2), where the vibrational quantum number v' takes 
values from 0 to v. Then the area under this curve is multiplied by 
h/( 32y) 1/2 to get S v . The process is repeated for different values of E v , 
but the same rotational quantum number l , to obtain the function S (2? y , 
constant k) , from which the slope / (eq. (5.70)) is determined. Similarly, 
repeat the process for the same E v but different k or Z(Z + l)/2y to 
obtain the function S (constant 2 ?y, k), from which the slope g (eq. (5.71)) 
is determined. Then the turning points and r 2 for a given E v and k are 
found from equations (5.72) and (5.73). 

For low vibrational levels (n <. 5) , there are insufficient points for 
accurate graphical integration, so a series expansion or Dunham function, 
equation (5.25), would normally be fit to these lower levels and the RKR 
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Figure 5.6.- Quantized oscillator trajectories in momentum coordinate space, 
(a) Harmonic oscillator (solid curves). Momentum intercepts are 

p y = i^pffy) 1/2 = ±(2p7ta) 1/2 ^y +-j^ , coordinate intercepts are 

Zy - v e - ± (2£’/yo) 2 ) 1 /2 = ±(2^/pio) 1/2 ^y + , trajectories are the 

ellipses 

|1 + H|i (r . r e) z = Ev = (y + i)^ 

and the swept-out areas are 



y< r 


v ~ 




h 


(b) Anharmonic oscillator (dashed curves). The intercepts grow increas- 
ingly different from the harmonic oscillator intercepts and the trajec- 
tories grow increasingly non-el liptic as the quantum number y increases, 
but the swept-out area increases as integral multiples of the quantum cell 
size h. 


fp dr = vh + j» p o dr - (v + 


method would then be used to determine the turning points for the higher 
energy states. However, Vanderslice et al. (ref. 11) use an analytic method 
to obtain S in which the energy is allowed to be quadratic in I and k; they 
find good accuracy is maintained for all levels. 

Rydberg's method (ref. 7) is essentially the graphical one outlined above. 
In Klein's procedure (ref. 8), the integration of equation (5. 68) and the 
differentiations of equations (5.70) and (5.71) are carried out numerically; 

146 

GRivL \ AL iv. . . ;\)OR 


f 






i 

t 

i 


i 










; l P ' 


im 


the process is laborious and care is necessary to obtain accurate results. 
Rees (ref. 9) showed that solutions for f and g are readily obtained by 
analytic means when E v i is expressed as a quadratic relation in I and k. 
The usual expression for energy used by spectroscopists is 


Ey t i = ho|oj^u + -|^ - uix^y +|j - + -0Z(Z + 1)+BZ(Z + 1) + DZ 2 (Z + 1) : 

where w, a, B, and D are in cm -1 . Define 

I - (»♦£)* 

* * ui ♦ m 2 

8ir 2 u 

Then 


•] 

(5.77) 

(5.78) 

(5.79) 


s - (ug ) I - (^) I 2 - (~~F) i* ♦ i^T ^) K * ( 64 *y°° ) * • • • 

(5.80) 

Coupling between rotational levels is included (finite a) since it is 
required for accurate results. (This coupling effect is discussed in 
chapter 8.) A single set of values for the constants u, x, a, B, and D will 
not fit the energy over the entire range of levels, of course, but the total 
range can be represented adequately by a series of such quadratics. 

Vanderslice et al. (ref. 11) use a relatively rapid procedure that fits these 
constants by least squares to four adjacent observed energy levels. The quad- 
ratic relation in equation (5.80) is then used to analytically evaluate the 
integral S and the differentials f and g. The H 2 molecule is one of the 
most sensitive tests for accuracy of the method, and good results are obtained 
for this molecule by the Vanderslice method. Figure 5.4 shows the interatomic 
potentials for H 2 obtained by Vanderslice et al., the Lennard-Jones function, 
the Dunham function, and the Morse function. Obviously, the Morse function is 
the best of the three empirical potential functions at large r. 


5.12 THERMODYNAMIC FUNCTIONS FOR ANHARMONIC OSCILLATORS 


Simple analytic formulas for the partition function of anharmonic 
oscillators are normally not derivable, so the function must be evaluated by 
numerical summation: 


Qv 



(5.81) 
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where E v is the energy of level v deduced from spectra or given by an 
approximate expression (such as eq. (5.24) or (5.51)) and v m is the maximum 
level allowed by the dissociation limit. The equilibrium vibrational energy 
and specific heat of a collection of anharmonic oscillators must also be 
evaluated by numerical summations: 


E v - E o _ m Qv _ 1 ^ /M .-EJkT 

rt~ dr ~ Q r* \fc 27 8 

V=0 ' ' 


(5.82) 


Cv 1 <*» lS /Ev\ 2 -E„/KT [*v - £o\ 2 

r - r~3F - q \kr) e ~ \ rt } 


(5.83) 


The entropy due to vibrational modes is just 


Sv 

R 




RT 


In Q v 


(5.84) 


Similarly, all other thermodynamic properties are assessable in terms of the 
above value of the partition function and its derivatives. 

Figure 5.7 shows the ratio 
of the partition function for a 
Morse oscillator with 
7W4D * 0.009 (a rather typical 
value as shown in table 5.2) to 
the partition function for a 
harmonic oscillator, plotted as 
a function of the dimensionless 
temperature parameter kT/Jim. 

The ratios of the Morse oscil- 
lator vibrational energy and 
vibrational specific heat to 
the harmonic oscillator values 
are also shown. Because the 
energy levels are more closely 
spaced in the upper quantum 
states than for the harmonic 
oscillator, the partition 
function, energy, and specific 
heats are all larger than the 
harmonic oscillator values. For 
kT/fiui up to 3, the corrections 
range to about 7 percent for the 

partition function, 10 percent for energy, and 21 percent for specific heat. 
The correction to the partition function is approximately linear with tempera- 
ture. An analytic expression for this linear correction is derived in chap- 
ter 8 along with some additional linear corrections for vibration-rotation 
coupling effects. The latter are found to be the same order as the correc- 
tions for anharmonic vibrational level spacing so, for economy, these 
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Figure 5.7.- Ratio of Morse oscillator to 
harmonic oscillator values (superscript 
*) of the diatomic molecule partition 
function, energy, and specific heat for 
hu/4D = 0.009. 
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corrections are treated together at that time. The percentage corrections to 
vibrational energy and specific heat are rather large at low temperatures, but 
only in the range where their contribution to total energy and specific heat 
is negligible; the corrections are significant only at temperatures sizable 
fractions of jiu/k and larger. 


3.13 CONCLUDING REMARKS 


I r 


Harmonic oscillator solutions adequately represent the vibrational mode 
of most diatomic molecules in the first few vibrational levels, and small- 
perturbation corrections account for the anharmonic effects observed in the 
next few levels. At higher levels, anharmonic effects become sizable. If 
analytic expressions are desired, the Morse oscillator model gives a very con- 
venient solution that describes the qualitative features of these effects very 
well with little sacrifice in accuracy. Empirical potential models other than 
the Morse function can be devised which have the proper asymptotic limit and 
fit the true potential near the minimum, but these are generally less conveni- 
ent to use because analytic solutions to Schroedinger's equation are not 
available. Also, comparisons with the RKR method of evaluating the true poten- 
tial function show that the Morse function is generally a better approximation 
than other empirical potential models at large values of the intemuclear 
distance. 
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CHAPTER 6 - POLYATOMIC MOLECULE VIBRATIONS 


6.1 SUMMARY 


Polyatomic molecule vibrations are analyzed as harmonic vibrations along 
normal coordinates. The energy eigenvalues are found for linear and nonlinear 
symmetric triatomic molecules for valence bona models of the potential func- 
tion with arbitrary coupling coefficients; such models can usually be fitted 
to observed energy levels with reasonably good accuracy. Approximate normal 
coordinates for the H 2 0 molecule are discussed. Degenerate vibrational modes 
such as occur in CO 2 are analyzed and expressions for Fermi resonance between 
close- lying states of the same symmetry are developed. The bending modos of 
linear triatomic molecules are expressed in terms of Laguerre polynomials in 
cylindrical coordinates as well as in terms of Hermite polynomials in 
Cartesian coordinates. The effects of large-amplitude bending such as occur 
in the C 3 molecule are analyzed, along with anharmonic effects, which split 
the usually degenerate bending mode energy levels. Finally, the vibrational 
frequencies, degeneracies, and symmetry properties of XY 3 , X 2 Y 2 , and XY 4 type 
molecules are discussed. 


6.2 INTRODUCTION 


The vibrations of atoms in polyatomic molecules can be approximated by 
the harmonic oscillator model as well as in diatomic molecules. To decouple 
the various modes, the energy mus f be expressed in normal coordinates which, 
by definition, are those coordinates in which cross-product terms vanish in 
both the kinetic and potential energy functions. 


6.3 NORMAL COORDINATES 


Let the position of n nuclei in the molecule be given by Cartesian 
coordinates of each nucleus relative to its equilibrium position (fig. 6 . 1 ): 


« 3i-2 S (X ' Xe) i ' 

*h- 1 = ■ v e h * 

- z eh ■ 


i - 1 , 2 ,. 


The kinetic energy can be simply expressed as 
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( 6 . 1 ) 
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( 6 . 2 ) 


while the potential energy may be 
expanded in a Taylor series about the 
equilibrium position as 


v*v e + 


?(«. 


♦ \ Z ♦ • • • 


(6.3) 


where the coefficients b^j are the 
second partial derivatives^ 


Fi ;ure 6.1.- Cartesian coordinates 
for displacement of atoms from 
their equilibrium position in 
polyatomic molecules. 


L± 2 i-\ 


(6.4) 


Choose the reference energy so that 
K g s o. At equilibrium, the potential 
is a minimum so the derivatives 


(37/3 qj) e all vanish. Terms of higher order than second can be neglected for 
sufficiently small vibrational motion, and thus V may be approximated as 


11 * 1 p. 

The Lagrangian equations of motion then take the form 


ffl 


• #..0 


(6.5) 


( 6 . 6 ) 


* Z) ^ik^i k = 1 , 2, . . . , 3n 

i* 1 


(6.7) 


Generally, these equations are not separable. However, a linear trans- 
formation to a new set of coordinates can always be found such that cross- 
product terms in both equations (6.2) and (6.5) will vanish. Thes-j are the 
normal coordinates Qy. 


Qk = JC a ki q i • k * l, 2, In 


( 6 . 8 ) 
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in which kinetic and potential energies take the form 


Tm \ 7g a kj>k* 

(6.9) 

V ■ 7 Z b kk?k 2 

(6.10) 

Then the Lagrangian equations of motion becomes 

a Klfik * bkkQk “ 0 , k • 1 , 2 , . . . , 3n 

for which the solutions are 

(6.11) 

Q k 9 Qko * lUkt 

(6.12a) 


(6.12b) 


where the constants Q k are the initial amplitudes. Each normal coordinate 
Qk undergoes harmonic motion with frequency tofc, independently of the motion 
in the other coordinates. The normal mode concept is a useful approximation 
to the extent that truncation of the potential energy to include only second- 
order terms is valid. For large-amplitude vibrations, the higher-order terms 
become important; then the motion cannot be completely described by a set of 
normal mode or harmonic motions. 

Problem 6.1: Show that if the Hamiltonian ii a »um of term* tint are each a function of only one coordinate 

Ok'- 

n 

»(«!.«: fi„) • £ #*(«*) 


the wave function it separable with the fora 

n 

♦(fil.fij fin) * TT *fc(fi»-) 

k-\ 

where the individual node wave functions ffc are solutions to 


and the total energy is the sum 


H k*k * E k*k 



Show that where the kinetic and potential energies are the harmonic oscillator expressions in normal 
coordinates (e^s. (6.9) and (6.10)), the terns in the Hamiltonian are given by 
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where Pj is the generalized momentum conjugate to the coordinate the partial derivative of the Lagranyian 
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Then the wave equation for ^ becomes 

,v2 


Trans fora to the dimensionless normal coordinate 

y 


*♦* 2c *k /, ^kk L 'k 2 \ „ 


and show that the wave equation for becones 

d2 *k ( 2E k 
dy k 2 

for which the solutions are the same hamnonic oscillator wave functions 




*M = N 0 e- y k 2/2 H v ty.) 


found for the diatonic oscillator. 


Generally, finding normal coordinates by diagonalizing the kinetic and 
potential energy expressions is tedious. However, the equations of motion can 
be used directly to find the allowed circular frequencies Let all ampli- 
tude constants vanish except one, say Q^ o - Since the q values are 

related to Q values by the inverse linear transform to equation (6.8); 


3w 


4k = £ Zkl®l » 

1=1 


k = 1 , 2 , 


. , 3 n 


(6.13) 


each q k coordinate will also vary harmonically with the same frequency w 
when only one normal mode is excited. Let 

q k = q ko , k = 1, 2, . . ., 3n (6.14) 

where q k = Substitution of these expressions for q k into the 

equations of motion, equation (6.7), yields the set of equations: 

-u 2m k4k 0 + b ikU^j = 0 ’ k = 1, 2, .... In (6.15) 

Equation (6.15) is a set of 3 m simultaneous equations to be solved for the 
3 m unknowns, qk a • From the theory of linear algebraic equations, a solution 
exists only if the following determinant vanishes (refs. 1 and 2): 
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This relation provides an equation of degree 3 n to solve for the allowable 
values of u and is known as the secular equation. 

In deriving equation (6.15), a coordinate system (fig. 6.1) that 
diagonalized the kinetic energy expression, equation (6.2), was chosen. How- 
ever, this is not essential. Sometimes it is most convenient tc use symmetry 
coordinates that do not diagonalize either the potential or kinetic energy r 

expressions. In a general linear transformation of coordinates, the kinetic 
energy becomes a quadratic expression of the form 


'■}S^ ' 6 - 2 “> 

I'd 

where the coefficients represent the second partial derivatives of 

kinetic energy with respect to the generalized velocities q ^ and q., that is, 
(8 2 r/3q i dy) . In this case, if all normal coordinate amplitude constants are 
allowed to vanish except one, and equation (6.13) for the coordinate q ^ is 
substituted into the equations of motion, 




v lm 

\ 

* 


+ A hjflioi = 0 • fesl * 2 ‘ 


\Z-\ / 

' \z=l 

/ 

The secular equation to 

be solved for 

the allowed roots of 

general case 




|(&n - a n“ 2 ) 

(b 12 ” 3l2 u2 ) 

(&13 - ai 3 oj 2 ) . . 


CM 

3 

H 

CM 

« 

1 

CM 

rQ 

W 

C^22 a r .2U 2 ) 

(i 2 3 _ a 23 w2 ) • • 


(fc 3 i - a 3 iu 2 

(bi 2 - 0. 32“ 2 ) 

(Z ?33 - a 33 u> 2 ) . . 


(6.15a) 


= 0 


(6.16a) 
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Often the molecule possesses some symmetry, in which case many of the 
off-diagonal elements vanish for any plausible model of the potential energy 
function. Then the secular equation breaks up into a set of lower rank deter- 
minants that can be solved more easily. Of course, if the normal coordinates 
are once found, in which kinetic and potential energy functions have the form 
of equations (6.9) and (6.10), respectively, then the allowed values of w 
are determined most simply from equation (6.12b). As examples, consider 
linear symmetric triatomic molecules (such as CO 2 ) and nonlinear symmetric 
triatomic molecules (such as H 2 0) . 


6.4 LINEAR SYMMETRIC TRIATOMIC MOLECULE XY 2 


The linear symmetric triatomic molecule configuration is shown in 
figure 6.2. Symmetry occurs when the atoms at the end positions are identical. 

The bond distance between adjacent atoms is d. 
Consider Cartesian coordinate systems with 
their origins at the equilibrium position of 
the atoms and the x axes along the molecular 
axis. Define the coordinates and q 2 as 
the deviation from the equilibrium distances 
between adjacent atoms: 

x 2 - (6.17a) 


S| •— {^j) (™z) (0- Si 


(a) 


1 2(m, /m 2 )S 2 


-0— - 


(bi 


= 


q 2 = x 3 - x 2 


(6.17b) 


m, 


2^|/m 2 )S3 

{ m | j — ► — - — ( m 2 } 

s 3 

(c) 


Figure 6.2.- Normal coordi- 
nates for linear symmetric 
triatomic molecules. 


and the coordinates <f> a and % as the bending 
angles in the xy and xz planes, respectively. 
For very small deflections. 


$ a ~ 2 . (y 1 + ^3 - tyi) 

* 2 , ■ 2 («l + 3 3 - 2 s 2 ) 


(6.17c) 


(6. 17d) 


Since the potential energy function is not known, a plausible model must 
be postulated. The value of the model is then assessed by the accuracy with 
which it can be fit to spectroscopically observed energy levels. A model that 
can be reasonably well fit to at least the lower vibrational levels of linear 
symmetric triatomic molecules is the following: 




+ 2 q 2 


ed 2 

2 


(<fv 


<f>fc 2 ) 


(6.18) 


The physical interpretation of this model is that k is the force constant 
for the X-Y bonds, 6 is the force constant giving the effect of the inter- 
action between the two bonds, and e is the force constant for the bending of 
the molecule. One can anticipate the interaction constant 6 to be quite 
small and, as a first approximation, the simple valence bond model assumes 
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that it vanishes. However, three different harmonic vibrational frequencies 
are observed experimentally and at least three independent interaction con- 
stants are required of any potential model before it can be matched exactly 
to these observations. (Additional constants would be required to match the 
observed anharmonic effects, of course, just as for the diatomic molecule.) 
Therefore, a finite value will be retained for 6 to illustrate how the normal 
mode solutions for triatomic molecule vibrations vary with this parameter. In 
terms of the Cartesian coordinate system defined in figure 6.1, the potential 
model in equation (6.18) becomes 

2 V = ?c(jei 2 - 2 x\X 2 + 2x2 2 - 2x2X3 + X3) 

+6 (2x^X2 - 2x1X3 - 2 x 2 2 + 2x2X3) 

+e Q/l 2 - 4i/ jy 2 + 2 y 12/3 + 4 #2 2 - 4 ^3 + ^3 2 

+2l 2 - 421^2 + 22123 + 4 a 2 2 - 42 2 23 + 23 2 ) ( 6 . 19 ) 

while the kinetic energy in these coordinates is 

2 T = miXi 2 + m 2 x 2 2 + W1X3 2 + miyi 2 + m 2 y 2 2 + m \yi 2 + m\Z \ 2 + m 2 z 2 2 + m^ 2 ( 6 . 20 ) 

Grouping like terms in the potential equation makes the secular equation (6.16) 
somewhat easier to set up: 

2 V = kx 1 2 - 2 (k - 6)X}X2 - 26x1X3 

+ 2 (k - 6)x2 2 - 2 {k - 6)x2X3 + kxj 2 

+CJ/J 2 - 4 ez/ 1 y 2 + 2 ty x y 3 

+ 4 ez/ 2 2 - 4 ey 2 y 3 + ty 3 2 

+ E2 1 2 - 4 c 3 1^2 + 2 tZ 3 Z 3 

+ 4e2 2 2 - 4C2233 + £23 2 ( 6 . 19 a) 

The secular equation is found to be the product of three 3 * 3 m. ces, one of 
which is 




_(A-\ 

V"l / 

\ m 2 / 

\Fi) 

A 

( 2k ~ 26 - a A 


V ) 

v m 2 / 

\ / 

-&) 

-m 

GM 


while the other two are the identical matrices: 


(6.21a) 
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for which the solution is 


“ 2 [“* • “ 22e (4 * 4)] * 0 


( 6 . 21 f) 

The nonvanishing root in equation (6.21f) is 



“* 2 ■ 2e (4 * 4 ) 


( 6 . 22 c) 

The allowed values of 10 found in equations (6.22a, b, and c) are given 
the subscripts 1, 2, and 3, according to accepted usage. The circular fre- 
quency is associated with symmetrical stretching of the molecule, u >2 is 

associated with the bending motions, and W 3 , with asymmetrical stretching. 
Normally, these frequencies are the observables, and the force constants that 
fit the potential model in equation (6.18) to these frequencies are 

2k = miWl + 1 + ( 2 m 1 /m 2 ) 


(6.23a) 

? W1U3 2 

26 = m * 1 ♦ ( 2 m 1 /m 2 ) 


(6.23b) 

„ »»l» 2 2 

1 + ( 2 mi/m 2 ) 


(6.23c) 


Problem 6.2: Show that when masses m 1 and m 2 are given in AMU (atomic mass unit, M - 1 .660*10" 21 * gm) and 

frequencies wj, u 2 , and “3 in wave numbers, the force constants k, 6, and c are given in units of 4 ti 2 Mc 2 or 
5.889*10" 2 dyne-cm. Find the force constants for CO- for which = 1337 cm' 1 , «2 = 667 cm" 1 , and ^3 = 2349 cm* 1 . 

Note that if 6=0, 


“1 


2 


k_ 

m i * 



Find the force constants for C0 2 which fit the potential model with 6=0. (Two values are obtained for k - 
one for the observed value of wi, another for the observed value of 012 .) Compare these results with the values 
found above when 6 is given a finite value. 


Normal coordinates may generally be rather complex expressions, but for 
linear triatomic molecules they are rather simple transformations of the 
Cartesian coordinates shown in figure 6.1, which leave the center of mass 
unchanged. The linear molecule therefore provides a good example of the use 
of normal coordinates, without too much algebraic detail. 


6.5 NORMAL COORDINATES FOR LINEAR SYMMETRIC TRIATOMIC MOLECULES 

A set of normal coordinates Sj, S 2 , and S 3 , which leaves the center of 
mass unchanged and causes the cross-product terms to simultaneously vanish in 
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the kinetic energy function and in the potential model in equation (6.18), is 
shown in figure 6.2 for the linear symmetric triatomic molecule. (S i is a 
symmetric stretching mode, S 3 is an asymmetric stretching mode, and S 2 is a 
bending mode.) Two independent bending modes, S 2a and S 2 £, occur which are 
orthogonal to one another; one mode is shown in figure 6.2(b) in the plane of 
the figure, the second motion occurs in a plane perpendicular to the figure. 
Multiplication of the coordinate® by constants will not change the essential 
relations involved, provided the center of mass is unchanged. For example, 
the bending modes could be equally well described by a coordinate change for 
the end atoms of either m 2 S 2 or 1 ^2 s 2l' im \ if the center atom motion were 
taken to be 2mjS 2 or S 2 , respectively. 

/ 

l 

- 

The Cartesian coordinates relative to the equilibrium positions shown in 
figure 6.1 are related to the normal coordinates by 

f 


*1 * "(Si + S 3 ) h\ = -S 2a 3 i * ~^2b 




„ _ 2m _ 2 m _ _ 2m]_ 

X2--^S Z y 2 --jjg S 2a *2 S 2b 

(6.24) 


• 

x 3 = 5j - S 3 y 3 = -S 2a z 3 - -S 2b 




Thus, the kinetic energy in normal coordinates becomes 




t - D "r (if 2 * h 1 * *i 2 ) 

1 = 1 , 2 , 3 




* * (l * (> *^) *>*] 

(6.25) 

/ 


The coordinates in equations (6.17a to d) are 




*1 = 5 l + (* + 53 

(6 . 26a) 



?2 = Si - (i + ^ S 3 

(6.26b) 

f 


♦a = ■ \ (* + It) Sia 

(6.26c) 



*b = - 1 ( J + |~) S 2a 

(6. 26d) 



and the potential energy function in equation (6.18) thus becomes 
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•' fi/i t 


V . (k* «)S, 2 ♦ (*-«) (l * V * 2= (l * 


(4a* 4b) 


(6.27) 


The normal mode frequencies u). 2 can be obtained by inspecting equa- 
tions (6.25) and (6.27) since they are simply the ratio of the con- 

stant coefficients in equations (6.9) and (6.10) (see eq. (6.12b)): 


2 _ hi - k * s 
1 - an ~ mi 


W2 2 « hi s h + *01.) 

0-22 m l \ m 2 / 

a,, 2 = hi = (i + *01) 

d a 33 W! V «2 / 


g 22 mi 


(6.28a) 


(6.28b) 


(6.28c) 


These results are the same as obtained from solutions to the secular equation 
(eqs. (6.22a to c)). This example shows that the relations between the force 
constants and the vibrational frequencies can be found most easily if the 
normal coordinates are found first. Note, however, that the approximate nor- 
mal coordinates depend on the potential model chosen. 

Problem 6.3: Note that only four of the nine Cartesian coordinates in figure 6.2 are independent; the 
remaining five are dependent because the center of mass must remain fixed. Choose x )( x 3 , y it and Z\ as the set 
of independent coordinates, then find the remaining Cartesian coordinates in terms of this set. Also show that 
the normal coordinates are in terms of this set: 

5 1 = - J ( x l - 


J ( X 1 + *3) 




6.6 NONLINEAR SYMMETRIC TRIATOMIC MOLECULE XY 2 


The nonlinear symmetric triatomic molecule is particularly important 
because the ubiquitous H 2 0 molecule is a member of this class. In this case, 
the normal coordinates are not easy to derive, but symmetry coordinates can be 
found in which the solution to equation (6.16a) becomes relatively easy. More 
than one set of such symmetry coordinates is possible. For example, the coor- 
dinates diagrammed in figures 6.3(a) to (c) are used here, but the coordinates 
shown in figures 6. 3 (a') and (b * ) are alternate choices for the coordinates in 
figures 6.3(a) and (b) , respectively. 

The choice of potential function is not an obvious one for the nonlinear 
molecule. If the angle a is large enough that the end molecules are much 
farther from one another than from the central atom, a potential of the same 
form as equation (6.18) should model the molecule reasonably well: 


J 2 jD,/m 2 )S| cos a 

</© 0 , 
©7,1 ito 


V -1 ‘ ‘«l« : 


K 2 
7 


*#» 2 ' 


(6.29) 


2(m| /m2)S2 sin a 


/ I \ 


2(m|/m 2 )S2 


a. P <?' 


s 2 s 2 

(b) 


S 2 , S 2 
(b) 


C j — 2(m|/m 2 )S3 sin a 

/ \s 3 

0 o 


Figure 6.3.- Symmetry coordinates for 
nonlinear symmetric triatomic 
molecules. 


Physically, this represents a harmonic 
restoring force directed along each 
valence bond direction with a coupling 
term and a single harmonic bending 
mode in the plane of the three atoms. 
The angle <p represents the deviation 
of a from its equilibrium value. 

The distance between the end molecules 
is 2d sin a. For H 2 0, a is observed 
to be 52.5°, so the distance between 
the two H atoms is 1.587 times greater 
than the distance between the H and 0 
atoms, and equation (6.29) should 
represent a reasonably good potential 
model. The angle a is generally 45° 
or larger in real nonlinear symmetric 
molecules (see table 4.3); therefore, 
equation (6.29) is a reasonably good 
choice in any such case for a poten- 
tial with three independent force con- 
stants that can be fit to the three 
observed fundamental frequencies. 


The coordinates q lt q z , and <f> expressed in the symmetric coordinates 
figure 6.3(a) to (c) are 

q j = ^1 cos 2 oi^Si + ^1 sin 2 a^S 3 + ^p- sin a oos (6.3( 

q ^ * ^1 cos 2 - ^1 - sin 2 S 3 + (~~ sin a oos a^S 2 (6.3( 


2 [(2m \ 

(J) = - s ' Ln a cos 


a ) 5 l + ( 


, 2m\ . ? 

1 + stn l 


«)s 2 J 


Thus the potential in symmetry coordinates becomes 


v 





V ■ Jj^l + ~~ ooe 2 aj (k * 6) + 2^—^- ein a aoe aj ejsj 2 


i 


4m, 


ff(2 


1 


Bin a oos aWl + 008 2 a 


m2 


a^(k+ 6) + 2^1 +~^- 8in 2 c^ejs^ 


[j^^- sin a cos a) (fc + 6) + 2 ^1 
sin 2 a^(*- 6)S 3 2 


2m, 

+ — *■ etn 
tf ?2 


in 2 ejs 2 5 


(6.31) 


The kinetic energy in terms of the symmetry coordinates becomes 
T * -£• (Si ♦ <5 3 ) 2 + m^ 2 +^* (5i - 5 3 ) 2 

w 2 / 2m i * 2m i • • \ 2 ^2 /^l j, . V' 

* t(^T S iC0S a *-mT Szem a ) *T\ltr S * evn a ) 

T * m i ^1 ♦ <?08 2 a ^i 2+ ('^~ 8 ^ n a aoB °^l^2 


(6.32) 


i 


+ (1 + Bin 1 
m 2 


(6.33) 


in 2 a^S 2 2 + ^1 Bin 2 o^&3 2 j 

The partial derivatives aij and b^j defined by equations (6.2a) and 
(6.4), respectively, are easily deduced by inspection of equations (6.31) and 
(6.33) to be 

b\\ • ^1 +~-p- bob 1 a ^ (k + 6) + 2 ^~ Bin ° 008 

.) 


( 


2m, 


m2 


stn a ooe 


•)[(■ 


1 +-=-i- COB 2 a) (k * 6) + 2(1 Bin 


°) c ] 


1>22 * Bin a cob <xj (fe + 6) + 2^1 + sin 2 
2>33 ■ ^1 Bin 2 (fc - 6) 

an , mi ^i + |!LL ooe 2 a) 

/2mi . \ 

a 12 * a 21 8vn a 008 a ) 

a 22 “ a 33 “ w l(l + Bin 2 a) 


(6.34) 
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The remaining second derivatives £ 2 3 and <223 vanish because of the choice of 
symmetry coordinates. Thus, the secular equation (6.16a), for the allowed 
circular frequencies, becomes 


0 

0 


(&11 - a ii“ 2 ) (£>i 2 -a i 2 “ 2 ) 

(bl2-ai2“ 2 ) $22 - &22U 2 ) 

0 0 (£33 - <Z 33 <»> 2 ) 

One root of the equation is immediately apparent 

k - 6 


2 ^33 

( 03 ^ ~ 

d a 33 


= ^1 + sin 2 ot^ 


mi 


(6.35) 


(6.36) 


Note that this reduces to the same value given by equation (6.22b) for the 
linear symmetric triatomic molecule when a * ir/2. The other two roots are 
solutions to the quadratic equation 

2 o 2 

( a l l a 22 " a 12) wl+ * ( a l 1^22 " 2312^12 + <222^1 1) 102 + (^1 1^22 " ^12) “0 (6.37) 

In the present case, the coefficients of this quadratic equation are 


a * a n a 2 2 -a?2 =«i 2 ^l 

b = a u b 2 2 - 2a 12 ii2 + a 2 2 b u =m l( 1 + 008 2 6 ) 

+2m! ^1 + sin 2 ^1 + e 
o = &ii2>22 - fc 12 = 2(1 + ~-^ (k + 6)t 


(6.38a) 


(6.38b) 

(6.38c) 


The solutions for w 2 may be characterized rather simply by the sum and 
product of the roots: 


? 9 

+ w 2 


2mi 2 

1 + — - coe z 
m 2 


•H 

22 <? o/, x 2 mA (fe + 


) k + 6 . /, 2m 1 . 2 \ e 

+211+ — L 8vn*- a J — 

mi \ m 2 / mi 


6)e 


(6.39) 

(6.40) 


Again, these are the same expressions obtained for the linear symmetric 
molecule when a = v/2. 


Problem 6.4: The observed fundamental frequencies and bond angles for tf 2 0 are u>i • 36S2 cm" 1 , 
u 2 * 1595 cm' 1 , w 3 - 3756 cm' 1 , and 2u « 105°. Solve for the values of k, i, and c that fit the potential model 
in equation (6.29) to these values. Show that 




\iMi 

'’4 f' 
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k « 7.62«10 5 dyne-cm 
4 * -9.43«10 3 dyne-cm 
e * 6.97X10 1 * dyne-rm 

Note that the coupling coefficient 4 in negative rather than positive, as for CO}. 

Problem 6.5: Another potential model often used is the harmonic, three-valance-bond model without cross- 

coupling. The deviation from equilibrium distance between the end atoms is 


and the potential in equation (6.29) with 


where 


q } ■ 2<f* cat a 
0 becomes 

k i . k ? k’ 2 

iV 2 *2 + TV 


i 

k 


* 

- . '4 


4 cob 2 a 


This potential model wight be expected to be reasonably valid if a is the order of */3 so that the th’-ee atoms 
are approximately equally spaced. Another constant would be required to fit the three observed frequencies, of 
course, but the model would give approximately valid results if the cross-couplings are all small. 


Show that 


«i 


w 3 


7 2 

ii j t*i2 


• 2 \ * 

— - Btn*- a I — 
m 2 / 

2m i 7 \ k 

— - a ) — ♦ 

2 / " f l 

V m 2 / 


(' ‘ 


8 k' 
m 1 


u(l ♦ sin 2 


Note that the solution breaks down for m * w/’ since the last equation requires that wj or u? vanish. 
However, for the usual nonlinear, symmetric triatomic molecule, u is the order of n/4, and the results are 
similar to the results in equations (6.3b), (6.391, and (6.40). 


6.7 APPROXIMATE NORMAL COORDINATES FOR H 2 0 


The normal coordinates for nonlinear molecules are not generally aligned 
with the interatomic distance vectors and they are rather involved expressions 
of Cartesian displacements and bond angles. However, a simple limiting case 
occurs when the central atom is much heavier ihan the end atoms, a close 
enough approximation to the H 2 0 molecule to afford a qualitative understanding 
of the vibrational modes in that molecule. In this limiting case, the center 
of mass is fixed on the central atom and the normal coordinates become the 
;ame as the symmetry coordinates shown in figure 6.3 if the motion of the 
central atom vanishes. Then the interatomic bond distances arc 

<l l - S l * S 3 (6.41a) 

<t 2 * $1 - S 3 (6.41b) 

and the change in bond angle is 

$ = ^ $2 (6. 41c) 


i 


r 
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The kinetic energy expressed in these coordinates is 


T * ~ 2 ~ n^l + ^ 3^ 2 + 52 2 ] * 1 ~2 [(^1 " ^ 3) 2 + &? 2 ] 

■ m\ [Si 2 + S 2 2 + S 3 2 ] (6.42) 

while the potential energy in equation (6.29) tak«s the form 

V- \ [(5 1 +53) 2 + (S 1 -53) 2 ] + 5(5 1 +S3)(Si-5 3 )+2eS2 2 

* {k + 6)5j 2 + 2eS 2 2 ♦ {k - S)S 3 2 (6.43) 

\ 

The approximate normal mode frequencies are immediately apparent from 
inspection of equations (6.42) and (6.43): 


9 k ♦ 6 

a — LL s 

1 a n mi 

(6.44a) 

2 ^22 2e 

(6.44b) 

9 *>33 k - 6 

a a 

d <*33 m l 

(6.44c) 

constants in terms of the observed frequencies are 

k = (i^i 2 + “3 2 ) 

(6.45a) 

m \ 9 9. 

6 = -9T (wi 2 - u 3 2 ) 

(6.45b) 

„ 2 
E * “2 

(6.45c) 


These results are the same as obtained from equations (6.36), (6.39), and 
(6.40) when the mass ratio is allowed to vanish; in this case, the 

bond angle a is irrelevant. Results are insensitive to bond angle whenever 
the ratio m^ln^ is small. 


Problem 6,6: Show that the approximate force constant! for H } 0, obtained by treating the central 0 atom 

as Infinitely heavy, are 

k * 8.08x10 s dyne-cm 
6 » -2,30«10 4 dyne-cm 
c * 7.48X10 1 * dyne-cm 
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Observe that the results obtained by this approximation are only about $ percent different for k and r from the 
results obtained in problem 6.4, but the coupling constant t is about twice as large as given by the more 
acc—ate treatment. 


6.8 DEGENERATE VIBRATIONAL MODES 


The linear triatomic molecule has two equivalent modes of bending vibra- 
tional motion which have equal energy levels, so these modes are doubly degen- 
erate. The total vibrational energy of the molecule is 

ui(yi +j)+o>2(v 2 a + i) *^( v 2b + j) + u S\ y 3 + j) (6.46) 

and the total wave function is the product of normal mode wave functions 

■ (y 1 2+ .v \a*y\b*y 3 2 ) ' 2 

* * N e S (yO H v 2 a (y ^a> H v 2 b 0/ 2i )^3 0/ 3 ) (6.47) 

where u 1# v 2a , v 2 ^, and U3 are the quantum numbers for the four normal mode 

vibrations and N is the normalization constant (the product of four separate 
normalization factors given by eq. (5.19a)) and are dimensionless normal 
coordinates used in problem 6.1: 


n 



(6.48) 


The modes with equal circular frequencies <*>2 can be combined to yield 


E 

— * . . . (^ 2(^2 + 1) ♦ • • • (6.49) 

h 

where V 2 represents the total quantum number 

y 2 s v z a * v 2 b (6.50) 

Note that the ground- state energy is 7hi> 2 for these modes. The degeneracy of 
the state with quantum number v% is 

g{v 2 ) = v 2 * 1 (6.51) 

corresponding to the number of different ways v ?a and y 2 £> can be selected to 
add up to 

U 2( 3 = 0« 1* 2, . . ., V 2 

v 2b = y 2 » y 2 " 1 « y 2 ' 2 , . . . , 0 
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Problem 6.7: Show that the partition function given by the product of two identical simple harmonic oscilla- 

tor partition functions is the sane as the partition function for an oscillator that has a degeneracy (u ♦ 1) for 
each level. Use the ground state as the zero reference energy level, 

Q - Tf , £ (u * 1)e -v(W*f) . /j . 

(.U-0 J u*o ' ' 

In the general polyatomic molecule, several modes of vibration may be 
degenerate and the energy can then be expressed as 


E 

n 



(6.49a) 


where is the number of degenerate modes with the same circular frequency 
The total quantum number v i represents the sum of ni vibrational 
quantum numbers 

n i 

= 2 v i - •* (6.50a) 

J=0 


and the degeneracy is the numb r f ways positive numbers can be chosen 
to add up to Vf. 


ff(H) 


- 1) ! 
°i • ( n i _ 1 ) ! 


(6.51a) 


Complete decoupling between vibrational modes occurs only when the poten- 
tial is purely quadratic in form as in equation (6.5). Actually, some ar^ar- 
monicity is always present, corresponding to finite third- or higher-ordei 
partial derivatives in the potential function. Then cross -coup ling terms 
appear which cannot be made to vanish in both potential and kinetic energy 
expressions by any linear transformation of coordinates. This coupling splits 
the energy states, and the level of degeneracy g appears as g separate 
lines. For example, consider two equivalent oscillators of mass m and 
resonant circular frequency which are coupled. The potential is expressed as 


V = 


2 2 
im^x\ 


•> 9 

rm X2 o 

+ r + 171 C*XiX2 


(6.52a) 


where me 2 is a force constant representing the effect of the anharmonic per- 
turbation coupling. In normal coordinates, 


$1 = (*i * *2) 


S 2 = — (*i - *2) 


(6.53a) 

(6.53b) 
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This potential becomes 


7 = S (m 2 + e 2 )Sl 2 + m (u>2- £ 2 )S 2 2 


(6.52b) 


while the kinetic energy is 


T = | (5! 2 + S 2 2 ) 


(6.54) 


Solutions to the equations of motion are 

t (u)2+e 2 ) ^ 2 t 


5 1 = 5 10 e 


S 2 = S 20 e 


•£ (u) 2 -e 2 ) J/ 2 £ 


(6.55a) 

(6.55b) 


For these normal coordinates, the system is in steady state, with each normal 
mode oscillating independently. In terms of the individual oscillator dis- 
placements ®i and ® 2 , the system appears to be in resonance, with a transient 
surging of vibrational energy back and forth from one oscillator to the other: 


®l 


» JL /t® 2 ^ 2 ) 1 ' 2 * + s 20 e i(» 2 -£ 2 ) 1/2 t 


] 


(6.56a) 


*2 


■At 


i (oj2+e 2 ) 1/ 2y 


5i 0 e 


- S 2 o e 


i (w 2 -e 2 ) 


^2^ 


(6.56b) 


However, the transient appearance of the resonance phenomena is merely an 
artifact introduced by viewing the system in other than normal coordinates. 
The total system is in a dynamic steady state, which becomes evident when the 
system is viewed in normal coordinates. 


In quantum mechanics, the coupled system has the quantized energy levels 


E = + y^i( a) 2 + e 2 ) 1/2 + ^, 2+ ~^(o) 2 - e 2 ) 1/2 


(6.57) 


where Uj and v 2 are quantum numbers for the two unperturbed normal modes. 
For small coupling, e « w, this may be expanded to 


E = Pius jju + 1 ) + Z ~2 + • • •] 


(6.58) 


where the total quantum number v = (u* + v 2 ) and l = (Uj - u 2 ) or (u - 2u 2 ) . 
There are u+1 distinct levels symmetrically placed about the central energy 
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level (y+l)^w associated with the different values of - y 2 , both positive 
and negative, which the difference between two integers that sum to y can 
take. The spacing between levels ftu(e 2 /u 2 ) is proportional to the strength 
of the coupling force constant e 2 . The splitting and degeneracy of levels 
for a doubly degenerate set of vibrational modes is illustrated in figure 6.4. 
Usually, this splitting is very small for the lower vibrational levels, but 
the anharmonic effects can become more pronounced in the upper le els. 

The vibrational state of triatomic molecules, whether linear or nonlinear, 
is, by convention, design- ced by a brace of three numbers (Vi, y 2 , V 3 ), where 
V\ is the vibrational quantum number associated with the symmetric stretch 
mode, y 2 is the quantum r mber associated with the bending modes, and V 3 is 
the quantum number associated with the asymmetric stretch mode. If the mole- 
cule is nonlinear, only one bending mode in the plane of the three atoms is 
involved. However, if the molecule is linear, the bending modes are doubly 
degenerate and y 2 then designates the total quantum number v 2a + v 2 j, and 
is given a supercript \l\ that is the absolute magnitude of the difference 
(v 2a - v 2 h) . That is, the state is designated by the brace (Uj, u' ^ , v 3 ) . 

For example, the (1, 3*, 0) state of C0 2 indicates that one quantum of vibra- 
tional energy is excited in the symmetric stretch mode, three quanta of energy 
are excited in the bending modes with two quanta in one degenerate bending 
mode and one in the other, while the asymmetric stretch mode is in the ground 
state. Another state with nearly the same energy is (1, 3^, 0); in this case, 
all three quanta in the bending modes are in one of the degenerate modes while 
the other mode is in the ground state. The phase angles of classical motion are 
such that the 3l state has one quantum unit while the 3^ state has three 
quantum units of angular momentum in the bending motion. 


6.9 FERMI RESONANCE BETWEEN STATES 


States that are not degenerate will also be coupled to one another by 
anharmonic terms in the potential. The wave function can then be expressed as 
a series expansion in the orthonormal set of wave functions as 

Vn = £ a nk*k° (6 - 59 ) 

k = 0 

which are first-order solutions in terms of normal coordinates y,; obtained 
when the anharmonic terms are neglected: 

* k °(y 1 >y Z ’ y 3’- • • -“nW (6 - 60:) 

and the u^(y .) terms are the single-mode harmonic oscillator wave function __ > 

Ir. actual practice, or 1 , those states that are very close to one another in 
energy are effectively coupled, and even then only if the wave functions have 
like symmetry properties. The coupling effect is called Fermi resonance, in 
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deference to the analogy with nearly resonant classical oscillators, but the 
word resonance should not be construed to imply a time-dependent state. The 
coupled states are in steady state at steady-state perturbed energy levels and 
with steady- state mixed wave functions. Often, only two levels are involved 
in any one set of coupled states. In this case, Fermi resonance can be illus- 
trated by considering a two-state system with levels 1 and 2. The wave func- 
tions are taken to be linear combinations of the unperturbed wave functions 
1 0 and i^ 2 °: 


tp = CL\ty i° + 02^2° 


(6.61) 


with constant coefficients aj and a 2 . 

Perhaps it is appropriate at this point to note that the term "mixed" 
wave function denotes the approximation in which the wave .Junction is taken to 
be a linear sum of "normal" wave functions as in equation (6.59) or (6.61). 

The coefficients may be constants, as in the steady-state problem considered 
here, or functions of time if the wave functions and energy levels are being 
determined for a time- dependent perturbation. Usually, these coefficients 
squared are interpreted as the probabilities that the system resides in a 
state represented by the corresponding normal wave function. However, note 
that the wave function can be expanded in any orthogonal set, and the coeffi- 
cients squared then represent the probabilities of being in a completely dif- 
ferent set of so-called "normal" states. For a time -dependent perturbation, 
the concept of normal and mixed states has more physical meaning in that the 
system is required to be in one of the normal states before the perturbation 
event, and then ends up with certain probabilities in one of the available 
normal states after the perturbation event. The mixed states are merely 
states that the system may take during the perturbation. In the present case 
of Fermi resonance, however, we are considering a steady-state situation in 
which the third- and higher-order derivatives in the potential are permanent 
and normal. The so-called mixed state is the normal steady state, and if we 
knew how to express the wave functions for these states exactly, we would 
describe the system in any one of these states with a single wave function 
with no concept of nixing whatever. 

The Hamiltonian operator is now taken as the sum Hq + H' , where H q 
contains the dominant quadratic terms in the energy which lead to the harmonic 
oscillator solutions in terms of normal coordinates (eq. (6.60)), and H ’ 
represents a perturbation provided by the^ higher-order anharmonic terms in the 
Hamiltonian. Since #o^l° = ^l 0 ^! 0 and ^ 0 ^ 2 0 = ^ 2 0 ^ 2 °» where and £’ 2 ° 
are the harmonic oscillator energies, the Schroedinger equation becomes 

(?0 +7F' )4) = + £22^2°) = a l £, l°'h° + a 2 £ 2 0 'l ; 2 0 + <*1# + <22^' $2° (6.62) 

Equation (6.62) is first multiplied by iJji 0 * and integrated over all space 
and then again multiplied by and integrated over all space to yield a 

set of two simultaneous equations to solve for the constants a\ and a 2 : 
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(i?l ® - fi’jflj + a l^ll + ^2 E l 2 = 0 
(i?2^ - ff)fl 2 "*■ Cl 1 ^ 2 1 + <^2^22 = 0 

where the matrix elements H^j are defined as 


"a ’ JV*®’*/ * 


I • . 

*' N *- T1 ■*' 


(6.63a) 

(6.63b) 


(6.64) 


> 


We need not actually solve for the constants dj and <22 to obtain the 
allowed energy levels, for the simultaneous equations (6.63a) and (6.63b) have 
finite solutions if and only if the matrix equation 


{E l °*H n -E) 
Hll 


H 12 

(ff 2 ° + #22 - E) 


0 


(6.65) 


is satisfied. The two roots of this determinant are 


If-**— 



•it 




t 


E = | [(ffl°+ffll) + (ff 2 ° + H 22 ) } ± \ /[ (#i 1 ° + ^ i ) - (E 2 ° * H 2Z ) ] 2 ♦ 4# j 2 #2 1 


(6.66) 

The perturbation potential is normally dominated by the third derivative 
terms, so the perturbation Hamiltonian can be expressed as 


ff' 


E _l_ 3 3 F 

3! 3z/. 3y . 3j/. 


(6.67) 


In this case, the matrix elements Hu and ff 2 2 both contain factors of the 
form 


Jy^iHy^dy. or $y i \ 2 i.y i )dy i 


where the ter^s are the single-mode harmonic oscillator wave functions 

specified in equation (6.60), and these factors all vanish because of symmetry. 
Thus and # 2 2 can be expected to be very small, depending only on fourth- 

and higher-order terms in the Taylor series expansion of the potential. Tn 
addition, because the perturbation involves only the coordinates and no 
momenta, the perturbation Hamiltonian #' contains no differential operators 
with the result that H J2 = #21* To a good approximation then, the Fermi 
resonant energy levels given by equation (6.66) become 


E l° 
E - 


+ #2° 




- E 2°)* + 4# 


12 


(6.65a) 
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If the unperturbed levels are degenerate, that is, Ei° = E 2 ° , the perturbation 
splits the levels an equal amount higher and lower in energy: 

e 1,2 “ 2i° ± «12 (6.66b) 

If the unperturbed energy levels have an energy difference small compared with 
the perturbation matrix element ff 12 . 


E l,2 


E x ° + E 2 ° ' ( E j° - E z 0 ) 2 
2 ± 1 


H 12 


(6.66c) 


and, finally, if tf 12 is small compared with the energy difference (2 ?i 0 -E 2 °), 
the Fermi resonant levels become 

H 2 

El * El 0 + — - 1 - 2 - (6 . 66d) 

ffj 0 - e 2 ° 


. H 2 

E2 S E2 ~ (6.66e) 

In this case, the upper level is elevated in energy and the lower level is 
depressed by equal amounts - the same result given by small-perturoation 
theory (eq. (5.40)) for a two-level system. 

The third derivatives of the potential are not normally known a priori, 
so the matrix elements H\ 2 ar ® evalua*M by empirically fitting the results 
to the observed energy levels. Since tnese elements are normally quite small, 
only those levels with nearly equal energy, E £° = E ^ , will contribute appre- 
ciably to the Fermi resonance effect and often only a two- level system needs 
to be considered. If more than two levels happen to nave nearly equal energy, 
the same procedures are followed in setting up an m level system, mixing the 
wave functions as ?bove, and finally one obtains an m-rank determinant in , 

place of equation (6.65) to solve for the allowed energy levels. Not a;* 
levels of nearly equal energy exhibit Fermi resonance, however; only those 
having the same symmetry type will mix. If the wave functions have a differ- 
ent symmetry in some of the coordinates other than the vibrational coordinates r 

(e.g., a rotational angular coordinate), the matrix elements for perturbations 
of the type given by equation (6.67) will all vanish. One would need to con- 
sider rotation-vibration coupling to obtain expressions for the mixing of 
states with different rotational symmetry. To some degree, all harmonic 
oscillator states of the same symmetry are mixed by anharmonic terms in the 
potential, and states of different symmetry are mixed by higher-order coupling 
terms. One should, however, keep in mind that the real states are not mixed 
at all - each is a pure eigenstate for the actual Hamiltonian that exists. 

The so-called mixing of states is an artifact produced by the choice of normal * 

coordinates in which the motions of the system are viewed or. in other words, 
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the choice of harmonic oscillator wave functions as ar orthonormal set of 
functions in which to expand the actual wave function. 

Fermi resonance occurs between other internal energy modes, of course, as 
well as the oscillator modes, such as rotational or electronic modes, whenever 
the energies are close and the symmetries are correct. In any case, the anal- 
ysis proceeds by the same general perturbation schemes outlined above. 

Problem 6.8(a). Show that if the wait tuner io , 


b. 


*1 * «11*1° ♦ a u*z° 
*2 = <22 1 ' J ' 1 ° * J 22 * 2 ° 


(6.68a) 

(6.68b) 


are orthogonal and normalized, where i)] 0 and < 12 ° are two eigenfunctions of an orthonormal set, the constant 


coefficients ajj must be related: 

‘V 


a \ 1 = -<*22 
a 12 * * a 21 


(6.69a) 

(6.b9b) 


(b) Consider Fermi resonance between the states ib j 0 and ijj 2 ° for Ei° = E 2 0 and 2/ j j = 2 ■ 0 and show 

that the wave functions become 


* 1,2 - y= (*i° ± * 2 °' 


(6.70) 


(c) Consider Fermi resonance between the same two states for Hu * Hi 2 = 0, where H\i << Ej 0 - E ^ , and 
show that the constant coefficients may then be ex;- essed as 


c 22 * a ll ' 1 - 


*12 2 


2(E l ° - E 2 0 ) 2 


a 2 1 - ' a 12 = 


E, 0 - E 2 ° 


(6.71a) 

(6.71b) 


Note that multiplying either of the wave functions in equation (6.68) by -1 yields the same solution, as indicated 
by the sign permutations in equation (6.69). 

For CO 2 , a strong resonance exists between the 10^0 level and the 02^0 
level, but the 02^0 level has a different symmetry and does not couple with 
the 10®0 level. To conveniently examine the symmetry of such states, the 
bending mode wave functions next are expressed in terms of normalized polar 
coordinates rather than the set y 2a and y ^ used previously. 


6.10 LINEAR TRIATOMIC MOLECULE BENDING MODES IN POLAR COORDINATES 


The vibrational bending modes of a linear triatomic molecule were found 
to have the wave function 


* = S v ^v 2 e' {yi ^ y22)/ \ l {y l )H V2 {y 7 ) (6.72) 

This wave function can be expressed in terms of the polar coordinates p and X, 
defined as 

y x 2 + y 2 2 = p2 (6.73a) 


175 


- V\ 
■IT? 


Vv 






A 

it' 


. y i , 

tan — = X 

y 2 

Schroedinger' s equation in cylindrical coordinates becomes 


(6.73b) 


l!i + 1 M + J_ l 2 i + n2 \. .. 

3p 2 P 9p p 2 3 a 2 Uo! /* ‘ 


0 


Assume the wave function is separable: 

♦ = *(p)*(X) 

Substitute equation (6.75) into (6.74) and multiply by p 2 /Z?$: 


p 2 d 2 R p dR (2E ,\ 2 1 <* 2 4» „ 

-JT + a? + (*: - p ) p + *^r =0 


(6.74) 


(0,75) 


(6.76) 


The functions of p and X in equation (6.76) must each be constant to satisfy 
the equation. Let . 


1 4^1 

4 JX 2 

Then the normalized solution for $ is 

$ = 


= -Z 2 


iil\ 


(6.77) 


/2tF 


(6.78) 


The quantum number Z must obviously be an integer if the wave function is to 
be single-valued. Only positive integers need be 'onsidered since negative 
values have been allowed for in the exponent. The remaining wave function for 
R is 


2 d z R A 
P dp 2 P 


dR (2E Z 2 2 \ 2d n 

* * fe ‘ ’ p 7 * 0 


(6.79) 


-p 2 / 2 


At p -*■ the solution for R obviously varies as e w , and the singular- 

ity at the origin can be removed by factoring out p^. Let x = p 2 , then 


D , . -p 2 /2 1 t , 2\ -tf/2 ^ 

fl(p) = e p^L(p z ) = e x L[x) 


(6.80) 


Substitute equation (6.80) into (6.79) and obtain the differential equation 
for the function L(s): 
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/ E 1 l\ 

\27iu ^ 2 y 


£ * 0 


(6.81) 


This is Laguerre* s equation again, and a finite polynomial solution exists 
when the last factor is 




(6.82) 


where n is any positive integer from l to «>. These solutions are the asso- 
ciated Laguerre polynomials: 


r'" 




L = £„ (*) 

The Laguerre polynomials are defined by 

l « (x) = eX ( e ~ x x n ) 


(6.83) 


(6.83a) 


and the associated Laguerre polynomials by 

L n l {x) * ~j £„(x) 


(6.83b) 


The first few Laguerre and associated Laguerre polynomials are 

£ 0 (x) = 1 

M*) * -(* - 1) 

L l 1 (x') = -1 
£ 2 (x) = x 2 - 4x + 2 
£ 2 *(x) * 2x - 4 
£ 2 2 (x) ■ 2 

£ 3 (x) * -(x 3 - 9x 2 + 18x - 6) 
£ 3 1 (x) = - (3x 2 - 18x + 18) 

£ 3 2 (x) = -(6x - 18) 

£ 3 3 (x) « -6 
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The list may be extended by means of the recursion relation: 


L n+1 (x) + (x - 1 - 2n)L n (x) + n 2 L n _ 1 (x ) » 0 


(6.83c) 


From equation (6.82), the allowed energy levels are 


— = (2n - l + 1) = v + 1 
flu 


(6.84) 


where v is the total quantum number 2 n - l. This expression is the same as 
found in equation (6.49) r or the energy levels of two degenerate modes of 
vibration. The total wave function in polar coordinates becomes 


’■ VI • V: ■ «v e '° 2n ° h \v.i)n^ el 


(6.85) 


where p 2 is a dimensionless normal coordinate that may be related to the 
bending angles and ^ by 


, _ u 2 a 22 (S 2 s 2 s 
5 {b 2 a 5 2 b> 


(6.86a) 


For the particular set of normal coordinates chosen (see fig. 6.2), this 
becomes 


2 0)2771! / 27771 \ p , _ “2 d2 (*a 2 + •J’b 2 ) ,, , 

0 - ~r V V ■ a (±* i.y (6 - 86b) 

\7”1 w 2 / 

The integer (u + Z)/2 must be equal to or greater than the integer l if 
the Laguerre equation is to have a finite polynomial solution. Thus, there 
are (v + 1) different wave functions that correspond to the values 

l - 0, 2, 4, ...» y if v is ever. 

I = 1, 3, 5, . . . , v if v is odd 

and that allow for both positive and negative exponents in the factor e 
except when 1=0. 


Problem 6.9: Use the moment-generat ing functions for the associated Laguerre polynomials to evaluate the 

normalization constant required for the wave function in equation (6.85): 
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Integrate the product e over all x from 0 to * to show that 


ZZ^S 


% S' * ■ -■ ph--?* S' 

'o (1 - k) (1 - y) »o 


-x{\-uy)/ (\-u) (\-y) 


•^2 Hr 1 w a * k 


Ho late those terms where r * t * (u ♦ l)/2 and a = l and, by comparing coefficients, show that 

-• Uv ♦ l\ V 
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Show that the normalization constant in equal io" (6.85) is given by 
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Classically, the degenerate normal mode vibrations can be coupled in any 
arbitrary phase and th. coupled motion follows an elliptic path in space which 
will have angular momentum of any value from zero up to the maximum, where the 
angular momentum energy equals the total vibrational energy. In this state, 
the linear molecule is rolling in a permanently bent configuration such that 
the centrifugal forces balance the restoring forces. Quantum mechanically, 
only those phase couplings are allowed where the angular momentum takes inte- 
gral values of li. The total energy is not changed by the different values of 
angular momentum if the small anharmonic effects be neglected - which actually 
do split the degenerate levels slightly. The increase in rotational energy as 
l increases is balanced by a decrease in kinetic and potential energies asso- 
ciated with changes in the bending angle. The doubly-degenerate modes are 
designated by the index v where v is the total vibrational qiantum number 
giving the total energy and l is the absolute magnitude of the rotational 
quantum number which, to the harmonic potential approximation, does not affect 
that total energy, but which establishes the symmetry properties of the wave 
function. As previously discussed, the integer l is the absolute magnitude 
of the difference between the quantum numbers of the individual modes 1 1?2 - V\ j. 
When tf 2 * y l = y / 2 * the motions are in phase and the angular momentum is zero. 
When or u 2 ■ v, the motion is 90° out of phase with the ground-state 
motion in the other mode and the angular momentum is a maximum. The splitting 
of levels associated with a coupling frequency e is shown for the different 
levels in figure 6.4. 

We can now see how the symmetry properties of the wave function affect 
the Fermi resonance coupling. The anharmonic terms are expected to involve 
the bending angles and associated displacements, but because of symmetry they 
cannot involve the angular position X. Thus, only those states can couple 
where both values of l are equal; otherwise, the matrix elements I/; 2 ( sce 
eq. (5.33)) will vanish. 

The C0 2 molecule is a good example of the above. The bending-mode 
frequency (u) 2 = 667.5 cm -1 ) is very nearly half the symmetric stretch-mode 
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frequency (wi « 1337 cm -1 ). Thus, the unperturbed energy levels (0, 2®, 0) 
and (0, 2 2 , 0) (1335 cm" 1 ) are only about two wave numbers distant from energy 
level (1, q 0, 0), and the first requirement for Fermi resonance is satisfied, 
namely, that the unperturbed energy levels are close. The 0, 2 2 , 0 state will 
not couple with the 1, 0°, 0 mode, however, as the matrix element includes a 
factor that vanishes: 



±2lX 

e 


dX = 0 


Indeed, the 0, 2 , 0 state is observed to lie at almost exactly its unper- 
turbed value. However, the energy of the 0, 2®, 0 state is depressed to 
1284 cm’ 1 while the 1, 0®, 0 state is elevated to 1388 cm -1 by Fermi resonance 
between the two states. These are nearly symmetrically placed about the 
unperturbed value as predicted by theory. A perturbation matrix element 
U \ 2 ~ 52 cm -1 is required to explain these results. 


Some higher vibrational levels of CO 2 will also be in Fermi resonance 
with one another, for example, the 0, 3 1 , 0 and 1, 1 1 , 0 levels. The next set 
of levels with close-lying energy and the same symmetry are the 0, 4®, 0; 

1, 2°, 0; and 2, 0®, 0 levels. In this case, three levels are involved and 
the perturbation treatment would need to be expanded to include three levels. 

The linear triatomic molecule C 3 is considered next because it is a good 
example of the principles discussed above; in addition, it exhibits some 
abnormally large deviations from the usual normal-mode approximation and 
affords a chance to introduce some of the techniques useful in analyzing such 
deviations. 


I 


6.11 LARGE-AMPLITUDE BENDING OF C 3 


The bending motions of most triatomic molecules can be adequately treated 
as small -amplitude, normal-mode displacements with higher-order corrections 
provided by small -perturbation treatment. The linear triatomic C 3 molecule, 
which appears in the ablation of graphite heat shields and in gaseous products 
of hydrocarbon combustion, is an interesting exception. This linear molecule 
has a very low bending frequency (refs. 3-5), about 63 cm' 1 , and maximum total 
bending angles are large (ref. 6), the order of 60°. With such large- 
amplitude bending, one naturally expects deviations from normal mode models. 
Gausscf et al (ref. 4) and Merer (ref. 7) objerve a decrease in the moment of 
inertia as the bending quantum number increases, which indicates that the end 
atoms are pulled inward as the bending angle increases and that the Hamiltonian 
should include terms for the curvilinear motions of the atomic nuclei. Since 
C 3 stretch vibrations have respectably large frequencies (ref. 8) that indi- 
cate a stiff bond (1225 cm -1 for symmetric stretch and 2030 cm -1 for asym- 
metric stretch), these vibrations can be treated to a reasonable approximation 
as completely decoupled modes. This permits us to concentrate on a simple 
model for the Hamiltonian that isolates the effects of large-amplitude bending 
on the rotational constant and on the bending energy levels so that these 
effects can be readily visualized. 
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Figure 6.5 shows the geometry of the 
bending molecule. The parameter 6 
accounts for the curvilinear motion of the 
end atoms by defining point A a constant 
distance d from the end atoms, where d 
is the interatomic spacing at zero bending. 
If 6 ■ 0, the end atoms move recti linearly 
along normal mode coordinates; if 6 * 1/3, 
the end atoms move along circular arcs a 
fixed distance d from the center of mass; 
if 6 ■ 1 , the atoms move along arcs a 
fixed distance d from the central atom. 
Generally, a variable 6 is required to 
fit the observed variation in the moment of 
inertia of the molecule exactly, but a con 



Figure 6.5.- Coordinates for 
linear triatomic molecule 
Y-Y-Y ( C , center of mass; A, 
locus of points a fixed dis- 
tance d from the end atoms 


during bending) . 

stant value is found to reproduce the observed moment of inertia for C 3 
within 1 percent, which is considered sufficient for present purposes. 


The cylindrical cooidinates of the central atom (fig. 6.5) are 2 r, 0, and 
♦; the coordinates of the end atoms are r, ±z, and ^ * it. The axial dis- 
placement a is 


z * (d 2 - 9 o 2 r 2 ) 1/2 

and the a component of velocity can be expressed as 

z 2 * 3 zg(r>)v 2 

where the function g{r) is defined as 




276 4 r 2 
d 2 - 96 2 r 2 


/ r df>\ 2 

V 6 Sr/ 


(6.89) 


(6.90) 


(6.91) 


Accordingly, the kinetic energy can b-; expressed as 

T * 3m[r 2 (l + g) + r 2 $ 2 j 


(6.92) 


where m is the mass of a single atom. The momenta conjugate to the r and <t> 
coordinates are 


~ = 6 mr(l + o) 
dr 


H = 


II 

9 $ 


6 


(6.93a) 


(6.93b) 


The Hamiltonian is the sum of the potential and kinetic energies when 
these are expressed in terms of coordinates and their conjugate TsomTta: 
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(6.94) 


The reduced mass y equals 6m in the present coordinate system. Note the g 
is a positive quantity, equation (6.91), and the effect of bending is to 
increase the effective reduced mass to y(l + g) so far as the radial coordi- 
nate motion is concerned. Accordingly, the energy eigenvalues are ejected to 
be less than the simple harmonic oscillator eigenvalues. 


Thf potenti? . ~<*ight be expressed in terms of arc distance or the a 
coordinate,- but th«>se are expressible as functions of r alone by means of 
the parameter 6. The potential is accordingly considered as the sum of a 
zeroth-cider term 7° (r) and a perturbation V* (r) , so the Hamiltonian may be 
expressed as 9 


♦ — i — + 


»°) ‘ {f 7T * r j 


(6.95) 


where the function f is the negative quantity 


1 + 9 


(6.96) 


The Hermitian operator for the first bracket in equation (6.95) is the 
usual zeroth-order Hamiltonian operator in cylindrical coordinates. 


so = (*L + I _L + _L + po 

2y ^*2 r 3r r 2 


(6.97) 


while the Hermitian operator for the second bracket, as shown in appendix 6-A, 
is 


* 1,1 


(6.98) 


The potential V° (r) is chosen so that eigenfunctions and their 
corresponding eigenvalues can be found for the steady- state Schroedinger 
equation = ff 0 ^ 0 . The angular dependence of i|»° can be disposed of with 

the usual separation of variables: 


0 e ±il$ 

V = -fa- 


(6.99) 


where v is a total bending vibration quantum number, l is the angular 
momentum quantum number of bending motion, and R v i is the normalized 
solution to 


i 


( 6 . 100 ) 


d %l + l_ ^vl 
foi r dr 



0 _ 1 ( 1 * 1 ) 
r 2 



0 


The true energy levels E v i may be approximated with first-order 
perburbation theory by 

E vl “ + u vl (6.101) 

where the matrix elements i/ y ^ are defined as 

• (♦JjlPHi,)- X“ * (6. 102) 


The average over all 4 has already been performed in the last expression in 
equation (6.102). 

The matrix elements may be further developed in a generalized form by 

«VI— £[! *vl J [ ^T 1 *] */ 0 " W'KvV dr (6.103) 

The second term in equation (6.103) is integrated by parts, leading to a term 
that vanishes due to the boundary conditions on the wave functions i? y j, a 
term that cancels the first integral, and a final result: 

U vl “ % J[ + lo *h vl * to (6.104) 


For a constant 6, the dimensionless function f given by equation (6.96), 
which is needed to evaluate the matrix elements above, is 


-27 6 4 (r/d) 2 

1 + (275 4 - 96 2 ) (r/d) 2 


(6.105) 


The constants 6 and d are now chosen so that the averaged value of the 
rotational constant fits the observed variation in vibrational quantum number. 
For rotation about an axis perpendicular to the molecular axis of symmetry, 
this averaged rotational constant is 


B 


(il\ , JL. /_ 

\2J/ 4m/f2 \ 1 - 


(96 2 - 3 sin 2 <fr) (r/d) 2 


> 


Ji 


% t * ( 9{2 -fXd) 2 ) ♦ • • •] 


(6.106) 
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The last expression in equation (6.106) has been expanded to terms of order 
( (r/<f) 2 > and averaged over all the averaging over r remains. 

The expressions derived above are general and are valid for any potential 
model. We now consider a potential that is quadratic in the bending displace- 
ment with a small quartic anharmonic term: 



rtwp 2 . 
2 * 


ep 


(6.107) 


where p is the normal bending coordinate 



(6.108) 


and and e are constants to be fitted to the observed energy levels. 
Because of the symmetry of the molecule, the potential cannot have terms that 
vary as an odd power of r. The first-order solutions are just the normalized 
harmonic oscillator solution in equation (6.85) with the eigenvalues given by 
equation (6.84). The average value of <(r/<i) 2 ) needed to fit equation (6.106) 
to the rotational constant is obtained to a first approximation using these 
first-order wave functions: 



2 ti 
\i<ad 2 




-P p2 1 




{V+l)l 2 



= (V * D (6.109) 

\iuar 


Problem 6.10: Use the moment-generating functions for the associated Laguerre polynomials from problem 6.9 

to show that 

£* 0-V‘^CxjJ 2 * - C* - l ♦ 1) 

and derive the value of <(r/d) 2 ) given by equation (6.109). 

Further show, by the same method, that 


J” .-*«***[£*«]* *-§[(»-*♦ l) 2 - (^)] 


The expression for the rotational constant obtained from equations (6.106) 
and (6.109) is 


B = 


JL. 

4 md 2 


[‘ * ( 9{2 - * « ♦ • • •] (6 - 110) 
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A relation of this functional form 
which fits the rotational constants 
measured (refs. 4 and 7) for the 
v - 0 to 6 states within 0.6 percent 
is 

S = 0.4244 [1 + 0. 01982 (u + l)]cm " 1 

( 6 . 111 ) 

and the value of the bond length 
deduced by equating /i 2 /4 ml 2 - with 
0.4244 cm -1 is (f* 1.287 X. The 
value of (i)/ 2 tt a which best fits the 
harmonic oscillator model of C3 to 
the lowest vibrational energy levels 
(ref. 4) is 63.1 cm -1 and, for this 
fundamental frequency, 6 = 0.8112 
fits the harmonic oscillator model of 
C 3 (eq. (6.110)) to the observed 
rotational constants as shown in fig- 
ure 6 . 6 . An even closer fit can be 
obtained by retaining higher-order 
terms in the expansion of B and 6 , but the above model suffices to show the 
principal effects of large-amplitude bending in C3. The fact that 6 is 
slightly less than unity shows that the equilibrium interatomic distance 
stretches to values larger than d as the bending angle increases. 

With the value of 5 determined approximately, now calculate the pertur- 
bation matrix elements from equation (6.104). In terms of the variable 
x = p 2 = pu>r 2 M, these elements may be expressed as 

= ^ (^r) fiX)X ** + R2olX2 ** (6 ‘ 112) 

O , 

where for d ~ 3.287 A, gj/2ttc = 63.1 cm , and 6 = 0.8112, the dimensionless 
function f(x) is given by 



BENDING VIBRATION QUANTUM NUMBER, V 

Figure 6 . 6 .- Comparison between 

observed rotational constants for 
C 3 and the fit deduced for the 
harmonic oscillator model. 


fix) = 


0.05243a: 

1 + 0.02587* 


(6.113) 


and the normalized radial parts cf the wave functions are 



(6.114) 


The first integral in equation (6.112) is calculated numerically. The second 
may be obtained analytically, according to the result obtained in problem ( 6 . 10 ): 
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ej* rIis* dx - & [(u + l) 2 - (— j - - 1 ) ] (6.11S) 

The results are shown in table 6.1 in units of h. w. In the column headed 
(JPyj + U v i)/fu*, the first number is just (u ♦ 1), or the unperturbed harmonic 
oscillator energy; the second number is the first-order correction for curvi- 
linear bending, or the first integral in equation (6.112); the final number is 
the first-order correction for the quartic potential term, or equation (6.115). 

TABLE 6.1.- BENDING VIBRATIONAL ENERGY LEVELS FOR HARMONIC OSCILLATOR MODEL 
OF C 3 WITH FIRST-ORDER PERTURBATION CORRECTION FOR CURVILINEAR BENDING 5 
MOTION AND A QUARTIC PERTURBATION POTENTIAL 



The effect of curvilinear motion during bending is to remove the 
degeneracy of states having different angular momentum, with decreases in 
vibrational energy between about 3 to 8 percent for the first six levels (as 
listed in the last column of table 6.1). The largest decreases occur for 
states with minimum angular momentum, l * 0 or 1. For these states, the clas- 
sical motion is predominantly bending in a single plane and the kinetic energy 
associated with the z-direction velocities is maximized, leading to a maximum 
value of g or of the effective reduced mass. The smaller decreases occvr in 
the upper levels with maximum angular momentum, l * v. For these states, the 
classical motion is predominantly the rolling motion of a continuously bent 
configuration in which the z-direction velocities are minimized. 

The effects of both the curvilinear bending and a steeper than quadratic 
potential are needed to reproduce the observed energy levels for C3. The 
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splitting of energy levels and the 
convergence at higher quantum numbers 
produced by curvilinear motion alone 
is actually the reverse of that 
observed. On the other hand, the 
quartic perturbation effect alone pro- 
duced a much larger splitting of angu- 
lar momentum states than observed. 

The combination of the two effects 
results in a pattern of energy levels 
very similar to those observed. Fig- 
ure 6.7 compares experimental energy 
levels end the first-order perturba- 
tion harmonic oscillator solutions of 
table 6.1 when fun = 56.7 cm* 1 and 
e = 0.036. One might reiterate the 
calculation of matrix elements using 
this new value of fun, but the func- 
tion fix) is not sensitive to the 
exact value of fun, so the results 
should not be changed greatly. 

At the time this book was pre- 
pared, levels beyond v = 6 had not 
been identified for C 3 . In any event, 
the above first-order perturbation 
model would not be suitable for extrap- 
olation much beyond this level because 
the value of e required to match the 
observed levels is large enough that 
second- and third-order perturbation 
terms will become important for the 
higher levels. The above results do 
serve, however, to show the magnitude of curvilinear motion effects and how 
these counterbalance the effects of a steeper than harmonic bending potential 
function to give the final pattern of energy levels observed. 

The effect of curvilinear motion is the order of 5 percent on the average. 
This correction is large from the viewpoint of the spectroscopist, who 
attempts to closely fit observed energy levels with models, but the correction 
is a tractable one from the viewpoint of the thermodynamicist, who primarily 
wishes to deduce gas properties from the partition function. Note that the 
contribution of curvilinear motion is a relatively constant fraction of the 
total bending energy, independent of the quantum level involved. This means 
that effects of curvilinear motion can be approximately accounted for in a 
normal mode model merely by adjusting the potential function used. For example, 
a 5-percent smaller value of in will approximate the average effects of curvi- 
linear bending motion in C 3 . In such cases, normal mode approximations can be 
extended beyond the usual small -amplitude limits where sin r/d - v/d and yet 
give reasonably good results. The bending of most other triatomic molecules 
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Figure 6.7.- Bending vibration energy 
levels observed for C 3 ( — levels 
unidentified but deduced from 
empirical fit to observed levels, 
ref. 4) and levels calculated from 
first-order perturbation of a 
harmonic oscillator model. 
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is much less extreme than occurs in C 3 ; therefore, for these molecules, the 
effects of curvilinear motion are much smaller still and normal mode models 
are usually quite adequate. 

An additional effect of large- amplitude bending in C 3 (not yet adequately 
analyzed at the time this book was written) is the ^-doubling produced by 
vibration- rotation coupling. The centrifugal stretching forces and the 
Corin' is forces due to rotations about an axis perpendicular to the molecular 
axis both contribute to a perturbation that splits the usually degenerate 
bending levels in much the same manner as Fermi resonance. Nielsen (ref. 9) 
treated this problem thoroughly for harmonic bending vibrations, and the cor- 
rections are usually small until rather high rotational quantum numbers are 
considered. The effects are important in identifying exact energy levels by 
the spectroscopist but are usually second order so far as the partition func- 
tion of linear triatomic molecules are concerned. C 3 is an exception. The 
Coriolis force coupling with bending inodes is still small because che bending 
vibration velocities orthogonal to the rotation vector are so small, but the 
centrifugal stretch coupling with bending vibration is abnormally large 
because of the large amplitude or low frequency of bending. In addition, 
curvilinear motion effects are present. As a result, the bending mode energy 
levels are rapidly spread apart in proportion to J(J + 1 ) as the total rota- 
tion quantum number J increases. The analysis of this effect can be carried 
forward by methods similar to those outlined above. 



Problem 6.11: Consider the bending vibrations of a linear triatomic molecule with three equal mass atoms 

and a square-well, cylindrical potential function: 

V(r) * 0 , p < a 

- “ , a < p 

where r is the displacement of the end atoms from the axis of symmetry. Assume that all other internal energy 
modes are decoupled. Set up the Schroedinger equation in cylindrical uordinates. What is the reduced mass in 
this equation? 

Find the normalized wave-function solutions and the eigenvalues. Find a limiting expression for the eigen- 
values at large quantum numbers. How do the eigenvalues vary with quantum number? 

Problem 6.12: Consider a doubly degenerate vibrational mode with degeneracy p « t» + 1 and a character- 

istic temperature 0, but with the energy levels spaced as v 2 : 

E v * v 2 kO 


Evaluate the partition function, 


< ! £ l» * 1)« 


-v 2 0/T 


for 7 > 0, approximating the summation with an integral and retaining terms of order (T/ 0) 


U2 


What is the contribution to E - E 0 , to C 0 , and to S from these vibrational levels? For T » 0, how does 
the limit compare with harmonic oscillator results? 


6.12 VIBRATIONS OF n-ATOM POLYATOMIC MOLECULES 


Molecules with more than three atoms have more intricate symmetry 
properties than the molecules considered so far, and the problem is then 
developed most systematically using group theory. However, the number of 


/ 
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independent vibrational inodes which exist for an arbitrary n-atorn molecule 
can be deduced very simply. Of the 6» coordinates available to the molecule 
totally (3 n independent position and momentum coordinates each), six independ- 
ent coordinates are dedicated to the center of mass, while four coordinates 
are associated with the rotational motions if the molecule is linear and six 
coordinates if the molecule is nonlinear. Thus, there exist 6n-(10 vibrational 
degrees of freedom for linear polyatomic molecules and 6n-12 vibrational 
degrees of freedom for nonlinear polyatomic molecules. Two degrees of freedom 
are associated with each normal mode of vibration, so the total number of 
vibrational inodes is 3n-5 and 3n-6 for linear and nonlinear n-atom molecules, 
respectively. Some of these may be degenerate because of molecular symmetry; 
the sum of the degeneracies for the vibrational modes must add up to the above 
number. 

From the viewpoint of a thermodynamicist or aerodynamicist, the important 
task is to develop a reasonably accurate expression for the partition function 
of such w-atom molecules as may occur in various gasdynamic problems. The 
normal mode vibrational frequencies are available for most common molecules 
from spectroscopy; a few of these are listed for some triatomic molecules in 
table 6.2 and for some common four- and five-atom molecules in table 6.3. The 
degeneracy of each triatomic molecule vibration is unity, except for the 
linear molecules where the degeneracy of the bending vibration, V 2 , is two. 


TABLE 6.2.- FUNDAMENTAL VIBRATIONS OF SOME TRIATOMIC MOLECULES 


Molecule 

Vibiationol frequency, cm* 1 



Bond angle, deg 

vi 

v 2 

v 3 

2a 

O-C-O 

1388* 

667.3 

2349 

180 

S-C-S 

655 

397 

1510 

180 

H-C-N 

2096 

712 

3312 

180 

/°n 
H H 

3657 

1595 

3776 

105 

A 

2666 

1179 

2789 

105 

A 

2611 

1183 

2626 

92 

N-N-0 

1285 

589 

2224 

180 

o A o 

1306 

755 

1621 

130 

o A o 

1110 

705 

1043 

117 

o'% 

1151 

518 



1362 

120 


*Fermi resonance with 02^0, 1286 cm" 1 . 
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TABLE 6.3.- FUNDAMENTAL VIBRATIONS OF SOME FOUR- AND 
FIVE-ATOM MOLECULES 


Molecule 

Vibrational frequency, cm" 

1 

Configuration 

vi 

v 2 

V3 

\>4 

vs 

V6 

H-C-C-H 

3373 

1974 

3282 

613 

731 

...» 

Linear 

H x 








/ C -° 

2780 

1744 

1503 

2874 

1280 

1167 

Planar 

H 








nh 3 

3337 

950 

3444 

1628 

— 

— 

Pyramid 

0. 








S-0 

1069 

652 

1330 

532 

-- 


Planar 

o' 








ch 4 

2916 

1534 

3019 

1306 

— 

— 

Tetrahedral 

ch 3 cz 

2966 

1355 

732 

3043 

1551 

1017 

Tetrahedral 
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Figure 6.8.- Symmetry coordinates for 
the XY 3 molecule. 


The degeneracies of the four- and 
five-atom molecules can often be 
deduced simply by considering possible 
symmetry coordinates, without resort- 
ing to group theory formalism. For 
example, figure 6.8 shows a set of 
symmetry coordinates for the XY 3 
molecule. The symmetric stretch mode 
designated has just one possible 
independent motion. The symmetric 
bending v 2 that occurs out of the 
plane of the figure also has just one 
independent motion. However, the 
asymmetric stretch mode v 3 has two 
different motions that give the same 
frequency. At first glance, one 
might surmise that three such vibra- 
tions are possible, corresponding to 
the approach of any one of the three 
equivalent Y atoms toward the center 
of mass as the other two Y atoms 
recede. The third motion depends on 
the other two, however, because of the 
requirement that the center of mass be 
fixed. For example, think of the 
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central X atom as infinitely massive so that it stays at the center of mass. 
Then if the positions of two of the Y atoms are established, the third is 
automatically determined. Thus all possible positions of the outer atoms 
along the bond directions, for which the center of mass is constant, can be 
uniquely described by the two asymmetric stretch modes shown. The same situa- 
tion exists for the asymmetric bending modes vt, for motions of the outer 
atoms at right angles to the bond directions. The degeneracy of this mode is 
again 2 since the position of any two of the outer atoms along these direc- 
tions automatically fixes the position of the third, as for the infinite mass 
central atom case. In the actual molecule, the central atom has finite mass, 
of course, and it takes part in the normal coordinate motions, which are some- 
thing like the symmetry coordinate motions shown. The infinite mass central 
atom case is merely helpful in separating the allowed degeneracies in a 
succinct way. 


The XY 3 molecule may be planar as in SO 3 , or pyramidal, with the 
equilibrium position of the central atom out of the plane of the three outer 
atoms, as in NH 3 . In either case, the bending modes and their degeneracies 
are as shown in figure 6 . 8 . If one of the outer atoms is substituted with a 
different atom, the degeneracies are removed and six different normal mode 
frequencies occur. Even the substitution of a different isotope splits the 
degenerate levels into closely spaced doublets. With highly sensitive spectro- 
graphs, weak isotope doublets are observed in such gases even under normal 
conditions because of traces of isotope species present in nature. 


Figure 6.9 shows symmetry coordinates 
for vibrations of a linear symmetric X 2 Y 2 
molecule, such as acetylene. The stretch 
coordinates are chosen to isolate the 
vibrations of individual bonds; for most 
potential models, the normal stretch coor- 
dinates are simple linear combinations of 
these and will be along the axis of sym- 
metry. The bending symmetry coordinates 
shown are the same as the bending normal 
coordinates for most potential models. In 
this case, the stretch modes v*, V 2 , and 
v 3 clearly all have a degeneracy of 1 , 
while the bending modes V 4 and V 5 have a 
degeneracy of 2 , corresponding to the 
bending in the plane of the figure and out 
of the plane of the figure, just as for 
the linear triatomic molecule. 

Figure 6.10 shows symmetry coordinates 
for vibrations of a tetrahedral molecule 
with central atom XY 4 , such as methane. 

In this case, the normal coordinates are 
complex combinations of the symmetry coor- 
dinates, or a similar such set, and lie 
along directions different from the bond 
directions, just as for the bent triatomic 




©— ©— ©— © 
®4b 


9 — — 9 


© — 0 — © — © 
Ssb 


SYMMETRIC STRETCH I/, 

9, *1 

INNER BOND STRETCH v z 

V 

ASYMMETRIC STRETCH 

9s* 1 


ASYMMETRIC BENDING l/ 4 

k*z 


SYMMETRIC BENDING l/ 9 

k ,z 


Figure 6.9.- Symmetry coordinates 
for the linear symmetric X 2 Y 2 
molecule. 
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molecule. Again, it is helpful to 
consider the central atom as infi- 
nitely massive to separate the num- 
ber of independent degenerate modes. 
The symmetric stretch mode vi is 
again singly degenerate. The tetra- 
hedron twisting mode V2 is doubly 
degenerate; a third set of opposing 
twistable edges are available in 
the tetrahedron, but again their 
positions are uniquely determined 
by the two twisting motions shown 
and the requirement that the center 
of mass be constant. The central 
bond bending motions are triply 
degenerate, corresponding to the 
motion of three of the tetrahedral 
faces toward and away from the cen- 
tral atom. Again, the motion of 
the fourth face of the tetrahedron 
is uniquely determined by the 
motion of the other three and the 
constant position of the center of 
mass. Finally, the tetrahedron angle bending is triply degenerate; three sets 
of two angles each partake in the vibrations shown, the fourth set again 
depends on the other three sets. 

When one of the outer atoms is replaced by a different atom, as in methyl 
chloride CH3 Cl, some, but not all, of the degeneracies are removed. For 
example, in the central bond bending mode, the central atom moves toward a 
plane with two H atoms and one Cl atom in two possible ways, and toward a 
plane with three H atoms in one possible way. Thus the triply degenerate cen- 
tral bond bending mode is split into one doubly degenerate level and one 
singly degenerate level- Similarly, in the tetrahedron angle bending modes, 
the Cl atom sits at the vertex of one of the bending angles in one case, while 
an H atom ?,its at the vertex of both bending angles in the other two cases. 
Again, the triply degenerate level is split into one singly degenerate level 
and one doubly degenerate level. For the tetrahedron twisting modes, one of 
the twisted edges contains a Cl atom no matter which of the two opposing edges 
is chosen to describe the twisting motion, and this level remains doubly degen- 
erate. Thus, one observes six independent vibrational frequencies for the 
CH3CI molecule (table 6 . 3 ). Assigning the allowed degeneracies to the 
observed frequencies is not always a simple matter, however, as this requires 
that a potential model be ''stablished which closely fits the observed 
frequencies. 

In principle, one could continue to analyze yet more complex polyatomic 
molecules in this way. The reader can readily deduce the allowed degeneracies 
of CH2CI2, for example, and can also appreciate that a tetrahedral molecule 
with two different substitutions, such as C^CJBr, will have a furl set of 
nine singly degenerate energy levels. However, eventually, the pattern of 
symmetries becomes so complicated that some of the possible motions or their 
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redundancies will likely be missed. The advantage of analyzing the proble 
with the formalism of group theory is to avoid such error. Nevertheless, the 
results are still based on the same type of physical and geometrical concepts 
introduced here in the discussion of the simpler polyatomic molecules. 


6.13 CONCLUDING REMARKS 


For the common, simple polyatomic molecules, the energy levels have been 
measured by spectroscopists, and the degeneracies have been assigned to these 
levels from an analysis of approximate potential models that fit the observed 
frequencies. In many cases, the harmonic oscillator model in normal mode 
coordinates adequately represents the data and, in this approximation, the 
contribution of molecular vibrations to the partition function and the deriva- 
tive thermodynamic properties can all be expressed in closed analytic form. 
Effects of multiple degeneracy and of Fermi resonance between levels are 
treated by simple quantum theory with good quantitative accuracy. In princi- 
ple, anharmonic corrections can be added in the same manner as for diatomic 
molecules, but the available experimental data do not always warrant such 
extensions of the analysis, particularly for molecules with more than three 
atoms. This occurs partly because complex polyatomic molecules all tend to 
break up and disappear from gases tested at temperatures high enough to excite 
upper vibrational levels of such molecules. The spectroscopist is unable to 
observe strong enough lines to identify and analyze in such cases. However, 
the chermodynamicist does not urgently need these data since these excited 
species do not normally appear in gases of interest with appreciable density. 
Thus, for many practical purposes, the limitations on derived thermodynamic 
properties set by lack of data is not serious. 

In some cases, the anharmonic effects change all the eigenvalues by 
nerrly a constant ratio (C 3 is an example). In such cases, the normal mode 
model can be extended beyond the range of small-amplitude vibrations merely by 
adjusting the frequency parameter to account for the deviations from normal 
harmonic oscillator behavior, at least to the accuracy required for partition 
function evaluation. 

Polyatomic molecule structures can have a complicated symmetry, which 
determines the degeneracies of the vibrational modes involved. In extremely 
complex cases, the symmetry analysis is best performed by use of group theory. 
However, for many common molecular structures having up to five atoms, the 
symmetry properties can be deduced easily by inspection. 
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APPENDIX 6-A: HERMITIAN OPERATOR FOR f(r)p z IN CYLINDRICAL COORDINATES 


Consider a term of the Hamiltonian expressed as the product of a general 
function of the radius r and the square of its conjugate momentum, in 
cylindrical coordinates. 


B * /(r)p 2 (6-A1) 

where p is the radial momentum. The operator for this function, which 
is used in the Schroedinger equation, is required tc oe Hermitian, that is, 
for any two eigenfunctions F and G of this equation, the operator in cylin- 
drical coordinates must satisfy the relation (see appendix 3-A) 

S* F(HG)r dr « G(tfr)r dr (6-A2) 

For present purposes, the operator and the radial wave functions are all real, 
so we need not be concerned with the complex conjugate aspects of the 
Hermitian relations. The integrations over angle <p and axial coordinate z 
are presumed to be already performed in equation (6-A2) . If p is simply 
replaced by a derivative of r in equation (6-A1), the resulting operator is 
not Hermitian because of the presence of radius r in the cylindrical coor- 
dinate volume element. However, equation (6-A1) may be expressed in equiva- 
lent form as 

(6 - A3) 

Then, if momentum p is replaced by iJ?(a/3r), the resulting operator (used 
in eq. (6.98)) is Hermitian: 

This may be verified by use of the operator in equation (6-A2) : 

f g F If ^ 

The second integral is read-ly integrated by parts, which gives a term that 
vanishes because of the boundary conditions on F and 3c7/3r», and a term that 
cancels the first integral, with the final result: 

f F(/fc)r dr - h z f ~ |£ rf dr * f* G(HF)r dr (6-A6) 


(6-A4) 


(6-A5) 


The special case f ■ 1 leads to the usual Laplacian operator for p 2 in 
cylindrical coordir ?*es, of course. 
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CHAPTER 7 - ELECTRONIC ENERGY STATES 
7.1 SUMMARY 


One-electron wave functions are reviewed and approximate solutions of 
two-electron systems are given in terms of these one-electron functions. The 
symmetry effects associated with electron spin are reviewed and the effects of 
electron exchange on energy levels of the two-electron system are given. The 
coupling of electronic orbital and spin angular momentum is considered next 
and the Lande interval rule for Russell-Saunders or LS coupling is derived. 

The configurations possible for various multi-electron LS couplings are enu- 
merated (examples from the first two rows of the periodic table are given) , 
and the meaning of the spectroscopic nomenclature is discussed, particularly 
with respect to the degeneracies of the electron states involved. Next the 
nomenclature, symmetries, and degeneracies for electron states of diatomic 
molecules are discussed, and some examples for N 2 , Oj, and NO are presented. 
The electronic partition functions and derivative thermodynamic properties are 
expressed in terms of these energies and degeneracies, and examples are given 
for some of the simple gas species encountered in the earth's atmosphere. 


7.2 INTRODUCTION 


In addition to the rotational and vibrational energy states associated 
with the motion of atoms in molecules, the energy states associated with the 
motion of electrons about the atomic centers must be included in the total 
partition functions for both atoms and molecules. The electrons, conceived as 
classical particles, move in a potential field of combined Coulomb attractions 
and repulsions, they possess angular momentum, and they vibrate in the sense 
that their classical orbits periodically take them between minimum and maximum 
distances from the nuclear centers of charge, resulting in oscillating elec- 
tric dipoles that can absorb and emit radiation. As expected then, the wave 
solutions*to the Schroedinger equation in polar coordinates involve spherical 
harmonics^and Laguerre polynomials just as for rotational and vibrational 
motions of molecules. Unfortunately, the solutions for multi-electron atoms 
and for molecules cannot be obtained in simple analytic form. Relatively pre- 
cise numerical computer solutions are feasible in many cases, but do not have 
great heuristic value. However, simple and exact analytic solutions are 
available for the one-electron atom, and the multi-electron atom and molecular 
electron wave functions can be approximated as linear combinations of products 
of one-electron atomic wave functions. Although this approximation does not 
lead to accurate quantitative results, it does permit one to classify the 
observed spectra and to assign quantum numbers, angular momentum values, and 
degeneracies to the observed energy levels. Spectroscopists have provided 
such precise values for the energy levels in many cases of interest that the 
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difficulty of calculating these numbers is not a great handicap; with the 
degeneracies assigned, the thermodynamicist has all the necessary information 
to determine the partition functions and all the thermodynamic properties of 
gases that involve electronically excited atoms and molecules. Thus we start 
with a brief review of the wave function solutions for the one-electron atom 
(such as H, He + , Li ++ , etc.). 


7.3 ONE-ELECTRON ATOMIC WAVE FUNCTIONS 


Classically, the electron orbits the nuclear center of the atom under the 
influence of the Coulomb potential: 


V * 


Ze 2 

p 


( 7 . 1 ) 


where e is the charge on the electron, Ze is the charge on the nucleus, and 
p is the distance between them. The total energy of the motion is 


E 



z £_ 

p 


(7.2) 


where u is the reduced mass of the electron and the nuclear particle and p 
is the momentum. In this case, the nuclear mass is so much larger than 
the electron mass m e that the reduced mass is almost equal to the latter: 


1 

M 




(7.3) 


According to the uncertainty principle, the electron cannot orbit infinitely 
close to the nucleus. The minimum value for momentum p 0 corresponding to a 
minimum circular orbiting distance p Q is given by 

Po^o = # ( 7 . 4 ) 


and the ground state energy in equation (7.2) may accordingly be expressed as 


Eo = 


K Ze 2 


2pr 0 2 

Since this must be the energy minimum. 


(7.5) 


..-£..*4.0 

vr 0 2 r o 2 

and the orbiting distance in the ground state is 

p a _ a 
0 Zpe 2 m e % 2 



(7.6) 


(7.7) 
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where a is the Bohr radius h 2 /m e e 2 (0.52917xl0" 8 cm), that is, the minimum 
orbit radius obtained where Z = 1 and the nuclear mass is infinite. From 
this point, the slight correction required for finite nuclear mass is 
neglected. The ground state energy given by equation (7.5) is 


Z 2 ye 4 _ Z 2 e 2 
2*2 = ' 2a 


(7.8) 


The time independent Schroedinger wave equation that rigorously describes the 
steady-state motion of an electron and a charged nucleus about their centers 
of mass is exactly the same as equation (5.1) used as the starting point for 
the analysis of diatomic molecule vibrations. With the potential in equa- 
tion (7.1), this becomes 


7 2 \l) + 



(7.9) 


To simplify mathematical notation, the distance r is commonly expressed in 
units of a and the energies in units of e 2 /a (27.21 eV) . For the moment, 
we are concerned with negative values of energy between 0 and -Z/2, corre- 
sponding to bound states of the electron; positive energy states correspond to 
a free electron whose motion is merely deflected by the nuclear potential. 

Let the constant n be defined by 

2E = - (7.10) 

n^a 

In these units, equation (7.9) takes the form 

V 2 * +(—■ - = 0 (7.11) 

Just as for the rotating, vibrating diatomic molecule, substitute the sepa- 
rable wave function vp (r» , 0 , 4>) = Y(9,<|))fl(r) into equation (7.11), and obtain 
the result that Y is the usual spherical harmonic solution to the differ- 
ential equation 


8 in e 


4r \*in 6 


sin c 


_ 

0 d$ 2 


+ l{l + 1)Y = 0 


(7.12) 


where the angular momentum quantum number l must be an integer to obtain 
finite single valued functions, while R is the solution to 


£R + 2 dR + [2Z z£ 
dr 2 r 3? + L * ~ n 2 


^>■0 


(7.13) 


The last term In equation (7.13) corresponds to a potential from which the 
centrifugal force on the electron, because of its angular momentum, is 
derivable. Let p be a new dimensionless distance variable in units of a: 
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p = 


2 2r 
n 


(7.14) 


In this variable, equation (7.13) takes the form 

do 2 P dp Lp 4 P 2 J 


(7.15) 


Again factor out the asymptotic behavior at large p and a term p^ to allow 
for the singularity at the origin 


tf(p) = e' p/ 2 p^(p) 

Substitute this into equation (7.15) to obtain 

dL 


(7.16) 


d 2 L 

3P 5 


p ♦ [{21 ♦ 1) ♦ 1 - pi + [(« + Z) - (21 + 1) ]L = 0 (7.17) 


which is the Laguerre equation (refs. 1 and 2). This equation has finite 
polynomial solutions provided n is a positive integer greater than (Z + 1). 
These polynomials are the same associated Laguerre functions introduced as 
solutions for the doubly degenerate bending modes of linear symmetric tri- 
atomic molecules in polar coordinates (eq. (6.83)), except that the indices on 
the Laguerre functions are related to the quantum numbers n and l 
differently: 

L(p) * 4^ 1(p ) (7.18) 

The total wave function for a single electron bound to a nucleus of 
charge Ze thus becomes 

*(0,*,P) - yf(9»*)V e~ p/Z p l L*ll\ p) 


(7.19) 


where is the normalized spherical harmonic function (eq. (4.34)) and 
N n l is a constant normalizing to unity the integral of r 2 RR* over all 
values of r (lee problem 7.1): 


'w|© , Vnftl 


1/2 


(7.20) 


Problem 7.1: ''rove that the integral 


J. *w*-.(=§) 3 J o 


! *7 


as required to normalize the single-electron wave function. A procedure using the momen'-generating functions can 
be followed as in problem (6.9) except the product e~ x x a * i U 8 V B should be integrated over all x from 0 to * in 

this case: 


£*[.?■ 
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In expanding the results* isolate the terms where r • t • n + l and b * 21 ♦ 1. 


The first few normalized radial wave functions are 


*10 

* (Z/a) 3/2 2 e~ p/Z 

*20 

• m 

2 (2 - p)e" p/Z 

*21 

■ 3 i 

rz/a> 

< 6 y 

f /2 p e- p/Z 

*30 

•il 

n/a\ 
< 3 y 

,3/2 

| (6 - 6p + p 2 )e 

*31 


fZ/a\ 
< 6 y 

| 3/2 (4 P - p 2 )e' p/2 

*32 

10 

3 

(Z/a 
\ 30 

) 3/2 p 2 e~ pl2 


Alternative sets of orthogonal wave functions may be formed from linear com- 
binations of the above wave functions. For example, an alternative set often 
used to describe the three p orbitals (« = 2, l * 1) is 

♦p* + "I 1 Ce,«J =^i?2i GO f 

♦py — - iVce,*)] = /J* 21 (r) £ 

* p2 - i?2i(r)Ti°(e,4.) «/^* 21 to p 

The best coordinate system depends on the symmetry of the problem to be 
solved. For example, where perturbations from an external field with a fixed 
direction arise, the wave functions are expressed most conveniently in 
parabolic coordinates (ref. 3) . 

The allowed energy levels are those given in equation (7.10) where n is 
required to be some integer from 1 to «>; the energy is independent of the 
other quantum numbers l and m for the single electron. A degeneracy of 
states exists for which l takes n integer values from 0 to (n - 1), and for 
each value of l there are 2£ + 1 states, corresponding to ±m taking values 
from -l to l. Each state must be doubled to account for the spin degeneracy 
of the electron. Thus the total degeneracy of states is the sum of the 
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arithmetic progression 



l- o 


[It + 1) s 2[1 + 3 + 5 + 7 


(2n - 1) ] = 2w 2 (7.21) 


In spectroscopic nomenclature, the states with zero angular momentum 
(Z = 0) are called s states, the states with one unit of angular momentum 
[I - 1) are called p states, the 1-2 states are called d states, while 
the l = 3 states are called f states. This nomenclature was started long 
before quantum mechanics was developed and will undoubtedly persist. The 
nomenclature arose because of the appearance of the spectral lines observed 
due to optical transitions between various levels. The s states are respon- 
sible for a series of transitions that give very sharp lines, the p states 
produced very strong lines called the principal series, the d states pro- 
duced a series of lines fuzzy or diffuse in appearance, and f stands for a 
series of lines known as the fundamental series. Higher angular momentum 
states are normally unobserved and therefore remained unnamed; these are now 
designated in alphabetical sequence: g for l = 4, h for 1 = 5, etc. Single- 

electron atomic term symbols are designated nl, where n is the total quan- 
tum number and the angular momentum is designated by the spectroscopists as 
s, p, d, f, etc. Thus a ground state electron is (Is), the first excited 
states are (2s) or (2 p) , the next level can be (3s), (3p) , or (3d), and so 
forth. 


The electrons in multi-electron systems have wave functions with 
properties similar to the one-electron wave functions and the total wave func- 
tion can be approximated as a product of single- electron wave functions. Thus 
the ground state of two-electron systems such as He I, Li II, Be III, etc. 
(i.e., neutral He, Li + , Be ++ , etc.) is known as a (Is) 2 configuration, signi- 
fying two electrons in the ground state wave function with paired spin. 
According to the Pauli principle, no more electrons can occupy the (Is) state 
in the same physical space ■surrounding the nucleus, so subsequent electrons 
added to the system must occupy the two available (2s) states, then the six 
available (2p) states, then the two (3s) states, the six (3p) states, the ten 
(3d) states, and so on. Ground state configurations for the first few neutral 
atoms of the periodic table of elements are given, for example, in table 7.1. 

A similar sequency of electron configurations occurs for the singly ionized 
atoms He II, Li II, Be II, B II, etc., for the doubly ionized atoms Li III, 

Be III, B III, etc., and so on. A sequence such as He I, Li II, Be III, B IV, 
etc., is known as an isoelectronic sequence; the same number of electrons are 
involved and occupy similar states; only the energy levels are depressed as 
the nuclear charge grows larger. 

For heavier atoms, the electrons perturb one another so that the lowest 
energy state does not sequentially follow the same order as the lowest energy 
configuration of one-electron states. The outer electrons with high angular 
momentum are more effectively screened from the nuclear charge by the inner 
electrons than are the outer electrons with low angular momentum. Thus, 
starting with potassium, the outer electron seeks the more tightly bound 
(lower energy) (4s) state in preference to the available (3d) states. The 
similar chemical and magnetic properties of ferrous metal and rare earth 
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TABLE 7.1.- ELECTRON CONFIGURATIONS FOR GROUND STATE ATOMS 


Nuclear charge 

Z 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 


Atom 

K 

H 

(la) 

He 

(la) 

Li 

da) 

Be 

(la) 

B 

(la) 

C 

(la) 

N 

(la) 

0 

(la) 

F 

(la) 

Ne 

(la) 

Na 

da) 


configuratio n shell 
L I ¥ 


(2a) 

(2a) 2 

(2e) 2 (2p) 

(2a) 2 (2p) 2 

(2a) 2 (2p) 3 

(2a) 2 (2p) 4 

(2a) 2 (2p)5 

(2a) 2 (2p) 6 

(2a) 2 (2p) 6 


sequences of elements are related to the exsitence of similar configurations 
of a and p electrons in the high quantum number shells, while lower quantum 
number orbits with higher angular momentum remain incompletely filled. 

To see how these one-electron wave functions are useful in approximating 
multi-electron wave functions and classifying their energy states, consider 
two-electron atoms (such as He I, Li II, Be III, etc.) as the simplest example 
of bound state multi-electron systems. First, consider total wave functions 
that are simple products of two one-electron wave functions; then consider 
linear sums of such product wave functions that satisfy the Pauli asymmetry 
principle, which improve the simple product wave functions, as a basis for 
classifying and modeling multi-electron systems. 


7.4 TWO-ELECTRON ATOMIC WAVE FUNCTIONS 


The Hamiltonian operator for two electrons moving in the field of nuclear 
charge Z, where distance is given in units of a (eq. (7.7)) and the poten- 
tial in units of e 2 /a is, neglecting the effects of electron spin. 


„ 1 n 2 Z 1 „ 2 z A 1 

* 3 - 7 v i ’ 77 ' 7 v 2 2 - 77 + 777 


(7.22) 


where rj and r 2 are the distances between the nucleus and each electron and 
T \2 is the distance between the two electrons, [?i - ? 2 |. The term V^ 2 is 
the Laplacian operator in the variables and to the approximation 
nuclear mass is considered infinite, - (1/2) represents the kinetic energy 
of the ith electron. 
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The average effect of each electron is to partially screen the central 
charge from the other electron and, to a first approximation, this situation 
is expected to be modeled by 




H = - 





(7.23) 


where b\ and £>2 are the effective screened nuclear charges seen by electron 
1 and 2, respectively, both somewhat smaller than the actual nuclear charge Z. 
When the Hamiltonian can be separated into a sum of uncoupled terms in this 
manner, a solution to the Schroedinger equation is the product of solutions to 
each term of the sum (see problem 6.1 where the Hamiltonian for vibrating poly- 
atomic molecules is assumed to be separable into normal coordinates) : 

♦ = K (r*i , 6 1 , 4>i)t» (r*2 » ©2 » 4*2) (7.24) 

For the ground state of He-like atoms (He I, Li II, Be III, etc.), both 
electrons occupy the same quantum cell of physical space and we assume that 
each electron "sees" the same screened potential ( bi = b^ - b) . The wave 
function solution to the Schroedinger equation with the approximate 
Hamiltonian of equation (7.23) is then 

* - £ e-MV*) (7.25) 


The two terms of the approximate Hamiltonian operating on this wave function 
each yield 





(7.26) 


and the total energy for the ground state predicted by this model is the sum 
E\ + E 2 = -b z , in units of e*-/a. 


Problem 7.2: Prove that the Hamiltonian in equation (7.23) operating on the wave function in equation (7.25) 

in the Schroedinger equation H* » E* yields the total energy -J 2 . 


The difference between the ground state energy of the helium-like atom 
and the ground state energy of the single-electron system for the same nuclear 
charge Z is an experimentally known quantity, which we use to determine the 
screened charge b. The ground state energy after one-electron detachment 
(where the wave function takes the form C e~^ r ) is rigorously given by 


E 


USl 


(1 * I) 


Ce- 


C e 


-Zr 


Z 2 

2 


(7.27) 


Thus the one-electron detachment energy I is 

* ■ > 2 - T 
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(7.28) 





\ * •*. 

u» 






I 


For He I, Z * 2 and I is just the energy of single-electron ionization to 
He II, known to be 24.58 eV or 0.903 units of s 2 /a . 1 Thus the value of b 
which fits this model to observed He energy levels is 


f 



1.704 


(7.29) 




The average energy of a given trial wave function ip obtained with the 
exact Hamiltonian (in this case, eq. (7.22)) is the integral 

E * /i | dr (7.30) 

According to the variational method (refs. 2 and_4), the best trial wave func- 
tion of a given form is the one that minimizes E. In the present case, the 
variational method gives Z^ = 1.688, not very different from that given above 
for the simple screened charge model of the Hamiltonian. Of course, a small 
difference in the exponent b makes a large percentage difference in the wave 
function at large r. In those regions, the variational wave function would 
be closer to reality than the screened charge type of wave function. Consid- 
erably better agreement with observed energy levels can be obtained by adding 
some additional terms to the trial wave function used in the variational 
method. However, the involved mathematical exercise required to calculate 
these variational wave functions does not teach us much additional physics, 
and the method is not very suitable for developing approximate excited state 
wave functions. (The variational method can be used for excited states by 
imposing the requirement that the trial wave function be orthogonal to the 
trial wave functions for all lower- level states and minimizing the average 
energy. However, the errors are cumulative in this case and the excited state 
wave functions become rather poor approximations, even when very complex func- 
tions are used.) To understand and classify excited-state, two-electron sys- 
tems, we return to solutions of the approximate Hamiltonian given in 
equation (7.23). 

Usually, the only excited states deduced from observed transitions are 
those where one electron remains in the ground state configuration (Is) while 
the other is promoted to an excited state configuration (nZ) . In this case, 
a reasonably good approximation is to assume that the inner, or ground state, 
electron sees the full nuclear charge Z, while the outer, or excited, elec- 
tron sees the screened charge b which is less than Z, and can be fit to the 
actual energy level by use of the approximate Hamiltonian. We can anticipate 
that the inner electron will neutralize almost one full charge of the nucleus 
in the outer regions where the excited electron probability is high, and that 


^e nomenclature He I, He II, He III is a spectroscopic notation merely 
signifying the neutral state, the singly ionized state, and the doubly ionized 
state of helium. This notation has no connection with the He I and He II 
notations used to signify different phases of liquid helium near the critical 
temperature in section 3.7. In atoms with more electrons, the notation con- 
tinues with IV, V, etc., representing the triply ionized state, quadruply 
ionized state, etc. of the atom, respectively. 
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b will be very nearly Z - 1. The product wave function for the excited 
state configuration (la) (nl) is taken to be 

3/2 -Zr\ /2bvi\ 

Ki * R nt (rr) C 7 - 31 > 

The separable Hamiltonian to be used with this wave function is 


H « 






(7.32) 


The energy obtained with this Hamiltonian is 


E nl 


H± m _ z£ bl_ 

* 2 " 2 n 2 


17.33) 


and the constant £ can be fit to the observed energy levels. For example, 
the first excited state configuration (?j) (2s) for He I is observed to occur 
at E - -2.124 e 2 /a, and a value of b * 0.996 fits equation (7.33) to this 
level. For higher excited states, b is found to be unity, suggesting that 
for these states the outer electron is well approximated by a purely hydrogen- 
like wave function and the interaction term rjj in the exact Hamiltonian 
(eq. (7.22)) can be accounted for quite well by the screened charge approxima- 
tion. This model can be extended to more electrons, and Slater and Frank 
(ref. S) have suggested some empirical values for the screening parameters for 
various hydrogen- like wave functions which can be used to build up simple- 
product-type wave functions for the multi-electron case. However, these wave 
functions are not very exact, and even for purposes of classifying energy 
states, they lack an essential property - namely, the asymmetry property 
required by the Pauli principle. Therefore, we construct linear combinations 
of product-type wave functions that have the required symmetry to understand 
the role the Pauli principle plays in classifying states. The wave functions 
obtained are considerably better than the simple one-term products. However, 
the best wave functions are obtained by the numerical Hartree-Fock method 
(ref. 6) or refinements of that method (ref. 7). 


Again consider the two-electron case as the example for the multi- 
electron system in general. Let u and v represent the spatially dependent 
part of the one-electron wave functions used to construct the total wave 
function and a and B, the electron spin functions. A linear combination of 
matrix elements satisfying the Pauli principle that the total wave function be 
asymmetric is 


* 


«(l)ct(l) 

w(2)a(2) 


y(i)8(i) 

y(2)B(2) 


«(1)B(1) 

u(2)8(2) 


y(iMi) 

y(2)a(2) 


(7.34) 


206 



,n» 


m 






where the index i in u(i ) or v(i ) indicates that these one-electron factors 
are functions of the coordinates of the ith electron. The wave function 
obtained when the matrices are added is designated i(i e : 

- [u(i)y(2) ♦ u(2)y(l)][a(l)0(2) - a(2)6(l)] (7.34a) 


where subscript a denotes that the spatially dependent part of the wave 
function is symmetric. The two-electron spin function is then asymmetric in 
accord with the Pauli principle. The function obtained when the matrices are 
subtracted is designated i|» a : 

* t«(lW2) ‘ M(2)y(l)][o(l)B(2) ♦ a(2)0(l)] (7.34b) 

where subscript a denotes asymmetry of the spatially dependent part of the 
wave function. The two-electron spin function is symmetric in this case. 


The asymmetric function \ l> a vanishes if u - y; however, if u f v, th< 
one-electi-on spin states could both be a or both be 0. Thus two addition*, 
asymmetric states are permitted by the Pauli principle: 


* a = [«(l)y(2) - u(2)y(l)]a(l)o(2) \ 
♦a ■ [«CD»(2) - u(2)u(l)]0(l)0(2) | 


(7.34c) 


The symmetric state cannot exist with electrons in the same spin state, 
as the wave function vanishes in this case (let a = 0 in eq. (7.34a)). Thus 
the asymmetric states form a triplet set, while the symmetric state is a 
singlet. The symmetry properties that should be assigned to wave functions 
associated with observed levels of He I, for example, are immediately apparent 
from the singlet and triplet grouping of these levels. 



i 

1 / 


i 


i , 


i 



The mathematical character of the Pauli symmetrized wave functions 
suggests that each electron is partly in wave function u and partly in wave 
function u. This characteristic is known as electron exchange. The effect 
of exchange is to split the singlet energy levels from the triplet levels. 


7.5 ENERGY LEVPS OF TWO-ELECTRON SYSTEMS WITH EXCHANGE 


In the last section, linear combinations of one-electron wave functions 
were found to satisfy the observed symmetry properties of multi-electron sys- 
tems. Now, we derive expressions for the energy of these approximate, symme- 
trized wave functions for the two-electron system. The effect of spin 
momentum on energy is neglected for the moment so the Hamiltonian can be 
expressed as a function of the spatial coordinates of electrons 1 and 2 only. 
Let 

H * H l ♦ H 2 * H' ' * (J~T * £) - (V + (7 * 35) 
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where Z represents an average screened charge seen by both (lectrons, and 
the perturbation H' is a symmetrical function of rj and r z , such as 
added to account for coupling between the electrons. The trial wave function 
to be used in the Schroedinger equation is 

* - K(l)y(2) ± y(l)w(2) (7.36) 

where the plus sign is associated with the singlet function i// g and the nega- 
tive sign with the triplet function tji a (as discussed in section 7.4). The 
appropriate two-electron spin function is a multiplicative factor, but since 
spin coordinates do not enter the approximate Hamiltonian used, the spin func- 
tions do net influence the calculation of energy and are omitted for mathemat- 
ical convenience. The functions u and v are now taken to be normalized 
one-electron "unctions for unperturbed states about the central charge Z: 
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(7.37a) 


(7.57b) 


Normalizing the total wave function requires multiplication by the 
reciprocal of the integral 

c?T2=/wi 2 dr\Jv2 2 ^ T 2 * lf u i v l <iTi/i<2 y 2 dt2*f v i 2 ^ T i/ M 2 2 <^ T 2 


* 2(1 ± S 2 ) 

(7.38) 

where S is the overlap integral 


S * fuvr 2 ein 8 do d^ dr 

(7.39) 


which, in the present case, is either 1 or 0, depending on whether u and y 
are the same function or not. In problem 7.3, we consider one-electron wave 
functions for electrons moving in the fields of different effective nuclear 
charges. Then u and v are not orthogonal in general, and the overlap inte- 
gral may be finite even where u and v are different. 

Substitute the wave function of equation (7.36) and the Hamiltonian of 
equation (7.35) into the Schroedinger equation to obtain 

Zty ~ h\UiV2 * Mi#2 y 2 + #'“1^2 i (^l y l«2 + y l#2 M 2 + 

• ( E u + E v )uiV 2 + H'U\V 2 ± [(£ u + E v )V\U2 * H'ViU Z ] (7.40) 

The value of E given in equation (7.40) is not a constant a:- it should 
be if il* were an exact solution to the Schroedinger equation. However, the 
average value of E is a constant that is taken to be an approximation to the 
true eigenvalue. Multiply equation (7.40) by \J/: 
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* (E u + E v ){u\ 2 vz 2 ♦ yi 2 «2 2 ) ♦ (ff*Mi 2 y2 2 ♦ F’v^ua 2 ) 
±2[(E U ♦ E v )u\V\U2V2 * H'u\V\U2V2 ] 

Integrate equation (7.41) over all space to obtain 

F - ''•‘ t »>*TT? t TTF 

where X and <7 are the Coulomb and exchange integrals 


K = Jff'wi 2 y2 2 dt i dt2 = /ff'yi 2 M 2 2 ^ T i ^ T 2 
J ~ /ff'wiyiU2y2 d^2 


(7.41) 

(7.42) 

(7.43) 

(7.44) 


i-l 


The Coulomb integral derives its name because, when S' = |i *2 ~ r ll > the 
integral represents the average Coulomb repulsion between a charge distribu- 
tion u 2 and a charge distribution y 2 . However, the name is retained for 
arbitrary functions ff ’ , and the two integrals that define K in equa- 
tion (7.43) are equal provided H ' is symmetrical in p\ and r 2 . The 
exchange integral derives its name because the splitting of energy levels 
between symmetric and asymmetric states that results when electron exchange 
effects are included in the wave function is given by this integral. For the 
ground state, u and v are the same function and only the singlet state is 
allowed: 


h = 2E u + f ♦ \ 

For excited states, u and v are different functions and 


E e 


E u * Fy + K + J 


E a = E u + E v + K - J 


(7.42a) 

(7.42b) 

(7.42c) 


The exchange integral can be approximately evaluated as half the differ- 
ence between observed singlet and triplet state energies: 


J *UE 8 - E a ) 


(7.45) 


while the Coulomb integral can be estimated from the difference between the 
observed energies and the calculated one-electron energies as 


* \ (E e + Ea) - ( E u + F y ) 


(7.46) 


A somewhat better approximation for the wave function is obtained when 
u and v are taken to be one-electron wave functions for electrons moving in 
the field of different effective nuclear charges. The results of this approx- 
imation are sketched in problem 7.3, and the details of the derivation, 
following the above pattern, are left to the reader. 
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Problem 7.3: Again let the Hamiltonian be given by equation (7.35) and assume a wave function of the form of 
equation (7.36). Now, however, let u and v be single-electron wave functions for electrons moving in the field 
of central charges a and b, respectively: 

/ .1 

t (7.37c) 

) (7.37d) 

‘ V ™ b - • / ' ' ‘ ' 

where n a and nu are integer quantum numbers associated with the wave functions u and v, respectively. 

Generally, a and b are different and the overlap integral S (eq. (7.39)) is finite unless the spherical harmonic 
parts of the wave functions are orthogonal. However, the wave functions for different states maximize at differ- 
ent radial distances and oscillate in sign at different positions, so the overlap integral can be anticipated to 
be sizably less than unity and to grow smaller as the difference between quantum numbers increases, that is, as one 
of the electrons becomes more highly excited. 
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Show that the average energy obtained from the Schroedinger equation is now 


(E u ♦ £,,) + 


- z) <5> * - Z) J 4 (Q * * ~ 22)5 


'UU 

1 ± s 2 


<J> 


1 ± s 2 


(7.42d) 


where the averages 0/» uu , (l/r) m , and (1/r) 


UV are 8 iven by 
2 

* J = 

UU 

2 

* t “ 

w 

UV 

m J 

UV 


<£»-/ 


dr 


and K and J are given by equations (7. 43) and (7.44) as before. Note that if 


'W 


and 


J< * J ♦ (a ♦ h - 2Z)s(-') 


the result reduces to the same form as equation (7.42). According to the variational principle (refs. 2 and 4), 
the average energy given by the approximate wave functions used with the exact Hamiltonian in the Schroedinger 
equation is always greater than the true eigenvalue. With a and b both adjustable, the energy of the ground 
state can be minimized below the minimum value obtained when these are equal, and a somewhat better wave function 
is thus obtained. For highly excited states, one expects a - Z and b - Z - 1 to be reasonable first 


approximations. In this case, K’ « K - <l/r) vv and J' 


- 0/r> uo S. 


i ,y 


To this point, coupling between electron spin and orbital angular 
momentum has been ignored. This coupling produces small, additional shifts in 
energy level, with the result that triplet states appear as a trio of closely 
spaced states rather than a single energy level of degeneracy three. 


f 




7.6 EFFECTS OF COUPLED ELECTRONIC ANGULAR MOMENTUM 


A charged particle with angular momentum, either as a result of spin or 
orbital motion, is observed to have a dipole moment with an associated mag- 
netic field. The dipole moment of an electron interacts with the magnetic 
dipoles of the other electrons and with the magnetic field produced by the 
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relative motion of the nuclear charge. The dipole moment 
the orbital angular momentum p is observed to be 


associated with 




(7.47) 


The constant ratio between dipole moment and angular momentum, e/2 m e c, is 
known as the gyromagnetic ratio. 

Problem 7.4: The dipole moment generated by a current i circulating in a single plane is defined as 


where A is the area swept out by the current loop. Show that for a charge e moving at constant velocity and 
in a circle of radius a, the dipole moment is given by equation (7.47). This same relation holds for any orbit 
with constant angular momentum, that is, for the motion of an electron in a central field. 


Spin angular momentum also produces a magnetic dipole but in this case 
quantum effects lead to a gyromagnetic ratio twice as large as for the orbital 
angular momentum: 




(7.48) 


Problem 7.S: Assume a hypothetical classical particle with an arbitrary spherical mass distribution and 

arbitrary spherical charge distribution. Show that the gyromagnetic ratio for this particle spinning with a 
circular frequency u is 

u . 

p < r a )ri/<J .2 >m 

where and (, [r") signify the nth moment of r with respect to the mass distribution and the charge 

distribution functions, respectively. Show that if charge is uniformly distributed over the surface at the radius 

r 0 , and mass is distributed inversely proportional to the radius out to v 0 , the observed gyromagnetic ratio is 
satisfied. Show that a similar result can be obtained from cylindrical charge and mass distributions if the 

charge is uniformly distributed over the edge of a disk and the mass is uniformly distributed throughout the disk. 

These distributions have no particular physical significance; they merely illustrate types of hypothetical 
classical particles having the observed gyromagnetic ratio for spin momentum. 

The coupling of angular momentum can be illustrated by a semiclassical 
model for coupled spin and orbital momentum in a single-electron atom. The 
electron moving in an electric field E with velocity v experiences a 
magnetic field H : 

i = Lsl (7.49) 

c 

Since the field results from a spherically symmetric potential V(r), 


It = {grad 7) ^ 


(7.50) 


The magnetic field becomes, 


7 rad V 


v x v 


(7.51) 
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The cross product r * v is just the angular momentum divided by the mass, 
which remains constant in the central field: 


■fj _ Qrad V 


mop 


(7.51a) 


The potential energy of coupling between the spin magnetic moment u fl 
and the magnetic field is 


where {{grad tO/r) is the averaged value: 

(22^1) „ it 

Quantum mechanically, p and s are limited to the values 


(7.52) 


p = fit* 
s = hs* 


(7.53) 

(7.54) 

(7.55) 


where t* and s* are vectors with the magnitudes Sl(l + 1) and /s(s + 1), 
respectively, and l is any integer while s = 1/2. The vector product i| 
also limited to quantized values wi th total angular momentum fig* , where j* 
is a vector of magnitude /j (j + 1) and j takes the values from \l + s| to 
\l - s\ in integer steps: 

j* 2 = l* 2 + 2s* • 1* + s* 2 = j(j + 1) (7.56) 

Substituting the value of s* • l* from equation (7.56), one obtains for A E: 

= * 1) - HI + 1) - a (a + 1)] (7.57) 


AF 


The measured value of AF, for a given 7 and s and various allowed 
values of j , in effect provides a measure of the average (( grad V)/**). This 
may be either positive or negative, depending on the wave functions involved. 
For a single electron moving in the field of a fixed central charge Ze, this 
becomes 


<“> *•<£> 


(7.58) 


If r is expressed in units of the Bohr radius a and energy in units of two 
Rydbergs, e 2 /a: 
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e^/a 


“ T“((f) 3 ) Wtf * *> ‘ ‘ * 01 < 7 - 59 > 


ifa 


> ' ' 1 


! 








V . i 


212 



-VU- 

-v*? 


IkMu . 


„u 


I ' ' v ' ' 

,1 

- - m-n/ 


/if.: ”<? 

m \ 


where a is the fine structure constant e 2 /hc or efi/mea, with the value 
7. 283*10" 3 . 


Problem 7.6: Pauling and Wilson (ref. 2) give the result for hydrogen- 1 ike wave functions 


«?)'>„ 


« 3 z(z * j)(Z* 1) 

The energy levels for these wave functions relative to the ground state level, neglecting Z,s coupling, is 

*n.Z ■ * 2 *(> - £) 

where H is the Rydberg constant. Use R - 109,679 cm' 1 tor hydro ,'n and calculate the energy levels with Z,s 
coupling for the 2 b(. 7 • 1/2) . 2p(j » 1/2), and 2 p(j * 3/2) levels. Compare with the observed levels. 

Observed Hydrogen Energy Levels 


i 


:r j 

1 

}i Configuration 

J 

Energy abo\c ground state, cm' 1 

j 

\ * 


1 Is 

1/2 

0 

j * 

• i 

l 2p 

1/2 

82258.907 

\ 

i 

| 2s 

1/2 

82258.942 

\ ^ 

\ ' 

1 2p 

3/2 

S2259.272 

{ 


1 The 1,3 coupling is seen to be very small 

| becomes more pronounced in heavier atoms. 

in hydrogen 

i. However, it Increases with nuclear charge as Z 4 and 

; 


In multi-electron atoms and molecules, the magnetic dipoles due to spin 
and orbital electron motion all interact with one another as well as with the 
magnetic field due t ^ the nuclear charge. For example, the dipole moment of 
electron i has a magnetic field at the location of electron j , with the 
components 


„ 2p ,, 

H r = T77T 008 Q ij 


h Q = 77T sin Ho 


(7.60a) 

(7.60b) 


where is the distance between the electrons and B^j is the angle 

between the dipole moment pv and the radius vector r. 




The potential energy of coupling between a given dipole moment and 

the magnetic fields of the other dipoles is 


& = (u { * Effi) 


(7.61) 


The averages are more difficult to evaluate in this case than in equa- 
tion (7.52), which involved the coupling of a single electron's spin with its 
own orbital motion. From equation (7.60), the averages for multi-electron 


atoms are seen to involve averages such as r'A and averages over functions 


t-J 


of the angles B^j, which take quantized values in accord with equations such 
as (7.56). 
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Some useful qualitative ideas about the grouping of energy levels in 
multi-electron systems can be gained by considering a model in which strongly 
interacting dipoles are coupled to give a relatively constant resultant angu- 
lar momentum. Then weaker interactions are accounted for by coupling these 
resultant vectors so that they precess slowly about a total angular momentum 
vector. For example, in light atoms the coupling between the spin of an elec- 
tron and its own orbital motion was seen to be very weak (see problem 7.6). 

The averages involved in equation (7.61) give much stronger coupling between 
the orbital motion and the orbital motion of the other electrons, also between 
the spin and the spin dipoles of the other electrons. Consequently, as a 
first approximation, the orbital momentum vectors are assumed to couple, as 
they would in the absence^of spin perturbations, to give a resultant orbital 
angular momentum vector L* with the magnitude /L (L+ 1), where L is a con- 
stant, integer, total orbital momentum quantum number, which may be expressed 
as the sum 


L = £ h 008 yi (7.62) 

i 

where l i is the integer quantum number of orbital momentum for electron i, 
and the projections li oos Y£ are allowed to take all integer values between 
+ li and -li, in accord with the usual quantum selection rules in the absence 
of spin perturbations. 

Similarly, the spin vectors ar e coupled to give a total resultant spin 
vector £* of magnitude /5(5 + 1) , with a constant spin quantum number 5 
that may be expressed as 

^ = £ s i (7.63) 

i 

In this case, the projections can take only the values ±1/2 and the sum 

is an algebraic sum. 

■> *> , 

Finally, the vectors L* and 5* ar e coupled to give a total angular 
momentum vector J* with the magnitude /e7(«7 + 1) , where J is a total angu- 
lar momentum quantum number that takes all values from [i + Sj to \l - S| in 
integer steps. According to the uncertainty principle, ?* must precess about 
a fixed axis in space and only its projection J on this axis is truly con- 
stant; the vector projections L and S precess slowly about this axis at an 
angular velocity that increases with the strength of the coupling between spin 
and orbital momentum. The energy change that results from this weak coupling 
is taken to be proportional to the vector product of the magnetic moment asso- 
ciated with total spin and the magnetic field associated with the total 
orbital momentum or, in other words, to the vector product J* • t* given by 
an equation similar to (7.56): 

|AE| a 25* -L* = J (J + 1) - L(L + 1) - S(5 + 1) (7.64) 
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The relative spacing between energy levels given by equation (7.64) is known 
as the Land6 interval rule. Whether the energy shift is positive or negative 
depends on averaged quantities such as equation (7.58). 

The coupling model above is known as Russel 1-Saunders or LS coupling, 
for heavy elements, the spin-orbit coupling increases as the fourth power of 
nuclear charge (see problem 7.6) and can exceed the Coulomb interaction per- 
turbation. This may be considered a consequence of the large electron veloc- 
ities that occur near the nuclear center. When the velocity becomes an 
appreciable fraction of the limiting velocity a, the magnetic fields experi- 
enced by the electron are very strong (seeeq. (7.49)). In this case, each 
electron spin couples strongly with the electron's own orbital momentum to 
form a resultant angular momentum quantum number j: 

3 = \l ± 8 | (7.65) 

The total angular momentum quantum number J is then a sum of projections of 
the individual 3^ on the steady axis of precession: 

J =]C-7’> cos y- (7.66) 


] 



* 


i 


Where again the projections cos y ^ take only values between and -3^ 

in integer steps. This type of coupling that occurs in heavy atoms is known 
as 3 - j coupling. As the reader can readily imagine, intermediate weight 
atoms exhibit a kind of mixed coupling where the different coupling energies 
are roughly equal, and none of the angular momentum components are even 
approximately constant, except for the total. (The complex exchange of angu- 
lar momenta that occurs in this case is analogous to asymmetric tops when the 
moments of inertia are all sizable and unequal.) 


In light atoms, the Coulomb and exchange integral corrections treated in ; 

the last section establish the pattern of energy levels; the angular momentum 
coupling produces a small splitting of otherwise multiply degenerate spin 
states in accord with the Lande interval rule (eq. (7.64)). Deviations from 
the Lande interval rule indicate that the simple LS coupling approximation 4 

is breaking down. The energy levels are still relatively easy to classify so 
long as the multiplet splitting is less than the exchange effect. However, •• 

eventually, in heavier atoms the j - 3 coupling predominates and the differ- j 

ent multiplet states become intermingled with levels of other electron con- 
figurations; in this case, identification of levels is much more laborious. ! 

A more complete discussion of LS and 3 - 3 coupling and rules for multiplet ' 

splitting has been published by Condon and Shortley (ref. 8). 

i 

7.7 LS COUPLED ELECTRON CONFIGURATIONS 


Electron configurations can be represented in various ways. One way is 
to designate for each electron the total quantum number n, the orbital quan- 
tum number l, the magnetic quantum number m (i.e., the projection of l on 
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some fixed axis), and the spin state a. The total configuration for a 
multi-electron system might thus be expressed as 

0lilimi8\) (W2^2 m 2 8 2) • • • 

However, where LS coupling is a reasonably good approximation, a more mean- 
ingful notation is to designate the quantities that are approximately constant, 
namely, the total orbital momentum quantum number L, the total spin quantum 
number 5, and the total angular momentum quantum number J. By convention, 
the electronic configuration is described by a term of the form 

(25+1) r 




The orbital momentum L is designated by capital letters S, P . D, F, G,. . . 
depending on whether L is 0, 1, 2, 3, 4,. . ., respectively. This notation 
obviously follows the conventions developed for single-electron spectra. The 
capital letters signify that the total orbital momentum for all the electrons 
is described. The superscript 25+1 and subscript J are integers or half- 
integers that describe the units of total spin and total coupled orbital-spin 
momentum, respectively; 25 + 1 is used rather than 5 because it describes 
the multiplicity of levels with nearly the same energy observed for light 
atoms by the spectroscopist. The total degeneracy of a given LS configura- 
tion is 


g * (25 + 1) (2L + 1) - 2(2 j + 1) 

J 


(7.67) 


Some general rules for the relative energy of the different LS coupled 
configurations can be formulated, but occasional exceptions to these rules are 
observed. The configuration with the maximum total spin, 5, normally takes 
the lowest energy. Next the configurations with the maximum orbital momentum, 
L, usually take the lowest energy. Finally, the spin orbit coupling can have 
either a positive or negative coefficient in the Land# interval rule as dis- 
cussed previously. Usually, the lowest value of J has the lowest energy in 
atoms with incomplete outer electron shells, (i.e., a positive coefficient 
occurs for the Lande interval rule) , but the order reverses as the outer elec- 
tron shell fills (a negative coefficient then occurs for the Land€ interval 
rule) . 

The Pauli exclusion principle places some restrictions on the ways 
angular momenta can couple. For this reason, we must consider some differ- 
ences between equivalent and nonequivalent electrons before classifying the 
levels for specific atoms. Equivalent electrons are those electrons with the 
same total quantum number n and the same orbital angular momentum quantum 
number l; they may take the same or different magnetic quantum numbers m 
and spin state s. However, according to the Pauli principle, equivalent 
electrons cannot simultaneously take the same magnetic and spin states. Non- 
equivalent electrons are those with different total quantum numbers n; these 
electrons may take the same or different values of l, m, and s without 
violating the Pauli principle, of course. As an example, consider two equiva- 
lent p electrons with quantum number n, that is, the configuration (np) 2 . 
There are 15 different assignments of the magnetic quantum numbers m and the 
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spin quantum states (o or 8) allowed by the Pauli exclusion principle in this 
case. These are listed in the first three columns in table 7.2. The sum of 
the projections m and of the spin quantum numbers ±1/2 are shown in the next 
two columns of the table. These are related to the total L and S values as 
suggested in the last column. However, the one-to-one correspondence shown is 


TABLE 7.2.- EQUIVALENT ELECTRON (np) 2 CONFIGURATIONS 


Index 

m 

Z> 


LS 

coupling 

notation 

1 

0 

-1 

1 


aB 


0 

0 


^0 

2 

(*8 



2 

0 ' 



3 

a 

8 


1 

0 



4 

a 


8 

0 

0 

L 

l D Z 

5 


a 

8 

-1 

0 



6 



a8 

-2 

0, 



7 

a 

a 


1 

r 



8 

8 

a 


1 

0 



9 

8 

8 


1 

-l 



10 

a 


a 

0 

i 



11 

8 


a 

0 

0 

► 

3p 2,l,0 

12 

8 


8 

0 

-1 



13 


a 

a 

-1 

1 



14 


8 

a 

-1 

0 



15 


8 

8 

-1 

-1 




somewhat misleading; configurations 3 and 8 and 5 and 14 should really be 
considered mixed *D and 3 P states, while 1, 4, and 11 are mixed 1 S, 1 Z?, and 
3 P states; or, conversely, the state is a mixture of configurations 1, 

4, and 11, etc. The one-to-one correspondence shown merely emphasizes that the 
correct number of degenerate states has been accounted for. The appearance of 
mixed states when the coordinate system or nomenclature is changed is common 
in quantum mechanics; it reflects the fact that the set of eigenfunctions 
chosen to represent the allowed set of quantum states is not unique. Any set 
can be expressed as a linear combination of eigenfunctions belonging to an 
equivalent set. For example, eigenfunctions in Cartesian coordinates can be 
expressed as a linear combination of eigenfunctions in spherical coordinates. 
Similarly, the l S, 1 D , and 3 P states in table 7.2 represent linear combina- 
tions of (np me) (n p m' e') configurations. The main point is that no states 
with Em = 2 and Ee = 1 can exist according to the Pauli principle, and so 
the D state must be a singlet. However, a state with Em = 1 and Ee = 1 
does exist, which requires that a 3 P state exist. Finally, the remaining 
number of configurations are all required to account for the total degeneracy 
of the , l D, and 3 P states; in other words, all possible states have been 
accounted for and the *P states, as well as the 3 S and 3 P states, do not 
result from the (np) 2 equivalent electron configurations. 
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The triplet 3 P states would normally be expected to have the lowest 
energy of all the («p) 2 configurations because they have the maximum total 
spin value S. The two equivalent p electron situation is characteristic of 
an incomplete electron shell, in which case the Landd interval rule coeffici- 
ent would likely be positive and the triplet level energies would increase in 
the order 3 Pg, 3 Pi, and 3 P 2 . Of the two singlet states, the 3 Z> 2 configura- 
tion would normally take the lowest energy because it has the higher total 
angular momentum value L. 

Consider next the nonequivalent electron configurations, such as (np) 
(n'p), where the principle quantum number is different. In this case, the 
spins can be equivalent and the principle quantum numbers -can be exchanged to 
provide additional allowed states, as shown in table 7.3. The first 15 con- 
figurations are the same as in table 7.2, only a somewhat more concise nota- 
tion (n, l, m, a)(n', V , m', s') has been used to show the principle quantum 
numbers more easily. These are assigned the same one-to-one correspondence 
with *S, 1 P, and 3 P states as in table 7.2, again with the understanding 
that these states really represent mixed one-electron configurations. The 
remaining 21 configurations that appear when equivalent spin states and 
exchange of principle quantum numbers are accounted for are all needed to 
match the total degeneracy of 3 P, 3 S, and 3 Z> states not allowed in the 
equivalent electron case. 

A similar procedure may be followed to determine the allowed states of 
LS coupling for other equivalent electron configurations (ref. 9). These are 
listed in table 7.4 for configurations a 2 , p 2 through p 6 , and d 2 through d }0 . 
Note that a closed shell of electrons always yields the 1 S state; also n 
equivalent electrons give the same set of states as the closed shell less n 
electrons. Since any filled subshell of electrons contributes zero spin 
momentum and zero orbital momentum, the configuration (e) 2 (p)” has the same 
terms as those listed for (p) n ; the configuration (a) 2 (p) 6 (<i) n has the same 
terms as those listed for {d) n , etc. 

Ground state atoms of light elements consist of completed subshells and 
one partly filled subshell of equivalent electrons, and thus have terms such 
as given in table 7.4. Excited state atoms usually consist of one electron in 
an excitei quantum state coupled to a core of ground state equivalent electron 
subshells. The orbital momentum and the spin of the excited electron are 
coupled to the core values in all possible ways to give the resultant term 
symbols. For example, consider the configuration (np) 2 (n'p). This may lead 
to the following terms (the core configuration term is given inside the square 
brackets) : 


(up) 2 [ 3 P] (n'p) — ► 4 P, 4 P, 4 S, Z D, 2 P, 2 S 
( np) z [ 1 D](.n'p)-~ z F, z D, z P 
(np) 2 [ 1 5] (n’p) — 2 ? 
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TABLE 7.3.- NONEQUIVALENT ELECTRON (np) (n'p) CONFIGURATIONS 


Index 

Configuration 

2> 

E* 

LS coupling 
notation 

1 

(n,l,0,|O(n',l,0,p) 

0 

0 


2 

(»,1,1, a) (n',1,1,8) 

2 

°1 

B 


3 

(n,l,l,a) (n',1,0,8) 
(n,l,l,a)(n\l,-l,8) 
(n,l,0,e»l (n',1,-1,8) 

1 

0 


^2 

4 

0 

0 


S 

-1 

0 



. 6,s .. 

(n,i,-i,i)(»M,-i,« 

-2 

; 



7 

(n,l,l,o)(n',l,0,a) 

1 



8 

(n, 1,1, $)(»», 1,0, a) 

1 

0 



9 

(n.1,1,8) (n',1,0,8) 
(n,l,l,a)(n',l,-l,a) 

1 

-1 



10 

mm 

1 


3p 2,l,0 

11 

(n,l,l,8)(n',l,-l,a) 

■s 

Hf 


12 

(n,l,l,B)(n',l,-l,B) 

mm 

81 



13 

(n,l,0,o)(n',l,-l,o) 

mm 

H 



14 

(n,l,0,8)(n',l,-l,o) 

BS 

0 



15 

(n, 1,0,8) (n' ,1,-1, 8) 

-i 

-1 



16 

(n' ,l,l,a) (n,l,0,8) 

mm 

0 


^1 

17 

(n', 1 , 1 , 0 ) (n,l,-l,8) 

■I 

HI 


18 

(n\l,0,o)(n,l,-l,B) 

(n,l,0,o)(n',l,0,a) 

-i 

H 



19 

SI 

m 


3 Si 

20 

(«' ,l,0,o) (n,l,0,B) 
(n.l, 0,8) (n',1,0,8) 

0 

B 


21 

0 

D 



22 

(n, l,l,o) (n', 1 , 1 , 0 ) 

2 

i' 



23 

(n',l,l,o)(n,l,l,8) 
(»,1, 1,8) (n», 1,1,8) 

2 

HI 



24 

2 

mt 



25 

(n', 1 , 1 , 0 ) (n,l,0,a) 

1 

i 



26 

(n',1,1,8) (n,l, 0 ,o) 

1 

0 



27 

(n',1,1,8) (n,l,0,B) 

1 

-1 



28 

(n', 1 , 1 , 0 ) (n, 1,-1, a) 

mm 



3p 3,2,l 

29 

(n',1,1,8) (n, 1,-1, a) 

B9 

0 


30 

(n',1,1,8) (n, 1,-1, 8) 

mm 

-1 



31 

(n',l,0,a)(n,l,-l,o) 

n 

■1 



32 

(n' ,1,0,8) (n, 1,-1, a) 


Ml 



33 

(n',1,0,8) (n, 1,-1, 6) 

-l 

-l 



34 

(n,l,-l,a)(n',l,-l,a) 

-2 

l 



35 

(n' ,1,-1, o) (n, 1,-1, 8) 
(n, 1,-1, 8) (n' ,1,-1, 8) 

-2 

Ml 



36 

-2 

BE 
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TABLE 7.4.- EQUIVALENT ELECTRON TERMS 


Configuration 

Term symbols 

(a) 1 

(a) 2 

(P)J.(P) 5 

(P) 2 .(P) 4 

(P) 3 c 

(p) 6 

(<*)}.(<*) 9 
tf) 2 ,(d)® 
(d) 3 ,(d) 7 
(<*) 4 ,tf) 6 

tf) 10 

2 5 

l S 

2 P 

1 S, 3 D, 3 P 

2 p 2 d,"s 

l S 

2 d . 

l S, 1 D, 1 G, 3 P, 3 F 

2 P 2 D 2 D 2 F 2 G 2 H, k P t h F 

1 S , l S, l D, *D, l F, l G, l G t 1 J, 3 P, 3 P, 3 P, 3 P, 3 P, 3 G, 3 H, 5 D 
2 S, 2 P, z D t z D, 2 D, z F t z F, 2 G, 2 G, 2 H, 2 I, k P, k D, k F^G, 6 S 

l S 


7.8 EXAMPLES OF LS COUPLING 


Several of the light atoms provide good examples of LS coupling. Some 
are listed in table 7.5 with their ground state configuration and a few of 
their lower-lying excited states. The energy levels are taken from Moore 
(ref. 10); small uncertainties in the absolute value for some metastable 
levels are not indicated. 

The ground state of neutral helium. He I, consists of two equivalent (la) 
electrons. This constitutes a closed s!.el! and can have only the con- 
figuration. Since boch spin and orbital momentum are zero, the total angular 
momentum J must be zero. The excited state (la) (2s) configuration lies 
lower than the (Is) (2 p) configuration since the (2a) electron is shielded less 
effectively from the nuclear charge by the remaining (la) electron than is the 
(2 p) electron. The electrons with different total quantum number are nonequiv- 
alent and the spins can now add up to either triplet or singlet states. The 
total angular momentum of the 5 states equals the spin, of course, but the 
J values for the 3 P state can be 2, 1, or 0: the three ways a spin of one 

can add to one unit of orbital momentum. The superscript u on the 3 P P and 
1 P° states signifies that an odd number of orbital angular momentum quanta 
occurs in the configuration. The absence of this superscript signifies an 
even number. This notation is convenient for spectroscopic purposes because 
the strong (electric dipole) optical transitions for LS coupled atoms occur 
only between even and odd states. 

The levels of Li I are similar to the hydrogen levels (problem 7.6), 
except that some extra levels occur because of the greater degeneracy of 
states available to the outer electron. Li II is isoelectronic with He I and 
has a similar set of levels, but with lower energies because of the greater 
nuclear charge. 
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TABLE 7.S.- LOW-LYING ELECTRONIC STATES OF LIGHT ATOMS 


Atom 

Configuration 

Term 

Energy, cm"' 

He I 

(la) 2 

1 Sq 

0 


(la) re) 

*S\ 

159850.32 


»f 

% 

166271.70 


(la) (2p) 

3p0 

169081.11 


»» 

3p0 

169061.19 


•• 

3 P° 

169082.18 


ft 

ipO 

171129.15 

Li I 

(la) 2 (2a) 

2l5 l/2 

0 


(la) z (2p) 

2p0 

r l/2 

14903.66 


»» 

2p0 

M/2 

14904.00 


(la) 2 (3a) 

2s i H 

27206.12 


(le) 2 (3p) 

2 P°in\ 



ft 

2p0 I 
r 3/2 1 

30925.38 


(l*) 2 (3d) 

2 ^3/2 

31283.08 


ft 

2d 5/2 

31283.12 

Be I 

(la) 2 (2a) 2 

i s o 

0 


(la) 2 (2a) [ 2 5] (2p) 


219/9.4 


II 

3p0 

21980.1 


M 

3p0 

21982.5 


II 

lpO 

42565.3 


(la) 2 (2a) [ 2 S] (3a) 

3 $1 

52082.1 


ft 


54677.2 

B I 

(la) 2 (2a) 2 [ l 5](2p) 

2pO 

*1/2 

0 


II 

2p0 

*3/2 

16 


(la) 2 (2a) (2p) 2 

"P\/2 

28805 


II 

^3/2 

28810 


fl 

4 ?5/2 

28816 


(la) 2 (2a) 2 [ 1 S](3s) 

2s \/2 

40040 


(la) 2 (2al (2p) 2 

2 ^S/2 I 

47857 


fl 

2d H2) 
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TABLE 7.5.- LOW-LYING ELECTRONIC STATES OP LIGHT ATOMS - Continued 


Atom 

Configuration 

Terra 

Energy, cm " 1 

C I 

(l8) 2 (2«) 2 (2p) 2 

3 ?o 

0 


tf 

3 Pi 

16.4 


If 

3 p 2 

43.5 


?» 

% 

10193.7 


ft 

% 

21648.4 


(l8) 2 (2e)(2p) 3 

5 S° 

33735.2 


(la) 2 (2e) 2 (2p) [ 2 P°](38) 

3p o 

60338.8 


If 

3 P{ 

60353.0 


If 

3 pg 

60393.5 


If 

Ip? 

61982.2 


(18) 2 (28) (7?) 3 


64088.6 


II 

3 0° 

64093.2 


If 

3 Z>° 

64092.0 

N I 

(18) 2 (28) 2 (2p) 3 


0 


ft 


19223 


ft 


19231 


If 

2p0 \ 




d/2| 

28840 


ft 

2p \n) 



(l8) 2 (28) 2 (2p) 2 [ 3 P] (38) 

k Pl,2 

83285.5 



4 *3/2 

83319.3 


If 

4f> 5/2 

83366.0 



Zp \/2 

86131.4 


ft 

Zp H2 

86223.2 

0 I 

(l8) 2 (2e) 2 (2p) 4 

3 P 2 

0 


If 

3 ?1 

158.5 


M 

3 *o 

226.5 


It 

'd 2 

15867.7 


»» 

l So 

33792.4 


(la) 2 (2e) 2 (2p) 3 [ 4 S°](3a) 


73767.8 


ft 


76794.9 
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The terms of Be I are similar to He I, except that again some extra 
levels occur because of the greater degeneracy of states available to the 
outer electron, such as the levels of the (la) 2 (2s) (2p) configuration. When 
the interaction between the outer electron and the core of inner electrons is 
weak, a term specifying total spin and angular momentum of the core electrons 
can be assigned. In the present case, the core of (Is) 2 (2s) electrons can 
only take one term, the *S. However, when cores involve several p elec- 
trons, several core terms with different energy levels are possible. Be II is 
isoelectronic with Li I and has a similar set of energy levels, while Be III 
has a He I-like set of energy levels. 


B I has one unpaired (2p) electron in the ground state and so gives rise 
to a close-lying doublet of 2 P states. The first excited level occurs by 
promoting one of the (2s) electrons to the (2p) orbit. The two equivalent p 
electrons can couple in the 3 P, or 1 S term configurations as indicated 
in table 7.4; coupling the (2s) electron to these configurations leads to 4 P, 
2 P, 2 D, and 2 S terms. Of these, the term 4 P with greatest degeneracy is 
lowest, next is the doublet term 2 D with greatest orbital momentum. This 
sequence is interrupted by the (Is) 2 (2s) 2 (3s) excited state and the 2 P and 2 S 
levels are not observed in B I. However, all these levels are observed below 
the (1s) 2 (2s) 2 (3s) excited level in the isoelectronic sequence C II. 


C I has the set of terms given in table 7.4 for two equivalent p elec- 
trons. Again, the terms with greatest multiplicity are lowest in energy and, 
of those with the same multiplicity, the terms with largest orbital momentum 
are lowest. Like B I, the first excited level occurs when one of the (2s) 
electrons is promoted to (2p) . This gives rise to a sequence of terms that 
couples the remaining (2s) electron to the terms of three equivalent p elec- 
trons, namely, 5 S, 3 0, 3 P, 1 D, 3 S, and 1 P. This sequence is interrupted by 
the (Is) 2 (281 2 (2p) (3s) levels in C I; the first four terms of the sequence 
appear in N II before the (3s) excited state and the complete sequence is 
unbroken in 0 III. 


In N I, the ground state terms comprise the set for three equivalent p 
electrons as given in table 7.4. The state of greatest multiplicity, 4 S, is 
lowest. Of the doublet states, the 2 D state with greatest orbital momentum 
is lowest. When one of the electrons is excited to the (3s) state or higher, 
the core of two equivalent p electrons can take the terms 3 P, *D, or *S, 
but as indicated in table 7.4 the lowest of these is the 3 P core state, just 
as for the ground stafe of C I. The 1 P core state has been identified in 
some of the higher excited levels. 

The ground levels for 0 I comprise the set of terms given in table 7.4 for 
four equivalent p electrons. The lowest of these is the 3 P state with the 
greatest multiplicity and, of the singlet states, the 1 Z7 state with greatest 
orbital momentum is lowest. When one of the outer electrons is excited, the 
core can take 4 S, Z D, and 2 P configurations with the lowest of these the 4 S, 
just as for NI. The remaining two core configurations give rise to a series of 
identified levels that for highly excited states lie above the ionization limit 
for the k S core state of 0 I. 

F I in the ground state has only the one 2 P term allowed for five 
equivalent p electrons. When one of these is promoted to an excited level, 
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the lowest- lying core configuration is 3 P, as for ? ground state of 0 I. 

Ne I has a closed shell in the ground state and so has the term 1 5; both the 
spins and angular momenta are all paired in this case. In excited states, the 
LS coupling approximation becomes rather poor tor Ne, and the LS term sym- 
bols are abandoned in favor of a simple number that designates the coupling of 
the orbital momentum of the excited electron with the total angular momentum 
of the core (called j ,1 coupling); then the total angular momentum J is 
the coupling between the j,Z value and the spin of the excited electron, 
± 1 / 2 . 


7.9 DIATOMIC MOLECULE ELECTRONIC STATES 


At temperatures where electronic states become excited to an appreciable 
extent, polyatomic molecules generally dissociate. However, many diatomic 
molecules are rather strongly bound and excited states of these molecules are 
often observed. The important characteristic so far as the degeneracy of any 
molecular state is concerned is the symmetry, and the symmetry of diatomic 
molecules is cylindrical. An electron subject to a purely cylindrical force 
field would retain constant angular momentum about the axis of symmetry and 
constant linear momentum along the axis of symmetry. The diatomic molecule 
has very strong fields at the ends of the molecule, of course, which cause 
large changes in the total angular momentum as the electron reflects from 
these regions; but because of the overall cylindrical symmetry, the angular 
momentum about the cylindrical axis is preserved. If there were no spin- 
orbital coupling with other electrons, this component of angular momentum 
would be conserved for each individual electron. With coupling, the individ- 
ual electrons may change angular momentum, but the total angular momentum 
about the cylindrical axis is conserved. For a molecule of light atoms, the 
coupling is weak and a situation occurs somewhat similar to LS coupling in 
atoms. Typically, the orbital momenta of the individual electrons add to form 
a total component of orbital momentum which has a relatively constant compo- 
nent along the molecular axis of symmetry and which precesses about this axis 
so that the time average of the component orthogonal to this axis vanishes. 
Similarly, the spin of the individual electrons may add to form a total spin 
that also takes a relatively constant component along the molecular axis of 
symmetry and precesses about this axis. The constant components of electronic 
angular momentum then couple with the angular momentum of the nuclear rota- 
tions to give a total angular momentum, exclusive of the nuclear spin angular 
momentum. Other coupling schemes sometimes occur in which different compo- 
nents are the relatively constant ones; these are discussed briefly after a 
review of the spectroscopic notation used to describe the various coupling 
schemes. 


The notation chosen to describe diatomic molecular momentum states is 
patterned after the atomic LS coupled states. Greek letters are used in 
place of English; small Greek letters a, rr, 5, . . . signify 0, 1, 2, . . ., 
quanta of angular momenta about the cylindrical axis for the individual elec- 
trons. Capital Greek letters E, n. A, . . . specify the total orbital momen- 
tum of all electrons along the internuclear axis; the spins add up 







algebraically just as for atoms. A difference between the degeneracies for 
the cylindrical and spherical systems does occur. The E term has no compo- 
nent of angular momentum along the intemuclear axis and is a singlet state. 
However, the II, A, and higher angular momentum states all have a doubling of 
levels corresponding to either clockwise or counterclockwise angular momentum 
about the cylindrical axis. The spherically symmetric case had larger degener- 
acies than this because of the additional symmetry involved (recall that S, 

P, D, states of the atoms have degeneracies 1, 3, 5, . . .). Thus, in the 
cylindrically symmetric case, the Pauli exclusion principle limits the o 
state to t'»o electrons and the ir, 6, etc., states to four electrons each. 

The total spin momentum S can couple with the total orbital momentum A 

in 2S + 1 different ways as before, and the molecular term is designated 

A where A represents one of the letters E, n, A, etc. The degeneracy 
of this term is (2 S + 1) if A = E, 2(2.9 + 1) if A takes any of the other 
values. 

Some additional elements of nomenclature are worth mentioning: E states 

are often given a superscript + or -, that is, E + or E", depending on whether 
the total electronic wave function is even or odd with respect to a plane 
including the axis of symmetry. The ± symmetry is always present in states 
with A ^ 0, so the notation is redundant and is therefore omitted in this 

case. For example, the steady- state symmetrical wave function with A ^ 0 can 

be represented as the sum 


K 


g tA<j> + g -fA<j> 


and the steady state unsymmetrical wave function as the difference 


<l»_ = 




-iA<$> 

e 


where <J> is the angle in cylindrical coordinates. The E states, can be 
compounded of ir, 6, etc., electrons and so can have this even and odd sym- 
metry with respect to <j>, even though the total angular momentum is zero. 

A subscript g or u (gerade of ungerade) is also used to represent the 
fact that the electronic wa^e function is even or odd with respect to the 
plane bisecting the nuclear axis. This notation is required only if the 
diatomic molecule is homonuclear, that is, composed of atoms of equal nuclear 
charge; this symmetry is destroyed otherwise. 

English letters X, A, B, C, . . a, h, a, . . ., etc. often precede 
the term symbol for molecular states. The capital letters A, B, C, . . . 
designate a sequence of excited states having the same multiplicity, and the 
lower case letters a, b , a , . . . designate another sequence with different 
multiplicity. Usually, the lower case letters are assigned to the lowest 
multiplicity and the capital letters to the £'igher multiplicity. The ground 
state is designated by X regardless of its multiplicity. (Much of the spec- 
troscopic notation was assigned before the classification with theoretical 
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quantum models was understood and, therefore, occasional exceptions to the 
conventions above occur. Sometimes the sequence of levels is not in correct 
alphabetical order, and the multiplicities may not coordinate properly with 
the capital and lower case notations.) Sometimes a value of 0, the total 
component of electronic angular momentum along the intemuclear axis, is given 
as a subscript to the term symbol. This component is usually an algebraic sum 
of the orbital component A and the spin component Z along the axis. How- 
ever, the value of 0 is not always known from an analysis of the spectra; 
the molecular spectra are not generally as well ordered in their 
classification as atomic spectra. 

Some examples of molecular energy levels are given in table 7.6 (refs. 11,12). 
Note that the degeneracies are all 2(25 + 1) except the Z states, where they 
are (2S +1). In calculating the partition function for N 2 , we can normally 

TABLE 7.6.- SOME DIATOMIC MOLECULE ELECTRONIC STATES 


Molecule 


Term 

Energy , cm" 1 

Degeneracy, g 

i 

xh; 

0 

1 

1 

l 


50206 

3 

S' 

1 

i 

B*n g 

59626 

6 

* 

c\ 

89147 

6 

i 

a \ 

69290 

2 

i 

xH- 

0 

3 

% 

i 

a'hg 

7918 

2 

s 

i 

h H* 

13195 

1 

i 

i 

aH' u 

36096 

3 

> 

i 

B^u 

49802 

3 

i 

* 2jI l/2 

0 

2 

§ 

3 

* 2 n 3 /2 

121 

2 

% 

A 2 Z + 

43966 

2 


b 2 n 

45930 

4 

i 

C 2 Z + 

52148 

2 

1 

D 2 Z + 

53083 

2 

1 

£’ 2 Z + 

60628 

2 

! 

< 


neglect all but the ground state because the other states are high enough in 
energy that N 2 is all dissociated before the electronic states are signifi- 
cantly populated, except at very high pressure of 100 atm or greater. However, 
where radiation is concerned, even lightly populated excited states must be 
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accounted for because B ■+ A and C ■* B tr. .sitions (1st and 2nd positive band 
systems of N 2 , respectively) are very strong radiators. 

Oxygen, on the other hand, has two low-lying excited levels that must be 
accounted for in the partition function. Also, the B 3 Ey level must be 
accounted for in radiation calculations even when weakly populated because the 
B X transitions are the Schumann-Runge bands, one of the strongest 
absorbers and radiators in the ultraviolet. 

I 

Finally, for NO, note that the ground state is split by spin-orbit 
coupling into two close levels that have been identified. There are just two 
states for each value of 0 because of the cylindrical symmetry rather than <■ 

2J + 1 as for the spherically symmetric atom, corresponding to the projections 
±0 along the axis of symmetry. Since NO is heteronuclear, the g and u 
notations do not appear, of course. , 

In addition to the coupling between orbital and spin motion of the 
electrons, the angular momentum of electronic motion is coupled to the angu- 
lar momentum of the nuclear rotations in the molecule to give the total angu- 
lar momentum J. Strictly speaking, this coupling should include the spin 
angular momentum of the nuclei also. However, the coupling with nuclear spin 
is found to be so weak that it does not normally produce observable fine struc- 
ture. Thus nuclear spin is normally considered to merely shift the zero point 
energy and the zero point entropy (as discussed in ch. 4). By convention, the 
so-called "total" angular momentum J is taken to represent just the total of 
the coupled electronic angular momentum and the angular momentum associated 
with the rotations of the molecular structure of atomic nuclei. Several dif- 
ferent coupling schemes may occur, depending on the relative strength of the 
coupling coefficients involved. These different coupling models are referred 
to as Hund's coupling cases (a), (b) , (c) , (d) , and (e) (refs. 11 and 12). 

Only the first four have any practical importance, that is, they approximately 
describe molecular states actually observed. Case (e) describes a limiting case 
that is possible in principle but not observed. Briefly, the four cases may 
be described as follows: 

Case (a). The coupling between nuclear rotational angular momentum N 
and the electronic motion is very weak. However, the coupling between the 

electronic motion and the nuclear axis is strong, that is, the axial component i 

of orbital angular momentum A and the axial component of the spin angular 
momentum E are strongly coupled to give a resultant R that is relatively f 

constant. The components N and R then couple to give a resultant total angu- 
lar momentum J that is constant in magnitude and direction; J takes values 1 

R, R + 1, R + 2, etc. The N and R components precess about the vector J, 

while L and S, the total electronic orbital and spin angular momenta, respec- , 

tively, precess about the nuclear axis with constant axial components A and E. 

The total angular momentum is related to /V and R by 

+ 1) = N 1 + R 2 

so the rotational energy associated with the nuclear rotations is given by 
expressions such as 
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S’, = B[J(«7 + 1) - « 2 ] 

Case (b) . When A = 0 and 5^0, the spin S’ is not coupled to the 
intemuclear axis at all and n is not well defined. Sometimes even if 
A j* 0, S may be so weakly coupled that Hund's case (b) applies. In this case, 
A and N form a resultant designated by K, which takes values A, A + 1, 

A + 2, etc; K represents the total angular momentum except for electron spin: 

K(K + 1) = N 2 + A 2 

Then K and S couple to give a very weak splitting cf levels. The nuclear 
rotational energy then takes the form 

E p = B[K(K * 1) - A 2 ] 

if the small splitting of levels is neglected. Most molecules made up of 
light atoms are covered by Hund's cases (a) and (b) . 

Case CO. If a heavy atom is present in the molecule, A and E are not 
well defined, that is, the axial components of L and S are not very constant. 
In this case, L and S form a resultant J that then precesses about the 
nuclear axis with a constant component 12. The component J2 couples with N 
to form the total J 

j(j + l) « n 2 + n 2 

which gives the same pattern of nuclear rotational levels as case (a). 

Case (d) . This case is approached in very highly excited electronic 
states where the outer electron is in a Bohr-like orbit. Then the energy is 
determined primarily by the total quantum number; orbital angular momentum and 
spin are very weakly coupled, just as for the ff-atom levels in problem 7.6. 

In this case, the rotational fine structure results almost solely from the 
nuclear rotations. 


E r = BR(R + 1) 

By convention, the nuclear rotation quantum number is designated by R for 
this case (ref. 12). This case is not often observed in practice because, when 
excitation energies are sufficient to excite the upper Bohr orbits in a 
molecule, the molecule usually dissociates. 

Case (e) . In principle, one can conceive of a case in which L and S 
are strongly coupled, but where the resultant is weakly coupled to the nuclear 
rotations. This case does not seem to be observed (refs. 11, 12, and 13). 

One can appreciate that the interpretation of molecular spectra with such 
coupling schemes is an important aid in untangling the fine structure of lines 
observed. Even where this fine structure does not exactly fit any one of the 
coupling schemes, it may be sufficiently close to one of them to allow classi- 
fication of the levels observed. In this way, the degeneracies of the various 

229 


I 

j 


l 


1 

i 

1 


J 

i 


x 

J. 

r f 


i* 


» 

\ 

j 

i 

i 

i 

i 

} \ 




1 


* 


V 



% 


levels may be assigned so that the thermodynamicist can proceed to calculate 
partition functions and thermodynamic properties. 

Some ambiguity about the symbol J may occur because it is commonly used 
to represent the molecular rotational quantum number (as in ch. 4), but in 
discussing the coupling schemes, J is reserved to signify the "total" angular 
momentum quantum number (excluding nuclear spin momentum as discussed above) 
and the molecular rotational quantum numbers are designated by N (or R in 
Hund's cases (d) and (e)). In practice, this ambiguity does not cause much of 
a problem because the electronic angular momentum numbers are usually small 
compared with the molecular rotational quantum numbers of interest. Stable 
electronic structures tend to pair up spins and fill the lowest orbital momen- 
tum states so that the values of Z and A are small, usually 0, 1/2, or 1. 

On the other hand, the most populated molecular rotational states, even at 
ordinary temperature, are those with N the order of 10 or greater. In this 
case, J and N are approximately equal and, to the approximation usually 
required to calculate partition functions, it is sufficient to treat the molec- 
ular rotations as though they are independent of coupling effects with 
electronic motion. 


7.10 ELECTRONIC PARTITION FUNCTIONS 



The electronic energy levels and degeneracies of atoms and molecules are 
observed to follow a very irregular pattern so that closed, analytic expres- 
sions for the electronic partition functions are not derivable. Fortunately, 
the energy levels are generally so widely spaced that only the first few terms 
of the series are required at normal temperatures. For example, the elec- 
tronic partition functions given in table 7.7 for a few typical atomic species 
are carried out to energy levels E/k up to 100,000° K. Electronic levels 


TABLE 7.7 SOME APPROXIMATE ELECTRONIC PARTITION FUNCTIONS FOR 
ATOMS AT TEMPERATURES BELOW 20,000° K 
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are typically so widely spread in this region that there is very little 
ambiguity about the cutoff level and, for many purposes, these expressions are 
adequate for temperatures up to about 20,000° K where higher- order terms are 
the order of or smaller. Molecules are usually dissociated into atoms 

above 10,000° K, so truncation of the partition functions at E/k = 50,000° K 
is generally adequate for molecules. Table 7.8 gives some approximate molec- 
ular partition functions. The contribution of electronic energy to the 


TABLE 7.8.- SOME APPROXIMATE ELECTRONIC PARTITION FUNCTIONS FOR 
MOLECULES AT TEMPERATURES BELOW 10,000° iC 


<3(N 2 ) 
<3(0 2 ) 
<2 (NO) 
<2(H 2 ) 
Q(Cl 2 ) 
s(hcz) 
«(N 2 + ) 
<?( 0 2 + ) 
«(N0 + ) 

«(o 2 -) 


= 1 

= 3.2 <.- u - 393/T . e ->8.9e5/r 

= 2.2 r 174 - 2 ^ 

= 1.6 e - !6 - 34S/T 

= 2.4 e -> 3 . 19 ‘/T , 2 e -36,63ViT 

= 4.8 . 4 t SS.»l»/T 

= 1.6 e - 57 ^-' T 

. 4.4 e ->5, 260/2 1 , 4 ,-34.819/r 


thermodynamic functions can readily be computed from these expressions by 
taking the proper derivatives (as outlined in ch. 1): 


m 

E 

9 n 

e - E « /W 

n= 0 



’ m 




z 

E n 

kT 

g e~ z n‘ 

,n= 0 




^-z n /kT 
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(7.68) 


(7.69) 


(7.70) 


(l) e 


(E - E 0 \ 

\ RT )e 


(7.71) 
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Ii higher-order terms are all included, the simple summation in 
equation (7.68) becomes divergent for all species at all temperatures. The 
electronic levels all become hydrogen-like when a single excited electron is 
promoted to very high quantum states because, far from the nucleus, the inner 
electrons serve merely to screen off the appropriate number of nuclear charges 
and the resultant field is like the spherical field from a point charge. Even 
molecular configurations of nuclei and surrounding inner electrons eventually 
act as a point charge. The hydrogen-like system is an exception in that 
simple mathematical expressions for the electronic degeneracies and energies 
exist: 


«. - Z 


2 -Ei/n 2 kT 


2 n- e 


(7.72) 


n - 1 


where E\ * -(Z - p) 2 e 2 /2a, Z is the nuclear charge, and p is the number of 
inner electrons (i.e., Z - p * 1 for neutral species, 2 for single ionized 
species, etc.). For very large n, the energy levels become so closely spaced 
that the summation of degeneracies involved diverges, as is shown by evalu- 
ating the remainder of the summation above some large quantum number m as an 
integral : 


«, - £ 2„ 2 e-^" ZkT . f 2rt 2 e-^ kT dn 
n- 1 "m 


* £ 2n 2 e- B ' /nKr . / 

71=1 * n 


m “ 2 -Eix/kT 


dx 


x 


5/2 


(7.73) 


For more complex atoms and molecules, the first part of the summation 
changes, but at some level m the higher- order terms become hydrogen-like and 
the summation diverges at any temperature (eq. (7.73)). Fortunately, nature 
does not require that we live in an infinite entropy universe. The upper 
electronic levels are effectively truncated by collision- like perturbations 
due to nearest neighbors in any finite density matter, yielding a finite sum 
that depends on the density of neutral and/or ionized particles surrounding 
the atom. This effect is treated in more detail in chapter 8, which discusses 
several higher-order corrections to the simple, separable partition functions 
considered thus far. 
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7.11 CONCLUDING REMARKS j 

I 

The contributions of electronic energy states to the partition functions \ 

and derivative thermodynamic properties usually cannot be expressed analyti- j 

cally, even in a first approximation, as could the contributions from rota- 
tional and vibrational modes of molecules. However, only the first few states 
need to be considered even at rather elevated gas temperatures; therefore, the 
problem is simply treated by truncating the partition function sum after the * 

first few terms; experimental values are used for the energy levels while the 
degeneracies are deduced from a classification of the spectra in terms of 
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CHAPTER 8 - PARTITION FUNCTION CORRECTIONS 


8.1 SUMMARY 


The vibration-rotation interaction coupling in diatomic molecules is 
analyzed and first-order expressions for the energy levels are deduced. Cor- 
rections to the partition function to account for this coupling are derived. 

The effects of long-range intermolecular forces due to induced dipcle- 
induced dipole interactions, dipole-induced dipole interactions, charge-dipole 
interactions, and charge-charge interactions are considered. London's quan- 
tized oscillator model (ref. 1) of the induced dipole-induced dipole interac- 
tion is developed. The partition function including effects of such 
dispersion fcrces is derived and is shown to lead to the virial equation of 
state. For a model combining the hard sphere and long-range attractive type 
potentials, this is found to lead to the van der Waals equation of state. The 
equation of state near the critical point is presented in reduced form 
(thermodynamic variables expressed in units of critical point values). 

Finally, approximate corrections to the electronic partition functions 
are derived to account for perturbations of excited electronic ates induced 
by neighboring neutral particles, heavy ions, and fast electron collisions. 


8.2 INTRODUCTION 


Where good accuracy is required, several corrections to the partition 
function must be considered. Among the most important are corrections for 
vibration-rotation coupling, for intermolecular forces, and for neighboring 
atom perturbations that lower the effective ionization potential and truncate 
the electronic partition function. These three corrections are now considered. 


8.3 VIBRATION-ROTATION COUPLING IN DIATOMIC MOLECULES 



In chapter 4, the rotating diatomic molecule was treated as a rigid 
rotator. Now the centrifugal stretching of the internuclear bond which occurs 
as the body rotates is considered. A semiclassical derivation illustrates the 
physics involved, and is also sufficiently accurate for most purposes. The 
centrifugal force on the molecule may be expressed in terms of the angular 
momentum L or yr 2 ^ as 



(8.1) 
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This force is balanced by a restoring force derived from the intemuclear 
potential, which for a harmonic potential is the familiar Hooke law, 
puiy 2 (r - r ) , where is the vibrational circular frequency and r 0 is the 
equilibrium intemuclear distance for zero angular momentum: 


- r 0 ) = — 3 

The energy is just the sum of rotational and potential energies: 


( 8 . 2 ) 


E r = J ^r 2p2 + T “u 2 ( r - r o) 2 " -~~z + 


2pr 2 2u 3 w y 2 r 6 


(8.3) 


The interatomic distance r is now expanded in terms of the small difference 


r - zv> as 




■£[*-*(=?)♦•■■] 


(8.4) 


and, to terms of order L 4 , the energy becomes 

F = ^ 
r 2yr 0 2 2p 3 u)y 2 r 0 6 


(8.5) 


The angular momentum L 2 can be replaced by its quantum value J (J + l)fc 2 to 
give 


F r =• + i) — + 1) 2 + • • 

2vr 0 2 2y 3 tu y 2 v 0 * 


( 8 . 6 ) 


Compare this with the spectroscopist ' s notation, 

E v = BJ (J + 1 ) - DJ Z (J+ l) 2 + . . . 


(8.7) 


to obtain expressions for B and D. The expansion can be carried out to 
third- and higher-order terms, but available experimental precision does not 
generally warrant fitting the data to more terms than presented above. 

In addition to the average bond stretching, there is a dependence of B 
on the vibrational quantum level because (r~ 2 ) is not the same as 2 • 

Let 


r 0 = v g + 6 sin u v t 


( 8 . 8 ) 


1 





- V a 


'm k-4 




rkproducibtlity of the 

ORIGINAL PAGE IS POOR 


where 6 is the amplitude of vibrational motion involved and v e is the 
equilibrium interatomic distance when both rotations and vibrations are absent: 


,tr —,t > ‘ ,;VT' ■ -m ,iV v • • ■ •]) 


(8.9) 


The vibrational amplitude <$ is related to the vibrational quantum number 
by equating the classical and quantum expressions for vibrational energy: 


y 


E v = (u + liu) = ptm 2 


( 8 . 10 ) 


Thus for a purely harmonic oscillator the rotational energy constant 
increases as the vibrational quantum number v increases: 


B = B £ 




( 8 . 11 ) 


Such an increase in B with vibrational quantum number is actually observed 
for some of the metal hydrides (LiH, KH, NaH, RbH, and CsH) in their excited 
i4 1 E + state, where the anharmonic cubic correction term u e x e is negative - that 
is where the potential becomes steeper than quadratic as the molecule is 
stretched beyond the equilibrium posi- 


tion. However, for all other observed 
diatomic states, the anharmonic 
effects produce a shallower than quad- 
ratic potential as the molecule is 
stretched beyond the equilibrium posi- 
tion (i.e., 1S positive), as 

shown in figure 8.1. In this case the 
average rotational constant corre- 
sponds to an intemuclear distance 
that roughly bisects the potential 
turning points as suggested by the 
curve for x and thus B decreases 
vibrational amplitude increases. 
Spectroscopists fit their data 
empirically to the relation 


as 


8 = B, 




Expressions for a e 


( 8 . 12 ) 

can be derived 



if the form of the potential is 
known. For the Morse function, 
example, 


for 


Figure 8.1.- Effects of anharmonicity on 
average internuclear distance. 
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(8.13) 


a e = 


6 A x e s e 3 


6S g 2 


The fundamental vibrational frequency is also affected by the rotations. 
The molecule may be considered to vibrate in an effective potential that is 
the sum of the vibrational potential i/ 0 (r) and the rotational energy: 

VgffM = U ot * 0 + + D (8.14) 


The effective potential is shown in 
figure 8.2 for a Morse oscillator and 
several rotational quantum numbers. 

One can see that the added "rotational 
potential" vanishes at large r, but 
grows important near r p and actually 
creates a maximum in the effective 
potential. Eventually, at high enough 
rotational quantum numbers, the poten- 
tial minimum disappears and the mole- 
cule dissociates by rotational 
stretching. The rotational contribu- 
tion to the effective potential 
changes the shape about the minimum 
and so alters the vibrational fre- 
quency. When the interaction terms 
are derived for a given potential 
function, the results do not generally 
fit the experiments very well and, in 
practice, the energy levels for 
coupled vibration-rotation are simply 
fit to an expression of the form 



- {o + y) w e Xg - <* e (y + j)lW + 1) ] 

+ . . . (8.15) 


For many purposes, the first-order correction terms given in equation (8.15), 
involving the coefficient D e for centrifugal stretching, the coefficient 
u) e Xg for anharmonicity, and the coefficient a e for coupled rotation- 
vibration effects, are sufficient. The next order correction for anharmoni- 
city, [v + (1/2) ] 3 u i y e , is typically the largest of the neglected terms in 
equation (8.15). 


Figure 8.2.- Morse potential with 
rotational potential included, 
for N 2 [b= (W2Z?) 2 = 2.25X10' 4 , 
x 0 = (yu*r e 2 /2 £>) 1/2 = 3.5]. 
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To derive an expression for the partition function, the energy relative 
to the ground state is needed (see eq. (1.72) in ch. 1). In this connection, 
the older spectroscopic energy expression given below in terms of integer 
quantum numbers is convenient because the ground state level is zero in this 
notation: 


E vr = BgJ(J + 1) - DqJ 2 («/ + 1 ) 2 + m 0 v - i *> 0 X o V 2 - a 0 vJ(J + 1) 


(8.16) 


where 


/ 0L e 

u)0 - big ( 1 - Xg + . . . ) Xq - Xg ( 1 + Xg + . . . ) Bq - Bg ^1 - 22 J 


8.4 PARTITION FUNCTION FOR A DIATOMIC MOLECULE WITH 
COUPLED ROTATION- VIBRATION EFFECTS 


The partition function for a vibrating diatomic rotator with energy 
levels given in equation (8.16) is the double sum 

« W* 1 ) (8 , 17) 

V J 

where 


The sum over J is approximated by the integral 

23(2J+ l)e' a ‘ 7( ‘ r+1) = J m e -a(l-5v)z+y oz 2 ^ 

J 

- J*™ (l + yo3 2 )e a ( 1_lSu ) 2 (8.18) 


The variable of integration z = J{J + 1). The eopfyos 2 ) can be expanded in 
the last expression in equation (8.18) because the product yo is so small 
that higher-order terms are negligible. Let the variable y = o(l-&v)z; then 
the integral becomes, to terms of first order, 


J t*^ 2 *- • •)« 


-y d y 

a(l - 6u) a(l 




(8.19) 
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The partition function is now the sum 

« . £ i A . at . 

u=o 0 ' ° * 


( 8 . 20 ) 


Expand e 1 *® 1 ’ 2 to 1 + uxv 2 and substitute in equation (8.20), to obtain 


oo 

Q = 2 — (l + + <5 y + uxu 2 + . . . \ 

y=o 0 ' * 


-uv 


( 8 . 21 ) 


The sums involved are 


Z 2 = a - e ' u y x 


ve 


-uv 


■ •-c» - «-) 


-2 


(8.22a) 

(8.22b) 


Z v2e UV = - ~r~(Z ve Uy ) = (e -u + e 2u )(l-e~ u ) -3 (8.22c) 


and the partition function finally becomes 


lT 

0(1 - g-K) [ A 


+ 2l + 


2rw 


- 1 - 1) : 




(8.23) 


which may be expressed as the usual product of the separable vibrational and 
rotational partition functions and a correction term 


Q = Q v Q p { 1 + TT) 


(8.24) 


where the correction term is 


1 + YT = 1 + + 


a/B 2xfm/kT 


g2 e hoi/kT _ i [ e hu/kT _ j^2 


(8.25) 


The correction becomes appreciable only at temperatures somewhat larger than 
TSw/fe, and the coefficient r can be approximated as 


1 ' 


T - i t t ak t 2xfe 

5^ B*zw Jju B&i> ^o) 


(8.26) 


The coefficient r has essentially the same value whether the factors B e , 
D e , d)g, x e , and a e or the factors B 0 , D 0 , o> 0 , x Q and a 0 are used in 
equation (8.26). 
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In addition to the coupling that exists between vibrational and 
rotational energy, rather strong coupling usually exists between electronic 
energy and both vibrational and rotational energy. However, electronic states 
are typically widely spaced so that very few atoms and molecules exist in the 
excited electronic states at normal temperatures. In this case, it is a fair 
approximation to use the vibrational-rotational partition function for the 
ground state species as the partition function for all states. At higher 
temperatures, the coupling is accurately accounted for by treating each elec- 
tronic state as a separate species, with its own characteristic values of B, 
D, u>, x, and a. Values for the higher electronic state are not always known, 
but a partial table of th>se coefficients is given by Herzberg (ref. 2), and 
an updated compilation is available in reference 14. 


8 . 5 INTERMOLECULAR FORCES 


Long-range attractive forces exist between molecules, even very inert 
molecules, which, at high density, perturb the energy levels and so modify the 
partition function. The existence of attractive intermolecular forces is 
strikingly demonstrated by the fact that liquids exist, and by the Joule- 
Thomson effect in which adiabatically expanding gases are cooled in accordance 
with the work done against these forces. In preparation for modeling the 
phenomena of intermolecular attraction, consider first the interaction of 
atoms and molecules in the presence of a fixed external electric field e. 
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Generally, molecules may be unsymmetrical and possess a permanent dipole 
moment d resulting from the unsymmetrical distribution of the electron 
charge. Usually, the asymmetry is confined to one or two electrons in the | 

outer shell. It is common practice to treat the dipole as though it were the I 

result of a single-electron charge with a displacement x from the center of j 

mass, which is the center of residual positive charge. In other words, a 1 

distance x is defined so that d = ex. j 

The interaction energy between the field e and a permanent dipole t 

moment d is | 

-v -*■ i 

U = -e • d = -ed cos e (8.27) 1 


.V 

4 


i 


where 0 is the angle between the dipole vector and the field. Strictly 
speaking, the orientations are quantized, of course, but molecules generally 
have large enough moments of inertia that a continuous classical variation in 
0 is adequate. 


If the orientations were completely random so that all values of 0 were 
equally probable, the average dipole moment would be zero. However, the 
dipoles take a Boltzmann distribution in which the tendency for the dipoles to 
line up in the minimum energy configuration (0 = 0) is counteracted by the 
thermal energy of rotation. Where the dipole energy U is very small com- 
pared to kT, the fraction of molecules with a given orientation 0 is 
approximately 
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/(0)d6 * J e^ zd 008 Q)/kT sin 0 dQ (8.28) 

The average dipole moment in the direction of the field is then 

1 = \ d coe e(l ♦ td g — ) sin 0 dQ = (8.29) 

and the average interaction energy is 

- - c 2 d 2 

U = -zd = - ^gr- (8.30) 

At very low temperatures or in very strong fields, the average dipole 
approaches d as an upper limit, since the dipoles all line up in the field 
direction, and the interaction energy then approaches zd. 


Problem 8.1: Show that the normalized Boltzmann distribution for a collection of classical dipoles in a fixed 

electric field e is 


and that the average dipole moment is 


/(e)rfe 


a (c d cob S)/kT 
W 


T3 


jmr 


Bin 6 dB 
-zd/kT \ 


3 = d(aoth 



(8.28a) 


(8.29a) 
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Atoms and symmetrical molecules do not have a permanent dipole, but the > ' 

external field distorts the electron distribution and induces a dipole that 
interacts with the field. This effect also occurs in molecules with a perma- 
nent dipole and should be added to the effect considered above. Normally, the { 

external field is small compared with the strength of the nuclear field in f 

which the electron moves, so the shift in electron density from the nuclear >; 

center in the direction of the field is small. There is a close analogy 
between this situation and the orientation of dipoles except that, in place of \ 

the thermal energy of rotation that opposes the orientation of the dipoles, 
the kinetic energy of electronic motion opposes any displacement of the elec- f 

tronic charge away from the nucleus. A rigorous analysis of the perturbations ' 

of energy levels produced by an external electric field (the Stark effect) is jj 

described by Bethe and Salpeter (ref. 3) for one- and two-electron atoms; "? t 

numerical methods are required for more complicated atoms and molecules. For 
present purposes, we are interested mainly in the functional relationships 
between the interaction energy and internuclear distance rather than quantita- i 

tively accurate values, and we shall treat the electronic charge as though it I 
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were a dipole of moment ea oscillating about the nuclear center with a 
kinetic energy equal to the ionization energy I. By analogy with equa- 
tion (8.29), the average dipole in the direction of the field, that is, ae, 
can be expressed approximately as 


1 = 


ae - 


e 2 a 2 


31 


(8.31) 


In the absence of other information, the order of magnitude of the distance 
a can be taken as the Bohr radius h 2 /\ \e 2 . Better yet, ea can be estimated 
from the polarizability a, which is related to a measured dielectric constant 
n (ref. 4), 


n = 1 + 




= 1 + 4ir^a + 


4tt Nd 2 

3kr 


(8.32) 


is 


where N is the number density of the gas. A plot of (n - 1) versus T~ l 
a linear relation with slope AvNd 2 /3k and the extrapolated intercept at 
infinite temperature 4irAfa. More precise methods are available for measuring 
the permanent dipole moment d by use of a high-frequency electromagnetic 
wave to precess the dipoles about an imposed electric field; the resonance 
frequency of precession is related to the value of d. Then a may be deter- 
mined from a single measurement of n at normal temperature. 


The interaction energy of the polarizable molecule with an imposed field 


is 


TI — ? e 2 a 2 

U = -td - -e — jj— 


(8.33) 


With the energies of interaction between molecules and a fixed electric field 
in mind, next consider interactions between the molecules themselves. First, 
the interactions that involve ions are summarized, then the interactions 
involving permanent dipoles and, finally, interactions involving neutral gas 
particles. 


Ion-Ion Interactions 


In this case, the interaction is simply that of the charge of one ion, 
Zje, in the Coulomb potential of the other ion, Z^e/v. 


Z l Z 2 e 2 


(8.34) 


and the interaction energy is proportional to r _1 . There is no orientation 


effect. Polarizability effects also occur, but these are normally much 
smaller than the Coulomb interaction and can be disregarded. 


i > 


243 




'4 




Ion-Dipole Interactions 

At normal temperatures, the interaction energy is the energy of the 
average dipole "3 in the Coulomb field of the ion: 

n _ Ze -3 Z z e z d 2 

U - ' ^ = ‘ ~ 3^ (8 ‘ 35) 

The interaction energy varies as r -4 in this case. At very low temperatures, 
3 approaches its limiting value of d\ then the interaction varies as r“ 2 . 

Ion-Polarization Interaction 

The field of the ion induces a dipole otZe/r 2 in a neutral gas particle, 
and the interaction energy again varies as r* 4 : 


jj _ Zed _ a Z z e z 


(8.36) 


but, in this case, independent of temperature since there is no orientation 
effect. 


Dipole-Dipole Interaction/ 

The electric field surrounding the dipole d\ has the magnitude (ref. 4) 


t = — 5 - (1 + 3 aos 2 6) 1/2 

Y» 3 


(8.37) 


where 9 is the angle between d\ and the radius vector r between the two 
dipoles. The average dipole of d z in the direction of this field is 
cd2 2 /3kT, and the interaction energy is 


, t 2 d z 2 d,*d 2 z 

u ■ ■ • iw- ■ - ink (1 * 3 °° s 9) 


(8.38) 


The dipole interactions are normally small compared with kT, so the average 
value of aos 2 0 over all 4ir steradian of the solid - angle is approximately 
1/3 and 


U - - 


2d 1 z d 2 z 

3 kTr s 


(8.39) 


Thus, even though dipole-dipole energy decreases as r -3 in strong fields, 
the average decreases much more rapidly ip veak fields, namely, as r " 6 
because of thermal randomization of the dipoles. 
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Dipole-Polarization Interaction 

The field of the dipole, equation (8.37), induces the dipole ae in the 
direction of the field and leads to an interaction energy again proportional 
to r" 6 : 


V = -ae 2 


a d 2 
r 6 


(1 + 3 cos 2 e) 


2ad 2 

1*6 


(8.40) 


which is relatively independent of temperature under normal conditions. 


Polarization-Polarization Interaction 


The interaction between two neutral particles is the most common 
collision interaction in gases at normal temperatures. In this case, the 
outer electrons moving relative to the center of charge behave as oscillating 
dipoles and induce the similarly oscillating dipoles of neighboring gas parti- 
cles to move in the same phase. Thus two interacting particles behave as a 
pair of coupled oscillators. 


The analogy between interacting neutral molecules and a pair of coupled 
oscillators was developed by London (ref. 1) and, although the treatment of 
electronic motion as a harmonic oscillator yields only fair quantitative 
accuracy, the model is very helpful heuris- 
tically. Consider first the motion along a 
line between the centers of molecules 
(fig. 8.3). Let r be the distance between 
centers and x\ and x z , the displacements of 
negative charge from the nuclei at any 
instant of time. The interaction potential 
is thus 
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Figure 8.3.- Coordinate systei 
for colinear pair of one- 
dimensional oscillating 
dipoles. 


(8.41a) 


Then the Schroedinger equation for the system of two equivalent oscillators is 


9 2 H> 2v( +E fu 2 *! 2 Pto 2 a 2 2 , 2e z x\Xj \ 

dx-^ 2 9ar 2 2 V 1 2 2 2 r 3 / 


2 + 2 e^£i £2 ) ^ - 0 (8.42a) 


where hw/2 is the energy of the unperturbed oscillators in their ground 
state, approximately the ionization energy I. Separation of variables is 
effected by the transformation 


z, + z 2 
Xl = ~~/2 


(8.43a) 
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and the Schroedinger equation then becomes 


(8.43b) 

(8.43c) 


0*0^ [ E ‘ ' * 2 ‘ ^ (“ 2 ‘ 5) ’ ^ (“ 2 * £)] * ■ ■ 1 » <*•*» 

The separable wave function <Ji = \t> i(2i)^ 2 C 3 2) * s a solution to equa- 
tion (8.42b). The ground state energies of these uncoupled oscillators are 


*1 


E 2 

The total energy of the system is 

k 1 / 2 


■?(■'■ S) 

i<r$ 


(8.44a) 


(8.44b) 


e '* S2 't [(' • ■) 


(8.44c) 


The first term in equation (8.44c) is just the energy of the two unperturbed 
oscillators, so the interaction energy is the second term 


U = - c ) tu 

\2y 2 u) 4 r 6 / 


(8.45a) 


One might relate the total oscillator energy fiw/2 and (l/2)pu> 2 a 2 to the ioni- 
zation energy I or to the polarizability a given in equation (8.31) to 
demonstrate the functional relationships between these quantities 


e 4 a 4 

4Jr 6 


9 ofl 
4 r 6 


(8.46) 


However, the harmonic oscillator analogy should not be pushed too far quanti- 
tatively; the numerical coefficients given can only be expected to give order- 
of-magnitude accuracy. The principle point is that the interaction energy 
between neutral particles is predicted to vary as r -6 . 
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Problem 8.2: Show that the interaction potential for dipole oscillators that vibrate normal to the line 

between centers is approximately 


and that the interaction energy for coupled oscillators in such modes of vibration is 


II m . ( J f, u 

\8u J wV 6 / 


The total interaction energy for three independent modes of oscillation, one parallel and two normal to the radius 
vector between particles, would thus be 3/2 larger than given in equation (8.4Sa), 

Other types of molecular forces occur, of course. Some molecules, such 
as C0 2 , have no dipole moment but possess strong quadrupoles. However, dipole- 
quadrupole and quadrupole-quadrupole interactions decrease as r" 8 and 
respectively, and normally have a much shorter range than the interactions 
considered above. Usually, these are ignored because the very strong repul- 
sive forces begin to take over at these short ranges anyway. Qualitatively, 
the repulsive forces are associated with the potential of charge distributions. 
For example, the potential of a charge distribution i|/ 2 ( r’) at point r may 
be expressed as 


uw-SP- ri*' 


(8.n/a) 


This potential is weighted so heavily at the point r that, to a first 
approximation, the potential is proportional to the charge density at that 
point: 


£/(r) - * 2 (r) - e‘ lT,a 


(8.47b) 


Since the wave functions all decrease exponentially, one expects the inter- 
action potential to decrease exponentially as indicated in equation (8.47b). 
Unfortunately, exponential forms are sometimes difficult to treat in analytic 
problems, and a simple inverse-power relation is often easier to handle: 


t/M - f n 


(8.47c) 


If the exponent n is taken to be 12, the behavior is something like an 
exponential repulsion over a reasonable range of energy. A still simpler 
approximation often useful is to let the repulsive potential be a discontinu- 
ous jump to +oo at some distance r Q where the repulsive potential balances 
the attractive potentials considered above. A combined hard sphere and 
attractive potential of the form 


6'(r) = oo 


r < r r 


r 0 < r 


(8.48) 
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is found to be reasonably realistic for some calculations where the 
coefficient n is taken to be 6 for neutral particle interactions ind 4 f >r 
ion-neutral particle interactions (as discussed above) . The coefficient 7 0 
is a constant or is proportional to (kT )~ l , depending on whether the molecules 
have zero or finite permanent dipole moment. 


8.6 PARTITION FUNCTION WITH DISPERSION FORCES 


The long-range attractive forces discussed in section 8.5 are known as 
dispersion forces. We now consider the general form of the partition function 
when gas molecules move in the presence of such forces. 

The total Hamiltonian for a system of N identical particles with mass 


M Pi 2 

H(p,q) s Jl *2^r + 


(8.49) 


where the 3 N coordinates q ^ are conjugate to the momenta coordinates p . . 
In contrast to earlier chapters, N does not necessarily mean the Avagadro 
number here. The total partition function for the entire system of N 
particles, expressed in terms of the classical phase integral, is 


1 / 2mkT\ W/2 r r-U{q n -)/kT , . 

s nT \~fcT~ j J- • -J c 1 dq r • • dq 3 


(8.50) 


The factor Nl in the denominator is required to account for the number of 
ways identical particles can be interchanged without altering the system. The 
remaining integral over the coordinates is called the configuration integral, 
I. Note that if the ‘interaction energy U is everywhere zero, the configura- 
tion integral becomes , where V is the total volume of the system. In 
this case, 


,;i U*o 7! 


(8.51) 


where Q is the usual single-particle partition function obtained previously 
for very dilute gases, that is, where gas particles are so far from all 
neighbors on the average that the interaction potentials can be neglected. If 
U(q^) is nonvanishing over a very small percentage of the space, then the con- 
figuration integral is expected to be almost the 7 th power of volume. 
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U < 0. Note that the internal degrees of freedom of the 
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molecules are all treated as independent here; the <?v terms in the 
configuration integral are external or position coordinates of the molecules 
only. 

ProblM 8.3: Show that if the tyatoai contain* a aixture of gaaea with H\ identical particle* of mat* m, , 
Hi identical particle* of aaa* * 12 , etc., the partition function for the total ayaten of H • (N\ ♦ flf 2 ♦ . . . ) 
particle* btcoae* 


«n • j ' ffrrppH JJ* 


•UUJ/kT 


dt, r . .dq 


)H 


and that in the llait a* U vaniahea everywhere: 


0 «l!i O 

C AT ■* trr • T?7 


V 11 


(8.50a) 


(8.51a) 


Assume now that the potential is the sum of all pair potentials 




This is not strictly true, but it is a useful approximation. The configura- 
tion integral I may then be expressed as 


'/ • j eiJ 


\£ U(rij )/kT 


dx^ dy 1 dz v . . dx ^ dyjf dz ^ 


(8.53) 


Consider first the integral over the coordinates of the first molecule, xj, 
y lt and x\, which interacts with //-l other molecules: 
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-TUiPi^/kT 




dx\ dy\ dz\ 


1 dz : 


1 ** 


JJ^Jl ♦ l] ♦ . . .Jcixj dyi dz x (8.54) 


U\ 

If U(tii)/kT is always very small compared with unity, we can neglect all 
but the first-order terms and express the integral in equation (8.54) as 


v *JJJl£[ e ~ U ^ ril ^ kT - *]<**! #1 *1 ■ V+ (*- 1)8 

vhere 8 is defined, using either Cartesian or polar coordinates, as 


(8.55) 
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Follow the same procedure for the second molecule, noting that the interaction 
with the first molecule has already been included so that the interactions 
with N-2 other molecules remain to be included, then for the third molecule 
N- 3 interactions remain, and so on. The configuration integral thus becomes 

= + [(17- 1) + (N- 2) ♦ (N- 3) + . . . + 1] f + 0(f) 2 + . . .J 

sV »[ 1+ m^iii +0 (*) 2 + . . .] 

= ^( 1+ f |f (8.57) 

The logarithm of the configuration integral is approximately 

w2g 

In I = N In V + + . . . (8.58) 


and the logarithm of the otal partition function of the system is 

In Q N = N In (^~j V + ^-lnNl (8.5! 

The thermodynamic properties of gases are usually expressed in terms of 
the single-particle partition function Q, which is related to Q ^ through 
equation (8.51) by 


In Q = £ (In Q N + In N\) = In ^ + (8-60) 

The first term is just the free-particle translational partition function and 
the second term is the correction for dispersion forces, which vanishes as the 
gas becomes infinitely dilute, ( N/V ) 0. 

The pressure of a gas with dispersion forces is thus 

p = f ('-§*•• •) (s - 6ia) 
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Compare this with the virial equation of state: 

»£U£gU. . .) 

An expression for the first virial coefficient in terms of the dispersion 
potential is thus 


sm - - f . -2,» JT* - Ip dr 


(8.62) 


At very low temperatures, the region where the interaction potential is 
negative, U O) < 0, contributes most to the integral 6 and the correction 
coefficient B(T)/V is then negative. At very high temperatures, the inner 
core region where the interaction potential is large and positive contributes 
most to the integral 0 and B{T)/V then becomes positive. The temperature 
where the coefficient B{T) vanishes is known as the Boyle temperature; 

Boyle's law of gases is valid over a wide range of pressures near this temper- 
ature. Typical Boyle temperatures range from 18° K for He and 100° K for H 2 
to 325° K for N 2 , 422° K for O 2 , and 426° K for Ar. For temperatures much 
larger than the Boyle temperature, tn~ integral (-0) approaches a constant 
that represents the volume where the potential is essentially impenetrable. 

For most molecules, this volume is the order of 6*10“ 23 cm 3 , corresponding to 
the range of ground state wave functions that have a radial extent of about 
1.3x10“ 8 cm. Thus a limiting upper value of B{T) is about 20 cm 3 . Divided by 
the molar volume of the gas considered, this value gives the magnitude of the 
correction at temperatures well above the Boyle temperature; for example, at 
normal densities, V = 22,400 cm 3 and (B/V) - 10“ 3 . The negative corrections 
below the Boyle temperature depend on the long-range attractive potential 
function and are not so simply characterized as the limit above, but they are 
typically the same order of magnitude. For example, at standard temperature 
and pressure, {-B/V) is about 10“ 3 for O 2 and At lower densities, the 

corrections are proportionately smaller. 


8.7 FREE ENERGY AND FUGACITY 


The chemist describes deviations from ideal gas behavior in terms of the 
fugacity, f (refs. 5 and 6). This quantity may be defined in terms of the 
Gibbs free energy G as 

G - (f = RT In (8.65) 

f 

where G° and f° are th free energy and fugacity at some standard state. 
Normally, the standard free energy is taken to be at such low pressure that 
G° is the ideal gas value and the standard fugacity f° is the pressure. 
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Neglect the coupling between internal and external degrees of freedom so 
that the partition function may be expressed as the product of translational 
and internal energy partition functions: 


Q * QtQint (8.64) 

Then, if one allows for dispersion force corrections, the Gibbs free energy 
becomes 


G = -RT 


= -RT 


+ PV 


(in § ♦ l) 

[z n (“J" V m 




i* 1 ] 


(8.64a) 


The standard state at very low pressure where NQ/V ■ 0 and PV = RT becomes 

<2ir mkT\ 3/z V° 


. - ot [ z » (^) 3/2 In « £ ] 


(8.64b) 


so the difference in free energy is 


G - G° . - OT (l . In i <■ f|) 


+ PV 


(8.65) 


If equation (8.65) is compared with (8.63), the fugacity ratio may be 
expressed as 


In 


x = 

f 


PV 

RT 


0 





(8.66a) 


Since the standard fugacity f° = p° = RT/V ° , 


Zn / = Zn ^ . . . (8.66b) 

The ratio N&/V is very small compared with unity and the fugacity is 
approximately 
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8.8 THE VAN DER WAALS GAS 


The var der Waals gas is an approximation obtained when the potential 
function is taken to be a combination of hard sphere and long-range attractive 
potentials: 


£/(r) = » 


r < rv 


= V(r) , r > rv 


The integral 8 is then 


8 = -4irjr r ° r 2 dr + 4 tt J^°° _ ijj.2 ^ 


3 fcr*r 0 

The first virial coefficient B(r) may be expressed as 


B(T) 


B6 
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2Ntir n 3 
— - ^ + 


2t rtf 2 i*» 
RT Jr 0 


i/(r)r 2 dr* 



(8.67) 


( 8 . 68 ) 


(8.69) 


The quantity B is one-half the volume preempted by the hard sphere part of 
the potential. The quantity a is positive when B(r) is negative, and thus 
is a measure of the magnitude of the attractive potential. The equation of 
state may now be expressed as 


PV 


RT 


[i ♦ I 

(b - — V] 

L v 

\ RT / J 


(8.70) 


which is the same as the empirical van der Waal equation: 
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(8.70a) 


except for a factor [1 - (i>/D] in the denominator of the second term, which 
can be replaced by unity for reasonably dilute gases. The van der Waal equa- 
tion may be expected to remain valid so long as virial coefficients beyond the 
first can be safely ignored. 

For induced-dipole, induced-dipole type interactions between neutral 
particles, an expression for a may be developed from the interaction poten- 
tial in equation (8.46): 

a = -2 vN 2 f°° U{r)r 2 dr = | ■nN 2 a 2 lf C ° (8.71) 


2rv 


8.9 EQUATION OF STATE NEAR THE CRITICAL POINT 


Most of the discussions here have had the purely gas phase in mind, but 
at very low temperatures and high pressures, mixtures of liquid and vapor 
phase occur and the ideal gas relations must be severely modified. The crit- 
ical temperature T 0 i° defined as that temperature above which no liquid 
phase can be formed at any pressure. The critical pressure p c is the 
pressure at which the gas phase just maintains equilibrium with the liquid at 
the critical temperature, and the critical volume V a is the volume of a 
fixed mass of gas at p c and T a . The equation of state near the critical 
point can be approximated reasonably well with the van der Waal equation, but 
the value of R need not be the gas constant. A reduced form of the van der 
Waal equation is the most satisfactory approximation, obtained by dividing 
equation (8.70a) by the product p a V a i 


Pa^a 


( p *f) 


C V-b ) 


a ~ 

-P- , PcV ° 2 (y~ b \ - BTq (JL) rg 72) 

\P 0 (^) 2 J \ y c Va) " Pc V c \T C ) (8 ’ 72) 




(F* - b*) = R*T* 


(8.72a) 


where p* , V * , and T* are the pressure, volume, and temperature, respectively, 
in units of the critical values p a , V a , and T a . The equation must be satis- 
fied at the cr. ical point (p* = V* = T* = 1) and have an inflection at that 
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p 7 2 ‘ 

z,* = A = i 

^ 3 


(8.73a) 


(8.73b) 


(8.73c) 


Note that R* would be unity for an ideal gas. The reduced form of the 
van der Waal equation then becomes 


) (37* - 1) 


(8.74) 


This equation is found to reproduce reasonably well the behavior of most com- 
pounds in the liquid phase and in the vapor phase near the critical point. 
However, in the mixed liquid-vapor phase, the phase fractions change in such a 
way that the pressure remains constant (the vapor pressure at the given temper- 
ature) over a wide range of specific volume, whereas p* is a cubic function 
of 7* over this range according to equation (8.74). The domain of mixed 
phase may be estimated from an empirical relation for vapor pressure found by 
van der Waals (ref. 5) ; 


Pv = « 


_ -C[(l/T*)-1] 


(8.75) 


where C is a characteristic constant 
of the vapor (e.g., about 5.52 for O 2 
and 5.62 for N 2 ). The boundaries of 
the mixed-phase region on a p*7* plot 
occur where the vapor pressure in 
equation (8.75) intersects the iso- 
therms given in equation (8.74). Fig- 
ure 8.4 shows the isotherms for N 2 with 
C = 5.62. An approximate solution to 
equation (8.74) at the vapor boundary 
where 7* >> 1, which also satisfies 
conditions at the critic?! point, is 


EQ. (8.74) 

■ VAPOR -VAPOR LIQUID INTERFACE. 
SIMULTANEOUS SOLUTION OF 
EQ. (8.74) AND EQ. (875) 

• EXTRAPOLATION OF EQ. (8.74) INTO 
TWO PHASE VAPOR LIQUID REGION 


■ L ,'o.a 
1 0 . 6 — ' 


VAPOR a LIQUID 


V = 


(8.76) 


i z 
log v/v c 


The empirical constant C can be 
related to the heat of vaporization A H 
through the Clausius-Clapeyron equation 


Figure 8.4.- Equation of state near 
critical point for gas with vapor 
pressure given by 
p v /p a = ezp[5.62(l - T 0 /T)]. 
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(refs. 5 and 6) 


dT a T LV 


(8.77a) 


In reduced form, this equation becomes 

&V* / tJi 

S \Pa v a 

Near the liquid boundary, the liquid volume is approximately the critical 
volume, and the change in volume V* is, from equation (8.76), approximately 
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T* LV* 


(8.77b) 
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(8.78) 


Then, from equations (8.75) and (8.77b), 


/ fiS \ 

Cp* AV* 8C / 


\PaVj 

T* " 2 V 1 

T *) 


(8.79) 


Equation (8.79) predicts a vanishing value for A H at the critical point and 
a constant value (8 <7/3)(p e 7 e ) far removed from the critical point. The constant 
C may be adjusted to agree with the observed A H at the boiling point 
(p y = 1 atm), and the results will then be reasonably accurate elsewhere. 

At first glance, it might appear that the equation of state near the 
critical point derived above does not depend in any way on the partition func- 
tion. However, it is indeed related to the partition function; recall that 
equation (8.74) is derived from the van der Waal equation, and the latter can 
be derived directly from the partition function, with suitable approximations 
for the configuration integral. 


Problem 8.4: Show that the values a 4 * 3, b* » 1/3, and RT C /P C V C « (1 ♦ a*)(l - £>*) in the reduced form of 

van der Waal's equation 



(V* - b*) 



T* 


satisfy conditions at the critical point and create an inflection point there. 


r 


<r 


8.10 CORRECTIONS TO ELECTRONIC PARTITION FUNCTIONS 


As mentioned in chapter 7, the electronic energy states near the 
ionization limit become hydrogen-like for all atoms and molecules, and the 
partition function would become infinite (eq. (7.73)) if these levels were not 
effectively truncated. The truncation occurs because neighboring gas par- 
ticles perturb the energy levels and, in effect, lower the ionization energy 
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needed for the excited electron to escape from its parent nucleus. Although 
theories of the reduced ionization potential are far from precise, the actual 
value of the partition function is rather insensitive to the exact truncation 
point except at very high temperature, so the approximate theories are 
adequate for many conditions of interest. 


Consider first a neutral gas of N randomly distributed particles in a 
volume /17/p, where p is the number density. The probability that none of 
the N particles falls within a radius r about a test molecule is 


P * 


4 3 

3" 

N 

P 


N 


r(4/3)Ttpr 3 




( 8 . 80 ) 


The average value of r is approximately 

... . - .1/3 

' “ <- 3 > ■ (sir) (8 ' 81) 

and the maximum quantum number of the hydrogen-like orbit that falls within 
this radius is 



where a Q is the usual Bohr orbit. 

To a first approximation, the partition function may simply be terminated 
at n m , resulting in a finite limit weakly dependent on number density. A 
more rigorous approach would be to solve the Schroedinger equation for the 
perturbed energy levels, but this is rarely worth bothering with at the usual 
temperatures where neutral gases exist since the partition function is insen- 
sitive to the exact cut off chosen at these temperatures. At higher tempera- 
tures, the gas becomes ionized and the much stronger perturbations created by 
the positive ions and electron collisions become dominant. 

Several theories for the effect of ion perturbations on weakly bound 
electronic states have been developed, but precise experimental validation of 
any of them has been lacking. Nevertheless, the various theories do give some- 
what similar results and illustrate some of the mechanisms by which such per- 
turbations must truncate the partition function. Perhaps the simplest theory 
and therefore a heuristical ly attractive one is that of Unsold (ref. 7). This 
theory assumes that the perturbation is furnished solely by the nearest 
neighbor. The escape energy of a bound electron is reduced by the perturba- 
tion of a nearby ion (fig. 8.5). The Coulomb potential of the perturbing ion, 
with charge Zje , is added to the Coulomb potential of the central charge Ze. 
The distance between the ion and the perturbed particle is r, the distance 
from the center of the particle to the maximum potential is defined as b. Z 
is the effective screened change for the perturbed particle, approximately 
unity for a neutral atom, two for a single ionized atom, etc. The potential 
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DECREASE IN 
IONIZATION POTENTIAL 



Figure 8.5.- Potential for electron 
bound to screened charge +Ze when 
perturbed by ion charge +Zje at 
the distance r. 


energy at this maximum is thus 


V„ 

m fe r - 2? 


(8.83) 


The effective potential change of the 
excited electron at the series limit 
is obtained by subtracting the average 
potential change due to the perturbing 
ion, that is, -Zie 2 /i», from the maxi- 
mum in the potential -v m , given above. 
This change is related to the maximum 
quantum number % for the bound 
electron by 


A£ = 


e 2 Z 2 
2 &o n m 2 



h 

r - b 




(8.84) 


The ratio ( r-b)/b can be eliminated with the relation that the electric 
fields associated with the two Coulomb potentials are equal at the potential 
maximum 


eZ _ eZ\ 

W " (r - b) 2 

Thus the maximum quantum number is given by 


(8.85) 


2a o 1 + 2/zTTz 


(8.86) 


If the ionized gas contains only one type of perturber, the average dis- 
tance to a perturbing ion is given by a relation such as equation (8.81). 

Thus 
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1 + 2 v / z7 7z 
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1 + 2 Jzjz 


(8.87) 
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where p e is the electron number density. 

If several types of perturbers are present, the probability that no ion 
of type i, having a number density p.£, lies within the range of the quantum 
state rfa can be expressed as 
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Then the probability that none of the perturbers of any type ...11 within the 
range of the quantum state % is the product 


P • 1 1 Pi • exp 
i 


[- T (^) 3 E «(» * ^f] 


(8.89) 


In practice, Z^ and Z are usually about equal so the function (l ♦ 2/Z^/z) 3 
is expanded about Z^/Z = 1 to give 


(l ♦ 2/ZiJzf = 27 + 27 1^ + . 
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“ 27 T 


P = exp 


[ 4tt /^ 2 o% 2 V^~' | _ 4n f( >a o n m Z \ j 
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(8.90) 


(8.91) 
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The average value of the maximum quantum number % is approximately given 
when the exponent is -1, thus 


-2 ■-£- 
™ 6a, 


\ 4 *Pe/ 


/3 


(8.92) 


and the average reduction in ionization potential is approximately 

.1/3 


AP = — — — —— r- = 3e 2 Z 


^ a 0”7 7? 




(8.93) 


The maximum quantum number in a high-density ionized gas is even less 
than above because of a Debye shielding effect that truncates the nuclear 
potential even sooner than a perturbing neighbor ion. A temperature effect 
then occurs because of changes in the distribution of charged particles in the 
gas with changes in temperature. 

Consider the charge shielding about a test particle with charge Ze. The 
electric potential per unit charge is defined as $ and the charged particles 
are assumed to be distributed in an equilibrium Boltzmann distribution 


P = P e e 


e<f )/kT 


(8.94) 


The electric potential is the solution to Poisson's equation 
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V 2 4 * -4up * -4n |ze6 (i») - ep g e e ^/^ + (8.9S) 

where 6(r) is the delta function, 6(0) = 1, 6(r / 0) * 0. At large r, the 
exponentials are expanded because e$ is then small compared with kT: 


V 2 $ ■ 4ire p e (l ^ Z£P£ - “jgr* + • • ^ 


(8.96) 


If the ionized gas is electrically neutral, 

p e =Z z iPt 

i 


(8.97) 


Then equation (8.96) becomes, with radial symmetry included. 


c7 2 <j> f 2 efy _ 4ire 2 $ 
^2 r 3* EF" 



(8.98) 


A solution to equation (8.98) with the correct asymptotic limits at both large 
r and small r is 


* = “ e*p ( ~ fj (8.99) 

where the characteristic Debye length is given by 


D 2 



( 8 . 100 ) 


The effect of the Debye potential is to perturb the energy levels very little 
up to the point where r < D, but to truncate levels where r » D. To a 
first approximation, the quantum levels are truncated where r - D or 



( 8 . 101 ) 


A more rigorous deviation given by Margenau and Lewis (ref. 8) is as follows. 

The Schroedinger equation with the Debye potential is, in energy units of 
e 2 /2 a 0 and distance units of a Q , 



-v/D 




( 8 . 102 ) 


260 



• - -> r-. 


■Wfp- ... - ; ^ 


f f . 
> 1 >V 


' <n- 


\ 4 

j « 


\ 


A small perturbation method will not apply because the levels near the series 
limit have energy the same order as the perturbations involved. Therefore, a 
variational method is used with hydrogen- like wave functions with an effective 
nuclear charge z as the variational parameter. The Laplacian operator act- 
ing on the hydrogen- like function \ l> n yields 


= (f n ° + ~) 


(8.103) 


where E n ° * -z 2 /n 2 and n is the quantum number. Substitute equation (8.103) 
into equation (8.102), multiply by i l> n * , and integrate over all space, to 
obtain for the energy 


bt - *n° * 2 Jt„* (~~T j *„ 


dx 


(8.104) 


Since the wave function is of interest principally where r < D, the factors 
(- r/D ) , , . 

e are expanded in a power series to give 




■r/D 


t'n 2 *n 2 * + j | f) (J) 'i'n 2 dx (8.105) 


Thus the energy given by equation (8.104) is 
*•> ■ - S* 2(. - Z) <i) * 2 f t 


(8.106) 


x=o 


Now the value of r _1 is just z/n 2 , and the other averages can all be evalu- 
ated in terms of the parameter 8 = n 2 /zD. The energy of state n can be 
expressed as 




22 ~T 2 -- Z + f g(B) 


n l 


(8.107) 


where S(8) is the series 


s< « - 1 <Gf> 


The first few moments of r are 


<0°> ■ 


(8.108) 


(8.109a) 
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and for a states ( l * 0), the function 5(8) becomes 


(8.109b) 

(8.109c) 


5(8) * 1 - I 8 ♦ J 2 &Z ' m B 3 + m - • * • (8.108a) 

The variational constraint that the best wave function gives the minimum 
energy leads to 


1 z - Z Z dS dB 

~2 ~3z~ + DlilS 


0 


( 8 . 110 ) 




(8.111) 


For the last bound quantum state, 


= z m 2 “ 2z w Z + 28^2^5(8^) = 0 (8.112) 


Equations (8.111) and (8.112) give two equations in two unknowns z m and 8 m 
to be solved. To terms of first order, 5 = 1 , 5’ = 0, z m * Z, and Bm * 1/2. 
Then n m 2 = ZD/2a 0 , half the value given in equation (8.101). More precisely, 
Z can be eliminated from equations (8.111) and (8.112) to give 

1 - 28^ - B m 2 5' = 0 (8.113) 

For the s states where 5(8 ) is given by equation (8.108a), equations (8.111) 
and (8.112) are tound to have roots where B m * 1.1 and z m = 0.83Z, in which 
case 

2 

Tlft^OLn n m & q 

= 05z£ 

nearly the same result as equation (8.101). 

The reduction in the ionization potential given by Debye shielding is 

just 
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where the product (0 m s OT ) is unity in the simple approximation given by equa- 
tion (8.101) and is about 0.91 for s states as given by the more rigorous 
solution, equation (8.114). 

The aeave estimates Tor the depression of the ionization potential and 
truncation of the electronic partition function are appropriate when the per 
turbing ions are slow moving compared with the motion of the bound electrons 
about their central nuclei. However, free electrons in a plasma often move 
with velocities comparable to those of the bound electrons; then an i roact 
approximation is used to analyze the effect of electron collisions. 


According to the uncertainty principle, the energy spread associated with 
the finite lifetime of a quantum stat^ 0" 1 is he, and this is again related 
to the maximum quantum number, n m , where the spacing between excited hydrogen- 
like levels equals the collision broadening, and the excited electron can 
escape to a continuum: 


A E 



e 2 Z 2 


he 


(8.116a) 


In the present case, the lifetime is established by the frequency of electron 
collisions strong enough to change the quantum state 


6 = tjv (8.117) 

where o g is the electron number density, 5 is the effective collision cross 
section, and v is the mean collision velocity (8kT/v\i ) 1 11 . The reduced mass 
v is essentially the electron mass in the present case since the atomic 
particles are so much heavier than the electron. 

The cross section is estimated by calculating the total phase shift pro- 
duced in a single encounter by the first-order Stark effect, and when this 
phase shift exceeds the order of 1 radian, this is deemed sufficient to 
disrupt the quantum state. Most of the 
collisions involved are distant ones and, ir 
this case, to a first approximation, the 
free electron follows a straigh;-line trajec- 
tory with miss distance b (fig. 8.6). The 
perturbation of hydrogen- like orbits by the 
Stark effect has been worked out in detail 
by Bethe and Salpeter (ref. 3) and, in the 
field of the electron e 2 /r 2 , the inter- 
action energy is 


VELOCITY V 



ATOM 


LE- ± 


a n e i 


.7 = ± 


ape 2 

2Zr 2 


»,2 


(8.116b) 
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Figure 8.6.- Distant election 
collision trajectory with 
respect to perturbed atom. 
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where j is an integer that takes all values from 0 to n{n - 1). The 
average value of j for a given quantum state n is about n 2 /3. The total 
phase shift produced over the duration of the encounter is then 


n 




dt 

b 2 + v 2 t 2 


i m 0 e 2 n 2 
IZbvfi 


(8.118) 


The cross section is evaluated for the radius b Q where n is 
approximately unity: 


S = Ti b 0 2 


TT 3 a r > 2 e‘*n l * 


4Z 2 v z ti 2 


(8.119) 


and the appropriate collision frequency is 


Tr 3 a 0 2 e k n‘*p s 

4 Z 2 h 2 v 


( 8 . 120 ) 


i 


Let n = n m in equation (S.l md sol. simultaneously with equation (8.116a) 
to obtain 


% 


7 


2 Z h fiV 

4 7 S 
r4g Pe 


( 8 . 121 ) 


In any given ionized gas, the cutoff quantum number is the lowest of 
those given for static ion perturbations, equation (8.92); for Debye shi Iding 
effects, equation (8. ’01); and for electron -rnpact perturbation^ , equa- 
tion (8.12.). At mjderate temperatures, kT about one-half to one eV, the 
electron impact broadening generally produces the lowest cutoff at low densi- 
ties, though the ionization potential decrease produced by positive ion per- 
turbation effects gives about the same value. As density is increased, the 
Debye shielding effect which varies much more strongly with density (as p -1 / 1 *) 
becomes the dominant one at these temperatures. However, as temperature 
increases further, the Debye cutoff which also varies as 7 1 / 4 , becomes large 
enough that it no longer influences the phenomenon. At very high temperatures, 
kT greater than one eV or more, the electron impact cutoff, which depends 
very weakly on temperature, may become large enough that the ion perturbation 
effects provide the lowest value of n m . 

Many additional theories have been proposed. Ecker and Weizel (ref. 9) 
treat an ionized gas as a modified Debye-Hickel electrolyte. Griem (ref. 10) 
uses the Debye potential to determine a minimized free energy. A good review 
of these theo?ies and others is given by Drawin and Felenbok (ref. 11). Also, 
a.., theory of spectral line broadening can be applied to the reduction of the 
ionization potential as well. Aller (ref. 12) reviews some of the line- 
broadening theories as does Margenau and Lewis (ref. 8). Simple approxima- 
tion; for electron impact and ion Stark broadening are given by Hansen 
(ref. 13). These theories even with attempts at considerably more rigor, all 
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give somewhat similar results. Thus, the qualitative descriptions of 
ionization lowering are probably adequate, although one should certainly 
expect the quantitative results to be somewhat approximate. 

f 

8.11 CONCLUDING REMARKS 


Effects of vibration-rotation coupling in diatomic molecules, dispersion 
forces in gases, and electronic state perturbations in gases have been treated 
in a very approximate manner. However, this is often sufficient to correct 
the partition functions since, for gases that are not too dense, the uncoupled 
mode approximation gives partition functions that are already reasonably 
accurate. The general methods presented here for correcting the partition 
function can be extended to other cases of intermode coupling, and also permit 
one to follow the development of more precise models where required. 
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CHAPTER 9 - EQUILIBRIUM PROPERTIES OF CHEMICALLY REACTING GASES 

9 . 1 SUMMARY 



The equilibrium energy, enthalpy, entropy, specific heats at constant 
volume and constant pressure, and the equation of state of the gas are all 
derived for chemically reacting gas mixtures in terms of the compressibility, 
the mol fractions, the thermodynamic properties of the pure gas components, 
and the change in zero point energy due to reaction. Results ire illustrated 
for a simple diatomic dissociation reaction and nitrogen is used as an example. 
Next, a gas mixture resulting from combined diatomic dissociation and atomic 
ionization reactions is treated and, again, nitrogen is used as an example. A 
short discussion is given of the additional complexities involved when precise 
solutions for high-temperature air are desired, including effects caused by NO 
produced in shuffle reactions and by other trace species formed from C0 2 , H 2 0, 
and Ar found in normal air. 


9.2 INTRODUCTION 


All previous chapters have led us to the point where we can accurately 
calculate the equilibrium thermodynamic properties of most atomic and molec- 
ular species that occur in usual gases and plasmas, and also the equilibrium 
constants for chemical reactions that may occur between any of these species 
Thus we can now calculate the equilibrium properties of chemically reacting 
gases. Consider first a single-chemical reaction and then proceed to over- 
lapping reactions where the simultaneous solution of more than one chemical 
balance equation is required. 


9.3 GENERAL RELATIONS IN CHEMICALLY REACTING GASES 


The chemical reaction is written in the form 

■ o (9-D 

'h 

where the factors a.; are the stoichiometric coefficients for the species A i 
involved in the reaction. The species with positive coefficients are con- 
sidered the reactants and those with negative coefficients are products. 

Although equation (9.1) is conventionally called a reaction equation, it 
should really be termed a chemical balance equation. The equilibrium 
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properties of a gas mixture do not depend on the reaction path, and the set of 
chemical equations chosen to introduce the balance between species need not 
correspond to the most probable path. The actual reactions leading to the i 

various species typically require multistep collision processes that involve ' 

a variety of excited rotational, vibrational, or electronic states rather than 
a simple, single-step process as suggested by many common reaction equations. 

However, the convention is firmly entrenched that the term reaction is used 
to signify the transition from reactants to products by whatever means. 

J. 

I 

The equilibrium constant for the chemical equation may be expressed 
either in terms of partial pressures p ^ or in terms of concentrations, usu- 
ally mol concentrations n^. The former. 


*p = II Pl H (9-2) 

is most useful whenever properties are to be evaluated as functions of 
pressure and temperature; the latter 



(9.3) 


is most useful when properties are to be evaluated as functions, of density and 
temperature. 


Partition functions for each species involved evaluated at unit pressure, 
usually 1 atm, are used to determine Kp) partition functions evaluated at 
unit mol concentration are used to determine K a . The pressure standardized 
partition function Qp is thus related to the complete partition function Q : 

Qp = PQ (9.4) 

while the concentration standardized partition function Q c is 


Q, 


= JLn = 
e RT v RT 


(9.5) 


r 

The equilibrium constants in terms of these standardized partition functions 
are just 


K p = e - LE ° ,RT || [Q p (A 7 -)]~ ai 
i 


(9.6) 


K a = e~ LE ° /RT 7T [Q a (/ \i)]~ ai = K p {RT)' hn 
i 


(9.7) 
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where the change in zero point energy created by the reaction is 


w 0 = -Zh e o(H) 


(9.8) 


and Arc is the total number of mols changed in the reaction 


An = 


(9.9) 


Since only differences of energy are involved, the reference energy can be 
established in any consistent way. Conventionally, the zero point energies 


E 0 of atomic or homonuclear molecular species that are stable at STP (273.1 K, 


1 atm) are taken to be zero; then the zero point energies of the remaining 
species are adjusted accoidingly. For example, N 2 is stable at standard con- 
ditions and is given the value zero for E 0 (N 2 ) , ignoring essentially con- 
stant factors such as nuclear spin and ground state vibrational energy. Then 
the value of E 0 {N) , the zero point energy of the N atoms, is half the dissoci- 
ation energy of N 2 . Compounds such as NO have values for E 0 equal to the 
heat of formation from the homonuclear molecular species, in this case, N 2 and O 2 . 


Electrons are - ken to have a zero value for E a and the entire energy of 


ionization is assigned to E 0 for the ionized particles; thus there is no 


differentiation between electrons formed in single-, double-, and triple-, and 
higher-order ionization processes. 


The equilibrium constant in equation (9.2), expressed in terms of mol 
fractions xj and total pressure p, is 


% - p“ ’ 


(9.10) 


For Arc = 0, such as for a simple exchange reaction 
independent of pressure 
ionization, A -* A* + e, 

Other 


A + BC-rAB + C, Ky) 


For reactions such as dissociation, A 2 -*■ 2A, 


is 

or 


An 


1 and K-p is proportional to the first power of 

. • 1 1 . n . ■ • 1 r- 


pressure. Uther Arc values are possible for reactions in general, of course 
The sum of mol fractions is unity, by definition: 


= * 


(9.11) 


Equation (9.10) and (9.11) provide two independent equations for the unknowns 


'■f 


If only two-component species are involved, as in dissociation, this is 


sufficient to solve for both x^. If more than two species are present, the 


remaining equations needed are provided by the conservation of mass or charge 
involved. For example, the simple ionization reaction A -*■ 4 + + e involves 
three species, and the third independent equation is then given by charge 
conservation: 
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a:(i4 + ) = x(e) 


(9.12) 


As another example, the exchange reaction A + BC -*■ AB + C involves four 
species; two independent equations are provided by conservation of the ratios 
of atomic species A to B and A to J for a given starting mixture of the gas: 


r(,4) + x[AB) 
x(BC ) + x(AB) = y A:B 


(9.13a) 


sM) + x(AB) 

x(BC ) + x{C) = y A:C 


(9.13b) 


The mass ratios and ^A'.C are known initial conditions; equations (9.13a) 

and (9.13b) coupled with equation (9.10) and (9.11) provide the four equa- 
tions needed to solve for the four unknown mol fractions in this case. If 
additional atomic species were involved, then additional equations such as 
(9.13) would exist which specify the atomic ratios given by the initial 
conditions. 

The above equations are solved for the mol fractions x^ in terms of 
either p and Kp or n and K a , depending on whether the properties are to be 
evaluated at a given p and T or a given p and T. In addition, the deriva- 
tives (Ba^/aT)™ and (3 x^/37’) p required to evaluate the specific heats are 
found from the L solutions for the x£. 

At normal densities or densities larger by two to three orders of magni- 
tude, the gas is dilute enough that each component behaves as an ideal gas. 
Then the equation of state can be expressed as 


£_ _ RT_ _ RT z RT_ 
P ” A? " E XiMi M 0 


(9.14) 


The quantity Z is called the compressibility; at very high densities, com- 
pressibility reflects the effects of intermolecular forces, but here it repre- 
sents the number of mols of gas produced by chemical reaction from each mol of 
gas present at some initial condition where the average molecular weight is 
M 0 : 


Z = 



(9.15) 


By convention, M 0 is taken to ne the average molecular weight of the equilib- 
rium gas mixture at standard conditions (273° K and 1 atm pressure). For many 
applications, prope. ties such as energy, entrooy, and specific heat are most 
useful when evaluated for a fixed quantity of gas rather than for a mol, since 
a mol of chemically reacting mixture may represent a changing amount of gas. 

The amount of gas in Z mols is a fixed quantity, so the thermodynamic proper- 
ties are evaluated for Z mols. The dimensionless energy and enthalpy in Z 
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mols of gas mixture are (see eq. (1.73)) 
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(9.16) 


_ z j%. r r ii!L^il + 1 g o(^n . ze 
- dT 1 RT J RT z 


(9.17) 


The dimensionless entropy in 2 mols of gas mixture is (see problem 1.6) 

ZS 


R 


= Z 


= z 


[l>t (I) . - 72 H In x^J 

I? 14 


d In Q v {Ai) "j 

T gr + ln ~72 x i ln x i " ln ? 


(9.18) 


where the component mol entropies (S/R)i are evaluated at the total pressure 
p. The term Ixi In x i, often referred to as the entropy of mixing, simply 

represents the^correction required to transform the component mol entropies to 
the actual partial pressures involved. 

Specific heats involve one additional complication; the derivatives of 
the mol fractions are required in addition to the mol fractions themselves. 

The dimensionless specific heat at constant volume is given by 

ZCy _ d 
~ = dT 


•*,(¥!] 


d In Qg(A^) E 0 (A^ 

— + 


dT 


R 


-1 


( 9 . 19 ) 


The dimensionless specific heat at constant pressure is given by a similar 
expression 


ZCp d 
R = dT 


1. L -* 


\ d ^ n . (^^ x i\ „2 ^ 

dT iT J + \ W~ J y dT R JJ 


( 9 . 20 ) 
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Because of the relation between the pressure standardized and concentration 
standardized partition functions, the component energies and enthalpies and 
the component specific heats are related simply by 


(w). - (i)i * 1 ' 9 - 21 > 

(¥),. - (t). * 1 ' 9 - 22 > 


Thus the total enthalpy of the mixture can be obtained simpl> from the total 
energy 


ZH ZE 
ET S ET 


(9.23) 


and vice versa. The difference between the total specific heats is no longer 
the gas constant, however, but 



1 + 


E (H_\ (zz*i\ (E_\ (* Zx i \ 
W \*T ) ' \RTJi \ 3T ) 


(9.24) 


The products Zx ^ can often be expressed as relatively simple functions of 
the fraction of reactant species transformed to product species by reaction. 
The derivatives at constant pressure and constant density can be related to 
the derivatives (<f In Kp/dT ) and ( d In K a /dT) , respectively. According to 
equation (9.6) and (9.7), 



d In K a b.E 0 m d In Q a (A^) 

" dT = ~W ~2-t a i t dT 


O ( E - E o\ 
ET ~Z* a i \ ET /. 


d In K n 

-T-jPt.ln 


(9.25) 


(9.26) 
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9.4 DISSOCIATION OF DIATOMIC MOLECULES 




Consider the simple dissociation reaction 

A 2 * 2 A 

The pressure standardized equilibrium constant for this reaction is 


(9.27) 


[Qp( A )} 2 -D/kT 
t = Q p (A 2 ) 6 


(9.28) 


where D is the dissociation energy. Let f be the fraction of A 2 that is 
dissociated and x, the mol fraction of A formed; then (1 -x) is the mol 
fraction of A 2 remaining: 


(1 + f) 


(9.29) 


1 - x 


(1 + f) 


The compressibility Z is the number of mols of gas produced per initial 
mol of A 2 : 


Z = 1 *f • 


(2 - x) 


(9.30) 


The fraction f, or the mol fraction x, is determined from the relation 
between the equilibrium constant and the particle pressures 


K - P.( A 2 ) _ _£!p_ _ 4 / 2 p 

P p(A 2 ) 1 - X I - f z p 


(9.31) 


f = l 4 P + K r 


(9.32) 


With f determined, the dimensionless enthalpy in Z mols of the dissociated 
gas is simply (see eq. (9.17)) 


= Z(1 


' x) (w)/ 


d • /) (p T ) / ? + 2/ 


(9.33) 
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while the dimensionless entropy is (see eq. (9.18)) 

^ = Z £(1 - x)^| ^ + x - (1 - x) ln{ 1 - x) - x In x - In pj 

= (1 -/)(f) + 2/ (§)^- (l-f)Z*(l-f) -2/ ln{2f)* (l+f)ln(l*f) - In p 

(9.34) 

and the specific heat at constant pressure is (see eq. (9.20)) . , 




(1 ' X) {*)a 2 ** {~r)a * $) A2 [ T 9Z( 3 T *’] p * {rt) a ( T 5 9 Z t) p } 

’ “ '^{^2 * V K*)a * ( T [ 2 (s'i ' (^lj 


(9.35) 


The last term in equati jr (9.35) is approximately the product of (3//3 In T) p 
and D/kT since r 


2 (±\ ( ’L\ - D T d ln QpW T j ln 

2 \KT) a " wJ j 4 2 ■ TT 21 dT ' T dT 

and D/kT is much larger than the derivatives that follow. 


(9.36) 


The specific heat at constant volume is given by an expression similar to 
equation (9.35): 


ZC. 

~R 


v = {i ^G 1 +2/ (4 + ( t 


(9.37) 


The fractions f and x behave something like step functions, starting at 
zero at very low temperature, rising rapidly in the reaction region of temper- 
ature where D/kT is the order of 10, and asymptotically approaching unity at 
high temperature. Thus the derivatives (9//3 In T) are sharply peaked in this 
region and the last terms in equations (9.35) and (9.37) dominate, because of 
the peaked derivative and the large value of D/kT. The specific heats are 
thus sharply peaked also. The derivative (8f/3 In T)p is, according to 
equations (9.32) and (9.25), 


( — If — ^ = f n - f 2 )^ 

\3 In tL 2 U J U 


d In Kp 
dT 


f d In Q (A) d In Q p (A 2 ) 1 

2 {l -f 2 \TT* 2T dT— - T 3^-J < 9 - 38) 
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To evaluate the properties above at given density and temperature, the 
concentration standardized equilibrium constant is used, a quantity express- 
ible in terms of the number of mols per unit volume. 


U M o 

v B _ 4 f 2 p 

K ° m - TTf m; 


(9.39) 

(9.40) 


In this case, the solution for f is a slightly more complex quadratic 
relation 


Wo 

8p 


■M' 


Wo 

4p 


(9.41) 


From equations (9.40) and (9.26), the derivative (3// 3 In D is 




c? Zn K c 
~df 


A 1 - 

TT" 


-/) , 


D ^ dln GflM) m d Zn <? c (/l 2 ) 




+ 2T 




- r 


“2?” 




(9.42) 


9.5 DISSOCIATION OF N 2 


To illustrate the above calculations, dissociation of pure N 2 is used as 
the example. The calculations are simplified by truncating the electronic 
partition functions after the first few low-lying terms and by neglecting all 
interaction terms between electronic, vibrational, and rotational energy. 

Problem 9.1: Show that the logarithm of the translational partition function for 1 atm of pressure is 

Q r ■ | In T « | In K - .1.6651 

where T is in *K and M is the molecular weight in atomic mass units (1 .6597»10" JI * gm). 


The logarithms of the partition functions involved in the nitrogen 
dissociation calculation are approximately 


In Q ( N 2 ) = ” In T - 0.422 - Z«(l - e - 3395/r ) (9.44) 

In 5 p (N) = | Zn T + 0.293 + Zn(4 + lOe' 27,660/7 ’ + 6e'‘ 4l,500/r ) (9.45) 


275 


and the equilibrium constant in pressure units is 


In Kp - - ♦ 2 In <? p (N) - In S p (N 2 ) 

The component energies are 

( E - E o\ _ 5 A 3,395 / 3,395/T A -1 

\ « T hi " 2 T ' } 


/S’ . p \ 
1— 

1 .».!!! 

r «°) 

.-27,660 /T . , /41 , 500 > 
* 6 ( T i 

| e -41,500/r 

( KT j 

N 2 

4 + lO,T 27 ’ 660/:r + 6 e - 41 * 500/r 


(9.46) 


(9.47) 


(9.48) 



Figure 9.1.- Compressibility of nitrogen 
( dissociation only, dissocia- 


tion plus ionization) . 


Results of calculations for 
pressures of 10' 4 , 10~ 2 , 1, and 
10 2 atm are shown in figure 9.1 
for compressibility. The com- 
pressibility is unity until dis- 
sociation starts at temperatures 
about 4000° to 700u° K, depending 
on pressure. The reaction is 
inhibited at the higher pressures 
according to the law of mass 
action because two mols of prod- 
uct species are produced from 
each mol of reactant. The com- 
pressibility asynptotically 
approaches two as the dissocia- 
tion proceeds to completion. As 
temperature increases further, 

’he atoms are ionized. The 
dotted lines show the effect of 


including the ionization reactions (discussed subsequently) and indicate the 
limits of validity for the model which treats nitrogen as 3 gas with the 
dissociation reaction. 


single 


The dimensionless enthalpy, Z.l/RT, in Z mol s of the N 2 and N mixture 
is graphed in figure 9.2. .his ratio increases slightly at low temperature 
because of the excitation of vibrational energy in the molecules, independ- 
ently of pressure. The enthalpy jumps upward as the atoms appear with their 
large zero point energy D/2. As the dissociation proceeds to completion, the 
ratio tends toward the limit 3/2 + D/2kT, except that electronic excitation 
begins to assume some importance and, as the dotted curves show, the ioniza- 
tion reactions begin to have large effects at high T. 

The entropy ratio S/R for dissociating nitrogen is shown in figure 9.3. 
Entropy increases smoothly with temperature except for ’•he jump that appears 
in the temperature interval where dissoc. ition occurs. Another jump appear- 
as the ionization reactions occur (dotted lines). 
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TEMPERATURE T. deg K TEMPERATURE T, deg K 


Figure 9.2.- Enthalpy of nitrogen 

( dissociation only, 

dissociation plus 

ionization) . 


Specific heat at constant pressure 
and the ratio of specific heats are 
shown in figures 9.4 and 9.5, respec- 
tively. The specific heat increases 
slightly at low temperature from 5f?/2 
to 7R/2 as the molecular vibrational 
energy is excited. Then, as the disso- 
ciation reaction appears, the specific 
heat goes through a very large maximum, 
principally because of the peak in the 
term (D/2) (ZZx/dT)p, that is, the prod- 
uct of atomic internal energy and mol 
fraction derivative. The effect of 
ionization reactions is not indicated, 
but the reader can predict that another 
large peak will occur where the slope 
of the compressibility curve (fig. 9.6) 
goes through another maximum. Thii 
peak will be even larger than that due 
to dissociation because the internal 
energy of the N + ions is even larger 


Figure 9.3.- Entropy of nitrogen 

( dissociation only, 

dissociation plus 

ionization) . 



0 2000 4000 6000 8000 10,000 

TEMPERATURE T, deg K 

Figure 9.4.- Specific heat at con- 
stant pressure for dissociating 
nitrogen. 
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TEMPERATURE T, deg K 

Figure 9.5.- Ratio of specific heats for dissociating nitrogen. 



Figure 9.6.- Compressibility of dissociating, ionizing nitrogen. 


than that of the atoms - namely the sum of D/2 plus the ionization energy J. 


The ratio of specific heats shown in figure 9.5 starts near 7/5, the 
value for rigid diatomic rotators, decreases to 9/7 as the vibrations are 
excited, then drops further as the specific heats increase. The maximum in 


C v occurs at slightly owe r temperature than the maximum in Cp, so the ratio 


takes an extra "wiggle" near the minimum and then finally rises to the pure 
monatomic gas value. This value would be 5/3 except that the contribution of 
the electronic partition function for atomic nitrogen becomes appreciable at 
this point. The ionization reactions also cieate additional effects at those 
temperatures where the deviations from the pure dissociating gas model are 
indicated in figures 9.1 and 9.2. 


9.6 COMBINED DISSOCIATION AND IONIZATION 


As indicated previously, the ionization reactions, as well as the 
dissociation reaction, must be considered at higher temperatures. The simple 
diatomic gas becomes a complex chemical mixture with the following reactions: 


A 2 t 2A 

(9.49a) 

+ A % A 2 + e 

(9.49b) 

A X A* * e 

(9.49c) 

L + X A** * e 

(9.49d) 


Exact solutions for the mol fractions of the species involved requires simul- 
taneous solutions of several nonlinear equations, which can be accomplished 
with good accuracy on electronic computers by iterative methods. In many 
cases, the reactions can be decoupled to a good approximation because the 
ionization energies are typically much larger than the dissociation energy. 

For example, dissociation energies are typically the order of 5 to 10 eV, 
while the single ionization energies are the order of 15 eV, and multiple ion- 
ization energies increase many electron volts for each additional electron 
removed. Except at very high pressures, the order of 10 3 atm or more, these 
reactions can be treated as though one is complete before the next begins. At 
high pressures, the reaction zones spread over broader ranges of temperature 
until appreciable overlapping occurs. Even then, the solutions can usually be 
approximated very well by treating only two or three reactions simultaneously 
rather than the entire set. 

To illustrate the decoupled reaction approximation, consider solutions to 
equations (9.49) by this method. First, equation (9.49b) is ignored initially 
because the fraction of molecular ions, A 2 , is typically very small compared 
with the other species and does not significantly influence the thermodynamic 
properties. This species is added later by a small perturbation of the first- 
order solution for the major species. The remaining reactions are decoupled 
to a good approximation. We consider ionization only up to A** , which is 
sufficient for temperatures up to 15,000° K in a typical case such as nitrogen, 
but the reader can readily extend the method to include higher-order ioniza- 
tion if desired for still higher temperatures. Let /j be the fraction of 
molecules dissociated; f 2 , the fraction of atoms singly ionized; and f 3 , the 
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fraction of singly-charged ions that are doubly ionized. The compressibility 
is the number of moles produced from each mol of A 2 and can be expressed in 
the decoupled approximation 

Z = 1 + /j + 2f z + 2/3 (9. SO) 

The pressure standardized equilibrium constants for the dissociation 
reaction, the single-ionization reaction, and the double-ionization reaction 
are designated K a , Kg, and Ky, respectively: 

X A 2 ^2 2 

7T P C9.sia) 

x a 2 1 - 


X A+ X e 


77 p 


x r< x e 


f 3 a * /,) 

(2 * / 3 )(1 - / 3 ) 


In the right-hand expressions for K a , Kg, and Ky, we have assumed that 
Z = 1 * f 1 for equation (9.51a), Z = 2(1 + f z ) for equation (9.51b), and 
Z * 2(2 + / 3 ) for equation (9.51c) so that the equations can be decoupled. 

The mol fraction of electrons in the last equation is x g = 2(1 + / 3 )/Z since 
the electrons formed in the previous single-ionization reaction must also be 
counted. The reader can readily extend the procedures to triple, quadruple, 
and higher-order ionization. 

The solution to equation (9.51a) is the same as for equation (9.32) used 
previously for the pure dissociating gas model: 


, . ( V 

1 VP * V 


The solution to equation (9.51b) is 


-PM 1 

\p + h) 


while the solution to equation (9.51c) is 


j 3 'J 
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To provide a smooth and continuous solution, the approximate mol 
fractions used in equations (9*51), which assume complete decoupling between 
reactions, are replaced by 


„ - 1 - h 

"2 Z 


(9.53a) 

x. . 2(/ i - 
X A g 

M 

(9.53b) 

2 (/ 2 - 
X A+ = Z 

M 

(9.53c) 

m 

X A + * - ~z~ 


(9.53d) 

2 if z * 
x e = z 

M. 

(9.53e) 


y ■ 
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These mol fractions add to unity as required. With the mol fractions all 
determined, the equilibrium thermodynamic properties can be calculated readily 
from the usual summation relations, equations (9. 16) , (9.17), and (9.18). The 
specific heats given by equations (9.19) and (9.20) require derivatives of the 
Zx-i products which are derived from equations (9.52) and (9.53) and lead to 
relations for df/dT that involve the derivatives d In K/dT similar to 
equations (9.38) and (9.42). 


Problen 9.2: Derive expressions for [3(Zii)/3r ]„ in terms of the derivatives ( d In K^/dT) for the system 
described by equations (9. SI), (9.52), and (9.53). Express the fractions / 2 , and f 3 in terms of concentra- 
tion standardized equilibrium constants K a and find the derivatives [3(Sa-£)/3r| for the above system in terms 
of the derivatives ( d In K c /dT) . 


For many problems, trace elements of certain species may be important 
even though they appear in such small quantity that they do not influence the 
thermodynamic properties of the gas. For example, rather strong band spectra 
are observed from Nj even though the concentration may be only a fraction of a 
percent. The concentration of trace amounts can be estimated if the mol frac- 
tions of the major species are assumed to be unchanged. For example, a trace 
amount of k\ formed according to the chemical balance equation (9.49b) is 
approximately given by 


C9 - 54) 

where x ^ and x e are the major species mol fractions determined above with 
the decoupled reaction approximation and K$ is the equilibrium constant 
given by 

In K 6 » + In «(dj) + In G(e) -2 In $(A) (9.55) 
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and I is the ionization energy and D is the dissociation energy of A 2 . The 
moi fraction of At could be estimated equally well from other chemical 
balance equations that involve the molecular ion, such as 

A 2 t At * e (9.49b') 

A * A* t At (9.49b") 

since, as mentioned previously, the equilibrium properties do not depend on 
the reaction path. However, the reaction (9.49b) tends to be the rate con- 
trolling step in the formation of the molecular ion for most diatomic mole- 
cules, rather than reactions (9.49b') or (9.49b"). For example, it has a 
smaller activation energy than (9.49b'), and the lower activation energy 
process takes greater advantage of the many low energy collisions that occur 
in gases with Boltzmann kinetic energy distributions. Reaction (9.49b") 
requires a three-body collision which is less likely than the two-body colli- 
sion process at usual densities, the third body being required to carry away 
the excess kinetic energy so that the A 2 ion becomes stable. 

9.7 DISSOCIATING AND IONIZING NITROGEN 


To illustrate the above procedures, the approximate solutions for 
dissociating and ionizing nitrogen are considered. In addition to the parti- 
tion functions for No and N given by equations (9.44) and (9.45), the parti- 
tion functions for N , N ++ , Nj>, and electrons are required. From known atomic 
constants (ref. 1), these are approximated as in reference 2: 

In Q p ( N + ) In T* 0.293 

+ Zn(lOe- 70 - 6/T + 5e- 188 - 9/T + 5 e - 22 ' 040/r + e - 47 ' 030/r + 5 e - 67 ’ 870/:r ) 

(9.56) 

In <? p (N ++ )“| In T + 0.293+ Zn(2 + 4e' 251,l/T ) (9.57) 

In Cp(N^) - | In T - 0.382 - ln(l - *- 3176/2 > In (2 ♦ 4e - 13 ’ 19o/r * 2e - 36 ’ 63o/r ) 

(9.58) 

In Q p (e) In T - 14.236 (9.59) 


The additional equilibrium constants for single ionization of atoms, double 
ionization of atoms, and the formation of molecular ions from atomic 
collisions are 

In K $ • - + In Q p (N + ) ♦ In <? p (e) - In Q p ( N) (9.60) 
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X 


InKy - - + ln Cp(N++) + ln Qp(e) _ ln flp(N+) ( 9 . 6 1) 


In Jf 6 - - ^20 + Jn y N +) 

+*« $ p (e) -2lnfl p (N) (9.62) 

Using these values for the 
equilibrium constants, one obtains 
the compressibility shown in fig- 
ure 9.6 and the enthalpy ratio 
ZH/BT shown in figure 9.7. The 
double ionization of atomic nitrogen 
has very little effect below 
15,000° K except at pressures much 
lower than 10“** atm. Similarly, the 
ionization of molecular nitrogen is 
negligible except at pressure much 
higher than 100 atm. The mol frac- 
tions of the different chemical 
species in equilibrium nitrogen are 
shown in figure 9.8 for pressures of 
1.0 and 10 _l * atm. For most practi- 
cal purposes, the electron and N + 



Figure 9.7.- Enthalpy of dissociating, 
ionizing nitrogen. 




Figure 9.8.- Equilibrium mol fractions in nitrogen. 
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mol fractions are equal in this range of T and p, and only small traces of 
Nj and N ++ appear. The graphs are similar in appearance; only at higher 
pressures the dissociation and ionization reactions that increase the total 
number of particles are delayed until higher temperatures. The production of 
N 2 is also promoted at higher pressure at the expense of the dissociated pair 
N + N*. 


9.8 PROPERTIES OF GAS MIXTURES 


In the examples given above, we saw how even a pure gas such as nitrogen 
becomes a rather complex, chemically reacting mixture at high temperatures, 
involving four or five principal species and traces of others. A simple gas 
mixture such as N2 and 0 2 becomes more complex yet. Besides the -dissociation 
and ionization of oxygen, which more or less parallels that of nitrogen, 
nitric oxide is an important species produced at intermediate temperatures: 

N 2 + 0 2 t 2N0 (9.63) 

Typically, nitric oxide concentration is a percent or less of the total at 
normal pressures and lower. It does not greatly influence the thermodynamic 
properties of the mixture at these levels since the molecular energies are all 
comparable to those of the 0 2 and N 2 species it replaces. However, NO has two 
very strong radiation bands (the NO 3 and y bands) in the violet end of the 
optical spectrum and is responsible for much of the radiation observed from 
high-temperature air. More importantly, the ionization energy of NO is rather 
low, about 9.24 eV, and the major source of electrons in air at moderate 
temperatures (5,000° to 10,000° JC) is NO ionization: 

NO $ N0 + + e (9.64) 

To a first approximation, mol fractions of NO, NO*, and e can be estimated at 
pressures of 1 atm or less by the small perturbation method used to find N 2 in 
the preceding example of nitrogen ionization. At higher pressures, these 
species concentrations must be solved simultaneously with the 0 2 , N 2 , 0, N, 

OJ, 0 + , Nj, and N* species concentrations if high accuracy is required. The 
electrons produced from NO, even though only a very small mol fraction, are 
sufficient to absorb essentially all the microwave signals beamed through high- 
temperature air. These electrons are produced in the hot gases about satel- 
lite and '.pace vehicles entering the earth's atmosphere, for example, and arc 
responsible for the communications blackout observed during the reentry period 
of these vehicles. 0j and 0" aie also important species responsible for 
scavenging some of the electrons. 

In addition to the above species, N0 2 , N 2 0, and O3 are formed in trace 
amounts. Dry air contains traces of C0 2 and A which lead to CO, C0 + , C, C + , 
and A* in small but noticeable amounts. Normal atmospheric gases also contain 
sizeable amounts of water vapor, which leads to OH, OH", H, H 2 , H + , H’, CH, 
and other species. Precise calculations require simultaneous solutions for 
30 or 40 species for dry air alone, more for moist air. Relatively precise 
calculations for dry air have been performed by Hilsenrath and Beckett (ref. 3) 
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and by Gilmore (ref. 4), among others. Calculations done before 1955 were 
based on a low value for N 2 dissociation and are not accurate. Approximate 
solutions based on the decoupled reaction method, neglecting the effects of 
NO, were published by Hansen (ref. 2) . Machine calculations of thermodynamic 
properties were made for hydrogen (refs . 5 and 6) , pure C0 2 gas (ref. 7) , and 
CO 2 -N 2 mixtures that simulate the Martian atmosphere (ref. 8), among others. 
With modem, high-speed, digital computers, the complexity of the mixture does 
not present a severe problem. 

Chapter 10 considers sore examples of solutions to the flow of gases and 
to the speed of sound in gases which can be obtained from the equilibrium 
thermodynamic properties of the gas. 


9.9 CONCLUDING viMARKS 


Even very simple gas mixtures become a complex mixture of reacting 
chemical species at high temperature, and precise solutions for the equilib- 
rium properties of such gases require iterative methods on digital computers. 
However, reasonably good approximate solutions can often be obtained by treat- 
ing the reactions as independent of one another whenever the characteristic 
energies of these reactions differ by several electron volts or more. This 
approximation is particularly good at low pressures or densities where each 
dissociation and ionization reaction occurs over a relatively narrow tempera- 
ture span. Then one reaction is completed before the next begins. High- 
temperature air is an example where this approximation is useful since the 
characteristic reaction energies are reasonably well spaced: about 0.2 eV for 

vibrational excitation, 5 eV for 0 2 dissociation, 9 eV for N 2 dissociation, 

15 eV for single ionization of both N and 0, and much higher energies for 
multiple ionization of the atoms. Such approximate analytic solutions are 
useful first estimates for precise numerical computer iterative solutions of 
the equilibrium properties. For air, the production of NO and the ionization 
of NO are the most important reactions that need to be added to the system. 

At high pressures or densities, the uncoupled reaction approximation 
breaks down because the dissociation and ionization reactions then occur over 
a relatively broad span of temperature, and the different reactions overlap at 
pressures of 100 atm and higher in air, for example. Iterative numerical 
solutions are then required. 

As any given reaction runs its course, beginning at low temperature and 
completing at higher temperature, the energy, enthalpy, and entropy functions 
are rather suddenly increased, and the specific heats increase to a very high 
peak. The specific heat at constant volume peaks before the specific heat at 
constant pressure in any reaction that increases the number of gas particles 
(such as dissociation or ionization). Then, in this case, any quantity that 
depends on the ratio of specific heats, such as the Prandtl number, goes 
through an S- shaped oscillation with both a minimum and a maximum. 
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CHAPTER 10 - SOME APPLICATIONS OP EQUILIBRIUM THERMODYNAMIC 
PROPERTIES TO CONTINUUM GASDYNAMICS 

10.1 SUMMARY 


The speed of sound for the propagation of isentropic disturbances in a 
gas is developed, including corrections for chemical reaction. The term "zero 
frequency" is used to describe this isentropic limit sound speed; the term 
signifies that changes in the gasdynamic variables are all very slow compared 
with the chemical rate changes in the gas. A faster, nonisentropic speed of 
propagation occurs for disturbances where the changes in gasdynamic variables 
i>re fast compared with the chemical rate changes. In the limit, this is known 
as the "infinite frequency" or "frozen" sound speed - the former term calling 
attention to the very high frequency of the disturbance, the latter term 
calling attention to the frozen character of the chemical reactions under such 
rapid changes of state. 

The true sound speed for a disturbance of finite frequency is *<hown to be 
between these two limits and is expressed in terms of the chemical relaxation 
time. The Riemann invariants that are useful in determining the changes in 
flow speed along characteristic directions in supersonic flow are derived in 
terms of integrations of acoustic impedance, and example results are given for 
air. Next, solutions for one-dimensional, shock-tube flow produced by the 
sudden release of a high-pressure reservoir gas into a lower pressure test gas 
region are derived, first for ideal gas, then for shock waves in a vibrating 
diatomic gas, and finally for dissociating and ionizing gases. Shock propaga- 
tion into still gas, shock reflection from a plane end wall, unsteady expan- 
sion waves created in the driving reservoir gas, steady expansion waves at an 
area discontinuity between the reservoir and the shock tube, and interactions 
between the reflected shock wave and the gas interface between the shocked gas 
and the expanded reservoir gas are all treated. 


10.2 INTRODUCTION 


We consider here applications of the thermodynamic properties of real 
gases, such as developed in the preceding chapters, to a few problems in con- 
tinuum gasdynamics. First, the speed of sound in the gas is derived and the 
Riemann invariants used to calculate changes in velocity and other fluid prop- 
erties along characteristic lines in supersonic flow (ref. 1) are developed. 
Then the effects of real gases on the properties of gas flows produced in 
shock tubes are deduced. 
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10-3 SPEED OF SOUND IN GASES 


i 


! 


The speed of sound is, by definition, the speed with which a disturbance 
of vanishingly small strength propagates through the medium. This speed is 
generally a function of frequency. When the period of a periodic disturbance 
is the same order as the characteristic relaxation time of some process in the 
gas, such as vibrational excitation, dissociation, or ionization, the disturb- 
ance wave is dispersed and rapidly attenuates as it propagates through the 
medium. The characteristic relaxation times of such kinetic processes depend 
on the temperature and density of the gas, and « very complex relation between 
sound speed and gas properties ensues. These lations properly follow a 
study of collision-induced rate processes in gases, but for the present we can 
examine two limiting cases, knowing only the thermodynamic properties of the 
gas, namely, completely isentropic flow in which the g^s is everywhere in 
total equilibrium throughout the disturbance wave, and frozen flow in which the 
kinetic reaction essentially freezes for the period of the disturbance. 


Consider first a disturbance with such low frequency that the gas can 
completely relax to equilibrium conditions throughout the wave, that is, the 
wave frequency u is much less than the relaxation time (f 1 ) for any process 
that contributes appreciably to changes in the thermodynamic properties of the 
gas. Since the disturbance is presumed to be very weak, dissipation terms 
may be neglected and the flow treated as isentropic: 


dS = 


de + p dV 


de - £ dp 


( 10 . 1 ) 


where e is the specific energy, that is, energy per unit mass. For conserva- 
tion of total specific enthalpy, 


de + 


O 


♦ a da - 0 


( 10 . 2 ) 


where a is the velocity of the disturbance through the gas. From equa- 
tions (10.1) and (10.2), the momentum flux is found to vanish, 

dp + pa da * 0 (10.3) 


In addition, mass conservation requires that 

p da + a dp * 0 


whence 



(10.4) 


(10.5) 




i. 

J v 
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Equation (10.5) is the basic expression for the velocity with which an 
isentropic disturbance propagates through a medium. This relation is 
expressed next in terms of specific heats and derivatives with respect to tem- 
perature. Consider e as a function of p and p with equation (10.1): 


(l) s ■ (11(f),; ' (fl ■ & 


'S \ap/ p \ap/£ 
The derivative ( de/dp) 0 can be expressed as 


( 10 . 6 ) 


(II • (Dill ■ * (Cl 


(10.7) 


'P x 'p 'T 'p 

Then, from equations (10.6) and (10.7), 


c (&\ = -2_ (d£\ . (4*S (&) 

v [dp ) s P 2 Wp U/pW/p 


( 10 . 8 ) 


According to a well-known theorem about partial derivatives of implicit 
functions of three variables (ref. 2), 


m\ _ , 

K dp J T \dT/ p \dp) p 


(10.9) 


Thus 


- (&\ = . J2_ (&\ (&\ . (de\ (&\ (d£\ 

' y U ; s p2 \dp ) T \dr) p \ dr)p\dp ) p \dr) p 

= (&\ \(de\ _ 

WrlWp p 2 W p J 

[I (• * ?)]. ■ * (l) T 


( 10 . 10 ) 


Now, from equations (10.5) and (10.10), 


= (I), = 


dp t s C v \<ip 


(ll 


(fl 


(10.11) 
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a perfectly general relation regardless of the state of the gas, if the 
disturbance is isentropic. If the equation of state is expressed in terms of 
the compressibility 2, 



the square of the speed of sound can be expressed as 



( 10 . 12 ) 


(10.13) 


This is the usual relation for ideal gases except for the correction term in 
brackets. This correction term is slightly less than unity for dissociating 
and ionizing gases, according to the law of mass action. As T increases at 
constant p, p increases, and while Z also increases, the increase in Z 
is inhibited by the increase in pressure. Thus Z does not increase as 
rapidly at constant density as it would at constant pressure: 


id In Z\ 

. id In Z\ 


, V dr ) 


(10.14) 


The correction factor is unity for any gas where Z is constant, that is, 
where the reactions that occur in the medium do not change the number of gas 
particles. 



Figure 10.1.- Speed of sound parameter for 
vibrating, dissociating nitrogen 
(ionization reactions frozen) . 


The speed-of-sound parameter 
(a 2 p/p) is shown as a function 
of temperature at various pres- 
sures in figure 10.1 for dissoci- 
ating nitrogen, neglecting the 
ionization reactions. 

For very high frequency, the 
chemical reactions cannot follow 
the rapid changes in pressure and 
temperature produced by the dis- 
turbance wave, and the reactions 
are said to be frozen. Then 

a 2 = Y/ f (10. IS) 

which is the same as the ideal 
gas relation except that the 
ratio of specific hea.s must 
include only those internal 
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degrees of freedom in equilibrium with the kinetic energy. For a gas mixture 
with mol fractions x^. 


v $-(n 

(10.16) 

( C P\ _ H + 5 

\ R h~ 2 

(10.17) 

(C v \ ni + 3 

U/i' 2 

(10.18) 


where is the number of internal degrees of freedom of the component i 
in equilibrium with the kinetic energy. For atomic particles and electrons, 
n{, - 0. For diatomic particles, the rotational energy is normally in full 
equilibrium with the kinetic energy and n{, - 2. For nonlinear polyatomic 
molecules, three rotational modes are present and = 3. Vibrations, on the 
other hand, normally require a large collision numbei Z 0 , of the order of 
10 3 - 10 6 , before they become fully excited. If the frequency is greater than 
0<»/Z c , where Q a is the collision rate, the vibrational modes are frozen. 
(Note that the gas is essentially opaque to frequencies greater than 6 e , and 
disturbances do not propagate effectively in this case.) At frequencies much 
less than 9 C /Z C , vibrations are also excited. Then, for diatomic particles, 
iti - 4; for linear triatomic particles, = 10; and for nonlinear triatomic 
particles, = 9. At very high temperature (high collision velocities), Z c 
approaches unity, and the internal degrees of freedom tend to remain in equi- 
librium with kinetic energy even at very high frequencies. At very low den- 
sity, the collision rate becomes small and only low-frequency waves propagate 
through the gas. 


In accord with the above, at normal temperatures in a diatomic gas, 
yj? ■ 7/5. At temperatures where dissociation barely starts, the vibrational 
relaxation is typically very fast and yj> -*■ 9/7. When dissociation is 
complete, y ^ + 5/3. 


Where a rate process occurs in the gas with a characteristic relaxation 
time t of the order of the reciprocal frequency u" 1 , disturbance waves 
propagate through the medium with a speed between the frozen speed aj> and 


the equilibrium speed 


< a < an 


(10.19) 


The amplitude, _u(x) , of a disturbance represented by the function 
w(x,t) = y(a?)e'ttffc is the solution to the wave equation (ref. 3) 







\&f/ I 1 + *-WT 


which is a damped sine wave with the speed 


a = a. 




1 + (uix) 2 
+ (wx ) 2 


The wave is damped by the exponential factor 


( 10 . 20 ) 


( 10 . 21 ) 


(a f /a e ) 2 - 1 M 2 xa . N 

if/ a e ) 2 + (wx ) 2 2a _ 


( 10 . 22 ) 


When u or x vanishes, a -> a e and the damping is negligible. On the other 
hand, when wx becomes very large, a + af and damping also becomes large 
with an absorption path 2a^x/ [ (a^/a g ) 2 - 1]. 


10.4 RIEMANN INVARIANTS 


The change in velocity of an isentropic flow along the characteristic 
directions in supersonic flow is given by (ref. 1) 


« - uf = ±{U - V) 


(10.23) 


where subscript t* refers to initial conditions and l is the reciprocal 
acoustic impedance (pa )" 1 (i.e., the acoustic admittance) integrated with 
respect to pressure: 


i.r r 

’Po ° “ 


dg_ _ a dp 


(10.24) 


The positive sign in equation (10.23) corresponds to changes along the posi- 
tive characteristic in the time-distance (a:,t) plane: 


dx 

at = u + a 


(10.25a) 


where u is the flow velocity; the negative sign corresponds to changes along 
the negative characteristic. 


i 


... 



v.'^, *' ; 


dx 

lt‘ u - a 


(10.25b) 


Equations (10.24) and (10.25) determine all the changes of gas properties in 
one-dime r sional isentropic flow, through the dependence of velocity on pres- 
sure. 5. nee only differences of the quantity l are required, the lower 
li»'.t o; the integral in equation (10.24), p 0 , is arbitrary. Typically, p 
is tak»n to equal zero so that l will always be positive. The so-called 0 
Riemam invariants of the flow, r and s, are given by the sum and difference 
relations : 


u + l = 2v 
u - l - -2 b 


(10.26a) 

(10.26b) 


Once th< se are established at any point («.£, t ^) in the flow with known con- 
ditions. the remaining flow in the x,t plane may be calculated, provided the 
flow is isentropic, that is, shock free. 

At low temperatures where the gas behaves ideally, the isentropic rela- 
tion between pressure and density is 


■m 


(10.27) 


and the speed of sound can be expressed as 




(10.28) 


The quantity l is then given by 




(10.29) 


where 


P Q * 0 has b'°n chosen as the reference level. 


The quantity l/l* for air is calculated in figure 10.2 for zero 
frequency, whoie the speed of sound is the equilibrium value given by equa- 
tion (10.1’j. The quantity l* is the ideal gas value given by equa- 
tion (10 -9) where y = 1.4 and a - (y f?T) 1/2 . The effects of vibration, 
dissociation, and single ionization of the air particles are included, but the 
NO f« illation reaction was omitted for convenience in calculation. Details of 
the calculation may be found in reference 4. The ratio l/l * is shown for 
constant entropy values ZS/R of 30, 40, 50, 60, and 70 and for constant 
pressure values of 10 -4 , 10* 2 , 10°. and 10 2 atm. 
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Figure 10.2.- Riemann integral for air 
compared with ideal gas values for 
constant specific entropy. 


The utility of the integral 
l in one-dimensional flow prob- 
lems results from the fact that it 
is a function only of local gas 
properties; thus l need be com- 
puted only once for any given 
entropy and pressure (or density 
or temperature) and tabulated or 
graphed as in figure 10.2. For 
two- or three-dimensional flow, 
the relations between changes in 
flow properties depend not only on 
local gas properties, but on the 
initial or stagnation conditions 
as well. For example, the change 
in Prandtl-Meyer expansion angle 
may be expressed as 

tio - 3o) 

where the integral is performed 
along a constant isentrope. The 
limits of the integral are func- 
tions of the local enthalpy per 
unit mass hi and the stagnation 
enthalpy h^: 



h 



(10.31) 


Thus, in this case, a third dimension must be added to the table of the 
Prandtl-Meyer angle for real gas expansions, which would specify the 
stagnation conditions. 

With this introduction to the effects of real gas on the speed of sound 
and derivative quantities in mind, next consider the flow of real gases in 
shock tubes. 


10.5 SHOCK-TUBE FLOW 


The shock tube is a well-known device used to produce uniform samples of 
gas at precisely known temperatures and pressures for a limited time duration. 
The situation is idealized here by neglecting the effects of boundary- layer 
flow and assuming that the flow is one-dimensional throughout. These ideali- 
zations are realistic if the shock tube is not too long (length diameter ratio 
of the order of 100 or less) and if the gas pressure is not loo low (the order 
of 10 -4 atm or higher) . 
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The mathematical theory of shock waves and expansion waves is elegantly 
treated by Courant and Friedrichs (ref. 1). Glass and Patterson (ref. 5) give 
a good summary of the shock- tube relations for ideal gases, and a detailed 
account of the mathematical derivations for ideal gas, shock-tube flow is 
given in reference 6. When gases do not obey the ideal gas law, such as dis- 
sociating and ionizing gases, the shock-tube relations cannot be given analyt- 
ically in terms of initial conditions, but must be obtained by iterative 
procedures. Brief outlines of these procedures are presented by Romig (ref. 7) 
and Feldman (ref. 8) . 


The shock tube involves a number of 
distinct flow regions, as shown in the time- 
distance diagram in figure 10.3(a) . The ini- 
tial condition of the shock tube, with a high- 
pressure reservoir (region 4) , a low-pressure 
test region (region 1), and a diaphragm or quick- 
acting valve separating the two regions is 
diagrammed in figure 10.3(b). A short time 
after che diaphragm is ruptured, or the valve 
opened, a shock wave forms and travels down 
the tube, followed by the expanding high- 
pressure driver gas, (fig. 10.3(c)). The 
contact between the test gas and the driver 
gas is shown as a surface, but in high-energy 
shock tubes this is typically a mixing zone 
of finite width. The expansion wave origi- 
nating at the diaphragm may consist of both 
an unsteady expansion E a that accelerates 
the driven gas to the proper velocity in the 
one- dimensional channel and a steady-state 
expansion E 8 to match the flow velocities 
across the step in area ratios from driver 
chamber to test chamber. An unsteady expan- 
sion Ei) also feeds back into the driver 
chamber to equalize the pressures involved. 



DIAPHRAGM OR FAST 
OPENING VALVE 



(b) Initial condition. 


<8h- 

.S 

r®? 



L_r 


(c) Incident shock propagates 
down tube after diaphragm 
burst . 


E c E o :-® IM2HR| (3> 


The gas compressed by the shock wave 
(region 2) is elevated in temperature and 
pressure to values uniquely related to the 
shock velocity, an easily measured quantity. 

This gas is often used as a test specimen. 

The test duration - the time interval between 
the appearance of the shock and the contact 
region at the test station - typically varies from the order of a millisecond 
at moderate shock speeds to microseconds at very high shock speeds. The driver 
gas may be of low molecular weight, such as He, to obtain higher shock veloc- 
ities and higher test gas temperature for a given pressure. The driver gas 
may also be heated to provide stronger shocks. Typically, however, higher 
temperature test gas is obtained by reflecting the shock from the end wall of 
the tube. This situation is diagrammed in figure 10.3(d). The test duration 
then is the interval between the reflection of the shock from the end wall and 
the appearance of shock waves or expansion waves reflected from the contact 


(d) Shock reflected from end 
wall propagates back into 
tube. 

Figure 10.3.- Shock- tube flow. 
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surface, or the expansion waves feeding forward from the diaphragm position or 
the end of the driver chamber, whichever appears first. Again, the gas prop- 
erties are uniquely related to the shock velocity. 

Because of the number of different regions involved and of the relations 
between flow quantities required, a following list of symbols used in the 
analysis will prove helpful, particularly since some of these symbols 
duplicate symbols used previously with different meanings. 

a speed of sound, J(dp/dp)g 

A cross-sectional area 

B (p 21 - 1)(1 - P 12 ) 

Cp specific heat at constant pressure 

C v specific heat at constant density 

E expansion wave 

h enthalpy per unit mass, also Planck's constant 

I interface between test and driver gas 
k Boltzmann constant 

M Mach number, ratio of flow speed to speed of sound 
p pressure 

R gas constant, also reflected shock 

S entropy, also incident shock 

t time 

T temperature 

u velocity of gas relative to incident shock 

y velocity of gas relative to shock tube 

V velocity of incident shock relative to shock tube 
W velocity of gas relative to reflected shock 






i 

J* 
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{ 


f 


n 


Q 

Y ratio of specific heats, 

0 v 

h\) 

0 vibrational constant, -g- 

v vibrational frequency 

p density 


Superscripts 

* value of property for ideal gas, y = 1.4 
o stagnation condition 


Subscripts 

0 standard conditions of T and p, also conditions on high-pressure side of 

an expansion wave 

1 initial conditions in shock tube 

2 condition following normal shock S 

3 condition following reflected shock R 

4 initial conditions in reservoir 

5 reservoir conditions following unsteady expansion wave Efc 

6 conditions following gas interface I but preceding unsteady expansion 

7 conditions following the reflected wave R after it passes through 

interface I 

S conditions following the reflected wave RR formed by interaction of 

shock R with interface I (JW ma v be an expansion or a compression 
wave, depending on conditions in region 6) 

9 conditions after reflection of expansion wave E ^ from end of reservoir 


s ik s x i^ x k I ratios of quantities designated by a double subscript notation 

x ki ~ x kf x i I 
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10.6 SHOCK WAVES 


Shocks are commonly treated as discontinuities in the gas properties, 
whereas the shock actual 1 / may encompass a finite region in which nonlsen- 
tropic rate processes occur, the total reaction zone propagating through the 
medium at supersonic velocity. This region may be a few millionths of a centi- 
meter thick or it may span many light years, as in a collision between stellar 
gas clouds. Equilibrium may be reached in a few mean free paths, as in the 
weak waves produced in normal air, or many billions of collisions may be 
required to reach equilibrium where chemical processes are involved. Regard- 
less of the processes occurring within the shock and the structure and dimen- 
sions of the shock, the equations of 
continuity determine the relations between 
properties on either side of the shock region. 

Consider normal shock region shown 
in figure 10.4. Gas enters the shock with 
velocity u\ and leaves with velocity U 2 . 

If the shock is propagating with the velocity 
V into a gas at rest. 


= 0 , V = -ui (10.32) 

and the velocity of the gas behind the shock wave relative to the stationary 
reference system is 


SHOCK 

REACTION 

ZONE 


U2 

REGION 2 
FINAL CONDITIONS 


U| 


REGION I 

INITIAL CONDITIONS 


Figure 10.4.- Normal shock 
wave. 




V 2 * -(Ui - u 2 ) (10.33) 

The shock region is defined so that steady-state conditions are attained in 
region 2. However, the steady-state may be either a true equilibrium condi- 
tion or a quasi- equilibrium condition in which certain modes of energy in the 
gas are frozen or essentially uncoupled from the kinetic energy modes during 
the time scale of interest (which may be the order of milliseconds for the 
shock tube, but the order of years for interstellar shock-wave phenomena). 
Either way, the continuity of mass, momentum flux, and energy must be satis- 
fied across the shock region 


Elimination of 


Pl M l " P2 U 2 

(10.34) 

Pl«l 2 + Pi ■ P2 m 2 2 + ?2 

(10.35) 

Ml 2 « 2 2 

h l * — " ^2 + “ 

(10.36) 

from equations (10.34) and (10.35) gives 
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Combination of equations (10.33), and (10.34), and (10.37) yields 


(10.37) 


t> 2 2 * («1 - M2) 2 * 7 1 (P21 - !)(! - P 12 ) 


(10.38) 


and, from equations (10.34), (10.36), and (10.37), 


1)C*21 


(10.39) 


where (a* ♦ 1) is the dimensionless parameter (2hipi/pj) . Note that the shock 
relations given by equations (10.37), (10.38), and (10.39) are valid for all 
steady-state shocks regardless of the equation of state of the gas or of the 
processes that occur in the shock region. Equation (10.39) is the fundamental 
shock-wave relation between three variables p 21 , Pjj , and h 2 l* & ny one of 
which may be chosen as the independent variable. Then solutions for the 
remaining two can be obtained with the aid of the additional relation given by 
the equation of state of the gas: 


P(P,h) 


(10.40) 


Shock waves need not be normal to the flow, of course. A velocity com- 
ponent tangential to the shock surfaces may exist and the shock then lies 
obliquely to flow. The tangential component is merely conserved, and a simple 
transformation to a coordinate system moving at this tangential velocity 
leaves the normal shock relations given above. 


10.7 IDEAL GAS SHOCK RELATIONS 


For an ideal gas, the quantity a is a constant: 


(a + i) . M B -JL 

p y - 


(10.41) 


so that 


P 2l * P2l^21 


(10.40a) 


Choose p 21 as the independent variable and solve for 1 and p 21 from 
equations (10.39) and (10.40a) to obtain 


P 21 ♦ « 


1 P21 


(10.42) 
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ap 21 ♦ 1 

p 21 " iLj'V, 


?2l 


(10.43) 


Note that for very strong shock waves the enthalpy ratio approaches a simple 
function of pressure 


&21 1 


P 21 


p 2l »l « 

and the density ratio approaches a constant limit 


(10.42a) 


p 2l 


•*> o 


(10.43a) 


p 2 i»l 


The limit o ■ 6 obtains for air and other diatomic gases with rotations fully 
excited but. vibrations frozen. For monatomic gases such as He, a ■ 4. 


Problem 10.1: Trmnifora the independent variable to the shock Mach number (ratio of shock speed to speed of 

sound) : 


“1 


a * CyPj/p i ) 


1/2 


and show that the shock relations reduce to 


p . - (y - »> 

P 21 y ♦ 1 


p „ . It, ♦ i)* . 

21 (Y - ljw 2 ♦ 2 


fc 21 


[2TW 2 ■ (Y - 1))[(Y - DM 2 » 2} 

(Y ♦ 1) 2 M* 


Consider next the shock reflected from a fixed wall at the end of the 
shock tube as shown in figure 10.5, again for ideal gas. Let W be the 

velocity of the gas relative to the reflected shock R. 
The relations between properties across the reflected 
shock are the same as for the incident shock. Equa- 
tions (10.37), (10.38), and (10.39) are all valid with 
subscript 2 replacing 1 and subscript 3 replacing 2; 
for the ideal gas, equations (10.42) and (10.43) are 
satisfied in the same way. 



♦ 


Figure 10.5.- Shock 
reflection from a 
fixed wall. 


The fixed-wall boundary imposes the condition 
that the velocity of the gas in region 3 is zero 
(i >3 * 0), so the velocity of the reflected shock is 
just the velocity with which the gas leaves the 
reflected shock, The velocity with which the gas 
enters the reflected shock is thus 


^2 ~ y 2 + ^3 


(10.44) 
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and from equation (10.38), 


The remaining properties in region 3 can be calculated once p 32 is known, of 
course. 


10.8 SHOCK WAVES IN VIBRATING DIATOMIC GAS 


The simplest type of non-ideality is encountered when specific heat is 
not constant but the ideal gas law is obeyed. This occurs, for example, at 
temperatures where diatomic molecules are set into vibration but are not dis- 
sociated. The enthalpy of the diatomic molecule gas is given in terms of the 
characteristic vibrational temperature 0 ■ hv/k as 
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(» h - *3) 2 - (Ml - U 2 ) 2 - (p 21 - l) (1 - p 12 ) ■ & (p 32 . D (1 . p 23 ) 

(10. 4S) 

Including the equation of state, there are three equations specified 
that may be solved for the three unknowns p 32 , P 32 > and h 32 : 

1 

(P 32 " + P23) “ (&32 “ !) («2 + !) 

(10.46a) 

(P 21 " 1) (1 " Pl2^ " ^21^12^32 " 1) (1 " P 23 ) 

(10.4Mb) 

i 

P 32 “ /(P 2 3*^32^ 

(lu • 6< ' | 

These equations are still perfectly general for imperfect gas as well 
perfect gas. For the ideal gas, a is constant and 

1 

as 

1 

p . hi 

hi P j, 

(10.40b) 

j 

In this case, equations (10.46) can be reduced to 

| 

»» - 1)2 - „ (*>» - « 2 
« ♦ P 2 i rzx «P 32 + 1 

(10.47) 

| 

for which a solution is 

! 

! 

_ _(<*■*• 2 )p 21 - 1 

p 32 a ♦ p 21 

(10.48) 
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(10.49) 


Consider only the case where the initial temperature is so low (7i « 6) that 
vibrations are not excited in region 1. Then the initial enthalpy is just 
SRT\/2M and the enthalpy ratio across the shock is 


■ *, ♦ $ {< e/T * - i)- 


(10.50) 


From the ideal gas equation of state, 


*21 


* 12 Pn 

and the basic shock-wave equation for a ■ 6 is 


(10.51) 


(p 21 - 1)(° 12 ♦ 1) - Uh 2 i - 1) 

A quadratic relation for p 21 in terms of 7 2 i results: 

♦ [(^21 ♦ 6) - 7h 21 ]p 21 - r 2l * 0 


(10.52) 


(10.53) 


which may be solved for p 21 once T\ and 7 2 i are chosen. The values of p 2l 
‘ ’ ill ‘ 


and 7 21 then determine all other quantities in region 2. 


For air, the oxygen and nitrogen molecules have different vibrational 
frequencies 


0(O 2 ) ■ 2270° K , 0(N 2 ) = 3390° K (10.54) 

At T\ ■ 293° K, the enthalpy ratio across a shock wave in air is given by 


h 2 i • T 2 1 + 0.62(e 7, 75/T21 - l) -1 + 3. 7o(e 11§ 56/721 - l)" 1 (10.55) 


and the pressure ratio is 


?21 


(7h 2 ! - r 21 - 6) ♦ / (7h 2 j - T 2 \ - 6) 2 ♦ 47 2 i 


(10.56) 


Since conditions in regions 1 and 2 determine the strength of the 
reflected shock, one cannot treat this quantity as an independent variable, 
and the solutions for region 3 must be found by iteration. Rearrange equa- 
tion (10.45) to 
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(p 32 - 1)(1 - p 23 ) = B 2 


(10.57) 


where B 2 * («i - k 2 ) 2 (Pi/Pi) (Pn/PzO or (P 2 i - 1)U - P 12 ) • The basic shock 
equation for the reflected wave is (see eq. (10.39)) 


(p 32 -!)(!♦ p 23 ) = (o 2 ♦ 1) (h 32 - 1) (10.58) 


where (a 2 + 1 ) = (o I + 1 ) (^ 2 iP 2 i/p 2 i) • 
the temperature ratio 


h 3Z 


The enthalpy ratio is a function of 



(10.59) 


where 113 ! is give, by equation (10.55) with subscript 3 replacing 2. 
ideal gas law 



The 

(10.60) 


provides the additional relation needed to solve the set of simultaneous equa- 
tions (10.57) through (10.60). The first, second, and fourth equations of 
this set can be put into the form 


(a 2 + 1)(&32 ~ 1 ) + # 2 
P 32 = 3,32 (o 2 ♦ 1)0» 32 - 1) r B Z 


(10.61) 


Several different iteration procedures are possible- One procedure is to 
choose T 3 ., calculate p 32 from equation (10.61), and determine whether 
equation (10.57) is satisfied. If not, repeat the choice of T 32 until equa- 
tion (10.57) is satisfied. Some results for shock waves in air with the 
initial temperature Tj = 293° K are given in figure 10.6. 



(a) Incident shock properties. 

Figure 10.6.- Shock relations in air 
(7 = 293° K, dissociation and 



(b) Reflected shock properties. 

with vibrational effects included 
ionization reactions frozen). 
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10.9 SHOCK WAVES IN DISSOCIATING AND IONIZING GASES 


(ft 


(10.62) 


The quantity (Cp/R) D (p/ph) ~ 1 for the ideal gas and falls below unity as the 
gas molecules begin to vibrate, dissociate, and ionize. 


The advantage gained from plotting a normalized parameter such as 
(.Cp/R) 0 (p/ph) rather than the state variables directly is that a wide range of 
conditions can be put on a single plot which can be read with nearly uniform 
accuracy over the entire range of variables. Also, it is relatively easy to 
interpolate with good accuracy. These advantages are retained when a digital 
machine is used to interpolate between stored tabulations. For example, fig- 
ure 10.7 is a set of curves 
p °] lam plotted from Hilsenrath and 

i.o it p ° '° m9 / Beckett's data for air (ref. 9). 

'' n 0 = 3.5 
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As usual, a variety of 
iteration schemes leading to a 
solution is possible. One 
method is as follows: 

(1) Specify the initial 


conditions Pj, Pj, 
the enthalpy ratio 
calculate 7z 2 . 


and hi 
7*21 > 


100 200 
DIMENSIONLESS ENTHALPY h/h n 


Figure 10.7.- Normalized equation of state 
parameter p/pfc for equilibrium air 
as a function of normalized enthalpy. 


(2) Choose the density 
ratio p 21 and calculate p 2 . 

(3) From the graph in fig- 
ure 10.7, find {Cp/R) 0 {p/ph ) 2 
for the given h 2 and p 2 , then 
calculate p 2 and p 2 j. 


(4) Determine whether the basic shock relation equation (10.39) is 
satisfied. 


y\- 

jjr: 


Where the gas dissociates or ionizes, the ideal gas equation of state is 
no longer obeyed and the entire solution must be found by iteration. This is 
readily accomplished with digital computers, but a semigraphical procedure is 
outlined to better illustrate the relationships involved. The real gas 
effects are conveniently accounted for with a plot of {Cp/R) Q (p/ph) or 
(P/P 0 )/(P/P 0 ) Wh 0 ), as a function of h/h Q . Subscript o refers to a stand- 
ard state, here taken as 1 atm of pressure and 273° K. The normalizing param- 
eter (Cp/i?) 0 is the ratio of specific heat to the gas constant evaluated at 
the standard condition: 
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(5) If not, start at step 2 with a new choice of p 21 and repeat until 
the equality, step 4, is satisfied. 

The density ratio p 21 is a relatively slowly varying quantity so one 
can easily choose a value close to solution. The iterations generally con- 
verge to a solution better than 1 percent in three or four tries. If the 
results are plotted as a function of shock-wave Mach number, the results are 
not very sensitive to small differences in initial conditions. 


The quantity ,B 2 used in equation (10.57) is needed for the reflected- 
shock calculations and is given by 


Bo = 


(P 21 ~ 1)(I ~ P 1 2^ 


? 21 P 12 

Eliminate p 23 from equations (10.57) and (10.58) to obtain 

2 (p 32 - 1) « B 2 + (o 2 + 1 )(fc 32 - 1) 

The density ratio is then 

B 2 

# " ' 1 ‘ 

One iterative scheme for calculating reflected-shock properties is 
(1) Choose the ratio fc 3 2 . 


(10.63) 


(10.64) 


(10.65) 


(2) Calculate p 32 from equation (10.64) and p 23 from equation (10.65). 

(3) Calculate p 3 , fc 3 , and p 3 . 

(4) From the graph in figure 10.7, select the value of (Cp/R) 0 (p/hp ) 3 
that corresponds to the values p 3 and found in step 3. 


(5) Determine whether {Cp/R) Q {p/hp) 3 = (3 . 5p 3 )/ Cp 3 ^ 3 ) • 

(6) If not, start at step 1 with a new choice of 7z 32 and repeat until 
the equality in step 5 is satisfied. 


By definition, V 3 is the velocity with which the gas recedes from the 
reflected shock in region 3; it is also the velocity of the reflected shock 
due to the fixed boundary condition at the wall. From mass continuity. 


p 2 (|y 2 | + ^3) = p 3^3 


( 10 . 66 ) 


while from equation (10.34) and the definition of v 2> 

M = l^ilf 1 - P12) 

Thus the ratio of the reflected-shock speed to the incident 


(10.67) 

shock speed is 
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( 10 . 68 ) 


W 3 _ 1 - P 1 2 
H P 32 " 1 




(b) Density ratio. 



(c) Temperature ratio. 

Figure 10.8.- Ratios, normal shock properties 
in air to ideal gas values. 


The reflected shock meets 
the interface at a distance 
p 13 L from the end of the 
shock tube, where L is the 
length of the tube. The time 
interval between the reflec- 
tion of the shock and the 
interaction with the interface 
is thus 

, _ Pi 3^ _ °13( p 32 ' ^ L 
= 1- p 12 M\ai 

(10.69) 

This is approximately the 
usual test time available in 
the shock tube; at longer 
times a compression or expan- 
sion wave produced by the 
shock- interface interaction 
feeds into the test gas. In 
principle, some additional 
test time is available before 
the reflected wave reaches the 
end wall, but in practice some 
mixing always occurs at the 
interface and the reflected 
perturbation feeds into the 
test gas somewhat sooner than 
the above. The result of 
these two counteracting 
effects is that equation (10.69) 
is found to give a reasonable 
estimate for the test time 
except for the following cases: 
(al a "tailored interface" 
mode of operatioi , to be 
described later, can be 
achieved in which the reflec- 
tions from the interface are 
minimized and the test inter- 
val is determined by the 
arrival of the expansion wave 
E a or E a (fig. 10.3(a)); and 
(b) at very high shock speeds 
the mixing region can become 
so broad that it consumes much 
of the test region. 
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Results of some calculations for the incident shock moving into air at an 
initial temperature Ti =293° K are given in figure 10.8. The quantities 
plotted are normalized by the ideal gas value for y = 1.4. In this way, the 
values remain close to unity and one can interpolate between the constant 
pressure curves with reasonable accuracy. The interpolation is almost linear 
with the logarithm of pressure. Note that the pressure across the normal 
shock is affected very little by the real gas effects, and the increase in 
density caused by dissociation and ionization is approximately balanced by the 
decrease in temperature. The decrease in temperature may be considered a 
result of the large thermal sink provided by the dissociation and ionization 
reactions. Plotted as a ^unction of shock-wave Mach number, the results are 
approximately correct fcr other initial tenperrtures near 300° K. Properties 
of the air following the reflected shock are given in figure 10,9. The 
reflected shock speed given in figure 10.9(d) is somewhat lower than observed 
in actual practice. The boundary- layer effects tend to increase the observed 
reflected 'hook speed, both because the flow is squeezed into a somewhat 
smaller channel and because the shock wave bifurcates in the hot boundary- 
layer region so that sensors in the shock-tube wall are activated before the 
true shock arrives in the main channel. If the boundary- layer thickness is an 
appreciable fraction of the tube diameter, corrections must be applied to 
these calculated reflected shock properties. 

Before considering the interaction of the reflected shock and the driving 
gas interface, consider the relations between the reservoir conditions, 
region 4, and the shock properties. These relations determine the properties 
in region 6 and thus he magnitude of the shock interaction with the interface. 
Only an ideal driver gas is treated because, in many cases of practical inter- 
est, the driving gas is predominantly helium, which is largely inert until 
ionization temperatures are reached. Even where the driving gas is nonideal, 
the general behavior of the nonideal gas can be approximated by use of an 
effective ratio of specific heats. 


In general, the reservoir may have a cross-sectional area different from 
that of the shock tube. Area ratios of unity or infinity are merely special 
cases of the general relations that follow. When the reservoir gas is suddenly 
released into the lower pressure shock-tube gas, an expansion wave E a propa- 
gates down the tube following the shock S and the interface I (fig. 10.3). 
This expansion is a nonsteady but isentropic process that accelerates the 
reservoir gas to its velocity at the interface; the expansion wave actually 
moves upstream against the flow. At the area transition between reservoir and 
shock tube, another isentropic expansion E s is established which rapidly 
becomes steady state. If the transition section is short, for practical pur- 
poses, we may consider this expansion to reach its steady state instantane- 
ously. The downstream side of this expansion terminates at the sonic line 
where the local Mach number is unity. Finally, another unsteady, isentropic 
expansion E j propagates into the reservoir and accelerates the gas toward 
the entrance to the shock tube. Before proceding with the analysis, it may be 
helpful to recall the difference between steady-state and nonsteady expansions. 
Across the steady-state expansion, the energy per unit mass of gas is , 

conserved: 

* h 0 - h = C p (T 0 - T) (10.70) 


307 


rEFRODU 

ORIGIN A1 


OmlLiTY OF THE 
j page is poor 


1/ 


i 


\ f 


i 

i 


i 

i 

1 


t 





. I . 
v 


res 




'% 

' '6 


‘1 


$ 

>< 


8 


(c) Temperature ratio. (d) Reflected shock velocity ratio. 

Figure 10.9.- Ratios, reflected shock properties in air to ideal gas values. 






where h 0 is the conserved stagnation enthalpy. The Mach number of the flow 
is given by 


M 2 


u 2 2<2 p 


yRT yR 

Since the flow is isentropic, 


(t - *) - rh- (t • ') < 10 - 71 ’ 


£, 

T 


t-d) 


pM y-i)/y 


where 


2 . 

Pn 


(i . *) 


■y/ ( y-D 


(10.72) 


(10.73) 


Equation (10.73) is the steady-state expansion relation between p and M, 
where p 0 is the pressure on the high-pressure side of the expansion, that is, 
the stagnation pressure in a frame of reference at rest with respect to the 
gas. An alternative form of equation (10.73) is 


JL = 

?0 


0 




y/(y-i) 


(10.73a) 


where M 0 = u/a 0 = u/ {yRT 0 ) 1 1 2 , that is, a Mach number referred to the stagna- 
tion speed of sound rather than the local sound speed. 

For nonsteady expansions, equation (10.70) does not apply to a fixed 
position relative to the gas. To obtain the velocity produced by a nonsteady 
expansion, the characteristic equation is integrated along a constant 
isentrope (see ref. 1) : 


u - u 0 = - 

The acoustic impedance for ideal gases is 

P'2 = QqGLq 


X 


P 


Po 


pa 


fe) 


(y+l)/2y 


Thus 


U - M, 


- ^ / P/P ° i r (,tl)/2T 

p o a o l 

Integrate and substitute a 0 = (yp 0 /p Q ) 1/2 to obtain 


u - u n = 


2a o i ( p\ 

Y - 1 [ \Po) 


(Y-l)/2y‘ 


(10.74) 


(10.75) 


(10.76) 


(10.77) 


In terms of a Mach number M defined by the change in velocity u - u 0 . 
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and since for ideal gas 


|(Y-1)/2Y 

the unsteady expansion relation between p and M is 


t -(W-Or) 


P / y - 1 \" 2 y/Cy-i) 


(10.78) 


(10.79) 


(10.80) 


An alternative form of equation (10.80) is 


iL. (i . 

Po V 


Y - 1 




2y/(Y"1) 


where M Q - (u - u 0 )fa 0 . 


(10.80a) 


With the difference between equations (10.73) and (10.80) clearly in mind, 
proceed to calculate the Mach number Ms from 


£4 = £4 = j_ p My - Ptf 5 2 l 
A 1 ~ A* Ms Y+l J 


(Y+1)/[2(y-1)] 


(10.81) 


Since the solution for Ms requires iteration, a more straightforward proce- 
dure specifies M$ and calculates the area ratio A 41 that corresponds to 
this Mach number. The pressure ratio for the rarefaction wave that acceler- 
ates the gas from rest in state 4 to the velocity Ms is given by the 
nonsteady expansion 


fc ’ (1 * "=) 


2y/(y-1) 


(10.82) 


Further acceleration to the sonic velocity requires a pressure ratio given by 
the steady relation 


tMH 1 ) 


y/(y-i) 


(10.83) 


where p* is the pressure at the sonic line and p 5 ° is a conserved 
stagnation pressure for region 5 defined by 


310 


REPRODUCIBILITY OF THE 
ORIGINAL PAGE TP Poor 




#*< = 


■<ff . 


\ » V ' v 

«Ulu 

WU 


» «* »■* 


j£,» 


■ 


1 


Thus 




y/(y-i) 


£5 

p* 


(■— XJLi ] 

L2 + (Y - 1)M 5 2 J 


y/ (Y- l) 


(10.84) 


(10.85) 


Finally, to accelerate the gas further to Af g , a second nonsteady rarefaction 
(see eq. (10.80)) is required so that 


El - r 2 + (y - 

p 6 = L y * 1 J 


( 10 . 86 ) 


The total pressure drop from region 4 to 6 is obtained by multiplying 
equations (10.82), (10.85), and (10.86): 


El - E1E1 El 

P 6 S P 5 P* Pe 


(10.87) 


Since the entire set of expansions, both steady and unsteady, is isentropic, 
the temperature ratio is 


£4 /P4\ (Y_1)/Y 

T e = \pJ 


( 10 . 88 ) 


a 



All other properties in region 6 are determined accordingly. There cannot be 
a discontinuity in pressure or velocity across the interface; therefore, 

Pg * p 2 and m 6 = m 2 . Thus all conditions in regions 2 and 1 are determined by 
the choice of M§. 

When Ms = 0, the area ratio /I 41 becomes infinite and the expansion 
wave Efo disappears. Actually, the pressure drop (P 45 - 1) becomes very 
small for area ratios of the order 10 , and a chamber with area ratio 441 
greater than 10 functions essentially as an infinite chamber if it also has 
sufficient volume that the weak but finite expansion waves, produced in the 
chamber by the exhaust of reservoir gas, do not decrease the pressure appreci- 
ably. The required reservoir volume is thus a function of shock-tube length. 
The strength of the expansion E a produced by reflection of E £> from the end 
of the reservoir is calculated as follows: After the expansion reflects from 

the wall, it decelerates the gas to zero velocity again in region 9, that is, 
the change in velocity is - 75 . The speed of sound on the high-pressure side 
of the wave is as- Then equation (10.80a) becomes, with notation 
appropriately changed, 
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(10.89) 
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P 5 
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2y/(Y-l) 


When Ms ■ 1, the area ratio di+i is unity and the steady-state expan 
sion E e disappears; the remaining expansions become a single nonsteady 
expansion for which the pressure drop is given by an equation of the form 
(10.80). 


ProblM 10.2: For • shock tube with area ratio Ai,i • 1 and ideal gas behavior, show that the relation 
between shock strength p 21 and reservoir pressure ratio p 4 , is given by 

1 a.,*! 


P41 


P 


21 


‘ • <*■ ■ "/k 


( a l - 1)714 ~~ 

2 - 1) (°lP21 ♦ 1) J 


Generally, when the shock wave that reflects from the end of the shock 
tube interacts with the interface J, it is partly transmitted and partly 
reflected. The reflected part may be either an expansion or a compression 
wave, depending on the relative energy levels of the two gases. To obtain 
long testing times, one is particularly interested in the special case where 
the reflected part vanishes. In figure 10.3, the boundary conditions that 
correspond to no reflection at the interface require that p 3 = p 7 and 
w 3 * v 7 m 0. When v 7 vanishes, the shock velocity is W 7 and the velocity 
with which the air from region 6 enters the shock is 

J/ 6 ■ W 7 * y 6 ■ **7 + (“1 - “2) (10.90) 


Thus (see eq. (10.45)), 

(J/ 6 - W 7 ) 2 - ( Ul - u 2 ) 2 -£j- (p 2 i - 1) (1 - p 12 ) - (p 76 - 1) (1 - P 67 ) (10.91) 

From the equality of pressures p 7 = p 3 and p 6 = p 2 , there results 

(P 2 1 - 1 ) (1 - P 12 ) *P 2 iPi 6 (P 3 2 - C 1 ’ c 67 } (10 ’ 92) 

The basic shock-wave equation, equation (10.39), across the shock separating 
regions 6 and 7, becomes 

ip 32 - 1) (p g7 ♦ 1) - (ct 6 + 1) (/z 76 - 1) (10.93) 

Equations (10.92) and (10.93) are two relations between three unknowns p 16 , 
p 67 , and h 76 . The third relation required is again given by the equation of 
state: 


P ■ p(p,h ) 


(10.94) 
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Generally, equations (10.92), (10.93), and (10.94) roust be solved by an 
iteration procedure as for the incident and reflected shock properties in a 
real gas. In some cases of practical interest, the gas in region 6 is at a 
relatively low temperature where the ideal gas relation holds. This is par- 
ticularly true where the driver gas is largely an inert gas such as helium. 
Then equation (10.94) can be expressed (see eq. (10.41)) as 


2 » — |-t fc 
p a + 1 


(10.94a) 


where a is a constant. Then 


p 6 7 a 


(10.94b) 


and the shock-wave equation (10.93) becomes 


- 1) 




(a 6 + l)(?i76 - 


(10.93a) 


Thus the enthalpy and density ratios are 


P 32 + °6 

“6 + P 23 


(10.95) 


, _ P 32 

} 67 ~ 1 + 


a 6P32 


(10.96) 


If the gas in region 1 is also at a temperature low enough to behave 
ideally, one can substitute (pj/pj) * 2hi/(<n + 1); then 


2h i 2 hg 

-TT <P 2! - Ml- P 12 ) * ^~r ( P32 ■ 1)(1 - p 67) 


(10.97) 


from which the enthalpy ratio is 


“g + 1 CP2 1 - 1)(1 - P12) 
ai ♦ 1 (p 32 - 1)(1 - p 6? ) 


(10.98) 


This is the enthalpy ratio required so that no reflection occurs at interface 
I. If fcgi is larger than given in equations (10.96) and (10.98), a shock 
wave is reflected back toward the end of the shock tube; if it is smaller, an 
expansion wave is reflected. The strength of the transmitted wave adjusts 
itself so that a continuity of pressure and velocity is maintained across the 
interface. 


313 





Establishing the above conditions leads to what is called the "tailored 
interface" mode of shock tube operation. The advantage of this mode is that 
it leads to long test intervals, which can be an order of magnitude longer 
than the estimate given by equation (10.69). The disadvantage is that the 
experimenter has less flexibility in the choice of test conditions than is 
often desired, since only one uniquely tailored test condition can be obtained 
for a given initial test gas and driver gas combination, whereas an entire 
range of test gas pressures and temperatures can be easily obtained just by 
changing the driver gas pressure or enthalpy, if reflected waves from the 
interface are permitted. In practice, there are always some small disturb- 
ances which feed into the test gas even at tailored interface conditions, due 
to the fact that the interface is a mixed region rather than a true disconti- 
nuity as assumed in the analysis. However, these disturbances can often be 
made quite small so that a relatively steady test sample is obtained until the 
expansion wave E a or E c (fig. 10.3(a)) feeds into the test gas. Whichever 
expansion arrives first depends on the shock tube and reservoir lengths, of 
course. The test interval can be further increased by designing the ratio of 
the reservoir area to the shock tube area so that the returning compression 
wave just cancels the expansion wave E a and is essentially attenuated to 
vanishing strength as it reaches the entrance to the reservoir. A perforated 
throttle plate can be used at the entrance to achieve this condition, while at 
the same time the reservoir functions essentially as an infinite gas supply 
, where the expansion E a vanishes. This is known as the "one-cycle shock com- 
pression" mode of operating the shock tube. Perhaps the largest, long-test- 
interval shock tube of this type was the 1-Foot Hypervelocity Shock Tunnel at 
the Ames Research Center developed by Cunningham and Kraus (ref. 10), which 
had a usable test interval up to 180 miliisec. A spark ignited combustible 
mixture of H 2 , 0 2 and He was used to produce driver gas at 2080° K and 340 atm; 
the facility was extensively calibrated for tailored operation in air (ref . 11) 
at an initial pressure of 0.34 atm, leading to a test sample of air at 5650* K 
and 275 atm. This air sample was used as the reservoir driving a 1-foot diam- 
eter supersonic nozzle at a Mach number 14; the long test times were needed in 
this case so that models could be tested in the expanded stream for heating 
rates, drag coefficients, etc. 

The long test intervals obtained with the tailored interface shock tube 
are not really needed for other types of experiments such as measurements of 
reaction rate processes, radiation properties of high temperature gases, etc. 
Modern instrumentation has such good high frequency response that such measure- 
ments can often be trade in a time the order of 10 ttsci. 01 less. Thus most 
shock tubes are operated over a wide ~ange of test conditions which can be 
obtained when tailoring is ignored. Most tubes are made less than 100 diam- 
eters i. length in order to limit boundary layer effects which severely attenu- 
ate the shock speed at distances far along the tube and force the experimenter 
to cope with a non-constant shock velocity there. 

Other practical limitations appear as one attempts to produce the very 
highest speed shock waves and highest temperature test gas samples. At pres- 
ent, the strongest shocks with adequate test intervals are produced by heating 
hydrogen driver gas with a high-voltage, high-current electric discharge. Dis- 
charges of 40 kV with peak currents of 5*10 5 amperes have been used, producing 
shock velocities up to about 50 km/sec in hydrogen test gas initially at room 
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% temperature and one torr pressure (refs. 12 and 13), with usable test 

intervals the order of 5 nsec. Still higher velocities are possible, but only 
at much reduced pressure and with vanishingly small test intervals. For j 

example, another technique of producing strong shocks with velocities greater 
than 60 km/sec makes use of shaped charge explosives (refs. 14 and IS), but ! 

again produces very short test intervals. However, this situation is changing j 

rapidly with methods of tailoring the arc discharge to tl. - time changes in j 

driver gas properties and by mass addition to the driver gas during the dis- I 

charge process (ref. 13j . Thus still higher shock speeds in test gases with \ 

usable pressure and reasonable test intervals are anticipated in the future. 

The conditions necessary to test the full range of space probe entry into : 

heavy planet atomspheres (Jupiter, Saturn, Uranus) appear to be achievable. j 


10.10 CONCL'JDING REMARKS 


Equilibrium thermodynamic properties of real gases in shock-tube flow can 
be calculated with good accuracy, and these solutions are often used with mea- 
sured shock velocities to establish the properties of high -temperature gases 
produced in shock tubes for various test purposes. Generally, the shock wave 
reflected from the end wall of a tube travels at faster speed thar. calculated 
for one-dimensional flow because the boundary layer built up by the incoming 
flow effectively reduces the channel area, but if the gas properties are 
related to the measured shock velocities they can be assessed quite accurately. 

Shock tubes are, of course, widely used to measure nonequi 1 ibrium rate 
processes in which the experimenter measures a rate of approach toward equilib- 
rium and deduces a time constant or rate coefficient for the process or pro- 
cesses taking place in the shock-excited gas. To pursue these problems 
further, ..^ must leave the comfortable realm of equilibrium where the rela- 
tions between variables are independent of the processes involved and tackle 
the far more difficult problem of modeling rate processes that occur under 
nonequilibrium conditions. These produce, for example, the transfer of mass, 
momentum, energy, or charge through gases when nonequi 1 ibrium gradients in 
species density, velocity, and temperature occur. If the changes in flow 
properties are rapid compared with chemical relaxation times, then finite rate 
chemistry must be included for the relaxation of rotational cm gy, vibra- 
tional energy, electronic energy, and chemical species concentration. Finally, 
the rate of radiant energy transfer through gases depends on the radiation 
absorbtion and emission rates of the excited atomic and molecular species pres- 
ent. This takes us beyond the bounds of this book, but the material included 
here is a prerequisite to an analysis of these fascinating subjects. 
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Ensembles, Gibbs 11 
Enthalpy 2, 8 

gas phase 19, 28, 32, 46, 70, 271, 
276, 283 

shock wave 300, 302, 304, 313 
Entropy 2, 6, 8 

Boltzmann definition of 10 
diatomic molecules 110, 131, 148 
electronic 231 
fluctuation 11 

gas phase 19, 28, 30, 32, 34, 70, 
271, 274, 277 
Gibbs definition of 30 
mixing 29, 34, 271 
nuclear spin 109, 228 
practical 110 
solid phase 17, 31 
virtual 110 

Equation of state 7, 299, 301 

chemically reacting mixtures 270, 
290, 304 

critical point region 254 
ideal gas 30, 270, 290 
van der Waals 253, 255 
virial 251 
Equilibrium 

constants 49, 26c, 273, 280 
process path 4, 44 
properties of chemically reacting 
gases 267 
speed of sound 291 
state 4 
surface 5, 44 

Equipartition of energy 25, 123 
Equivalent electron configura- 
tions 217, 220 
Eulerian angles 112 
Euler's theorem 26 
Exchange integral 209, 215 
Excited state electronic energy 
levels 209 

Expansion waves in shock tube 
flow 295, 309, 314 
Extensive thermodynamic properties 1 


Fermi-Dirac statistics 35, 107 
Fermi resonance 170 
Fermions 35, 107 
Fine structure constant 213 
FirsL law of thermodynamics 3 
Flue i_uations 

distribution function 10, 31 
thermodynamic probability, correc- 
tion for 33 
Force constants 

linear symmetric triatomic 
molecule 159 

nonlinear symmetric triatomic 
molecule 165 

Forces 

centrifugal 236 
dispersion 248 
intermolecular 241 
Fourier integral transforms 60 
Free energy or Helmholtz free 
energy 2, 6, 51, 54 
Free enthalpy or Gibbs free 
energy 2, 6, 50, 54 
Free particle 
classical 69 
quantized 68 

Frozen speed of sound 291 
Fugacity 251 
Fundamental particle 102 
Gamma space phase integral 23 
Gas constant 28 
Gas phase 

equation of state 7, 30, 251, 254, 
279, 290, 299, 304 
properties of mixtures 34, 271, 

284 

speed of sound 288, 293 
statistics 17 

Generalized momenta 22, 112, 153 
Gibbs 

definition of entropy 30 
ensembles 11 

free energy or free enthalpy 2, 

50, 251 
paradox 12 
phase integral 21 
Ground state 

atomic electron configura- 
tions 203, 216 

electronic energy 198, 209, 216 
nuclear spin 111 
vibrational energy 129, 145 
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Group theory 114, 188, 190, 193 
Hamiltonian or total energy 22, 63, 
153, 172, 182, 203, 248 
Harmonic oscillator 
classical 127 
quantized 128 
Heat 3 

Helmholtz free energy 2, 29, 51 
Hermite differential equation 129 
Hermite polynomials 129, 134 
Hermitian operators 68, 80, 182, 194 
Hooke law 236 
Hund's coupling cases 228 
Ideal gas 

equation of state 30, 270, 290, 301 
shock wave relations 299 
Information theory 3C 
Interatomic distances in 
molecules 100, 115 
Interface between shock tube flow 
regions 295 

Intermolecular forces 241 
Internal energy of molecule 25 
Intrinsic thermodynamic properties 1 
Ion-dipole and ion-polarization 
interactions 244 
Ion-ion interactions 243 
Ionization 

effects on shock waves 304 
potential decrease 256 
Irreversible process path 5, 9, 45 
Isentropic flow relations 288, 293, 311 
Jacobian transformation of 
coordinates 23 
jj coupling 215 
jl coupling 225 
Joule Thomson effect 241 
Kinetic energy distribution func- 
tion 24 

Lagrange's method of undetermined 
multipliers 15 
Lagrangian 22, 112, 153 
Lagrangian equations of motion 153 
Laguerre 

equation 137, 177, 200 
polynomials and associated 

polynomials 138, 177, 184, 200 
Lambda type doubling 226 
Law of mass action 276, 290 
Lande interval rule 215 
Laplacian operator 63, 83, 194, 203, 
261 


Large amplitude bending vibra- 
tions 180 
Law of entropy 3 
Legendre equation 96 
Legendre polynomials and associated 
polynomials 83, 97, 101 
Lennard-Jones potential 136, 141 
LS coupling 215 
Mach number 296, 300, 309 
Mass ratios in chemical mixtures 270 
Maxwell-Boltzmann distribution 15, 
20, 24 

Maxwell's equation for photons 58 
Mixed quantum state 172, 174 
Mixture of gases 
entropy 34, 271 

thermodynamic functions 270, 284 
Mol fractions 269, 283 
Molecular symmetry effects 100, 188 
Molecular weight 2, 270 
Moment generating functions, Laguerre 
polynomials 139, 178 
Moment of inertia ellipsoid 116 
Moments of inertia of molecules 93, 
99, 115, 119 
Momentum 

angular 83, 93, 97, 101, 116, 

199, 228 

average derived from wave func- 
tions 62, 64, 82 

conjugate to coordinates 22, 113, 
153, 181 

coordinate space or phase 
space 11, 20, 60, 145 
generalized 22 
Morse function 

oscillator wave functions 137 
potential 136, 143 
Multiplet splitting 215 
Nodal line, Eulerian coordinates 112 
Nonequilibrium 

process path 4, 44 
state 4 

Nonequivalent electron configura- 
tions 219 

Normal coordinates for vibration 151 
bending modes 167, 178 
linear symmetric triatomic 
molecules 159 

nonlinear symmetric triatomic 
molecules 161, 165 
polyatomic molecule 191 
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Normalization of wave functions 133 
bending vibration 167, 179 
harmonic oscillator 130 
molecular beam 65 
Morse oscillator 138 
one electron 59, 200 
rotational 96 
spin 104 

two electron exchange 208 
Nuclear spin 103 
entropy 109 

ground state particles 111 
ortho and para states 10 i 
Oblate symmetric tops 118 
Observables in quantum mechanics 80 
Open system of gas mixtures 46 
Operators 

Cartesian coordinates 63 
cylindrical coordinates 83 
Hamiltonian 172 
Hermitian 80, 182, 194 
Laplacian 63, 83, 194, 203, 261 
momentum space 63 
quantum mechanics 80 
spherical coordinates 82 
Ortho/para conversion 109 
Ortho spin state 107 
Orthogonality of wave functions 80, 
104, 106, 133, 140, 172, 201, 208 
Overlap integral 208 
Para spin state 107 
Particle-wave duality 61 
Partition function 15 

concentration standardized 52, 268 
corrections to 233, 248 
degenerate vibrations 168 
diatomic molecule coupled vibration- 
rotation 239 
electronic 230, 256 
free particle 69, 70 
gas phase 19 

harmonic oscillator 127, 130 
large amplitude bending vibra- 
tions 188 

phase integral related to 21 
pressure standardized 52, 268 
rotational 94, 98, 114, 239 
single particle function related to 
state sum 19, 23 
solid phase 16 

truncation of 99, 131, 232, 256 


Pauli principle 101, 107, 202, 

203, 206, 216 
Perturbation 

matrix elements 133, 143, 173, 
183 

solution to Schroedlnger's equa- 
tion 133, 182 

Phase space or momentum-coordinate 
space 11, 20, 60, 107, 114, 145 
Planck's quantization principle 145 
Poisson's equation 260 
Polarizability 243 
Polarization-polarization interac- 
tion 245, 254 
Polyatomic molecule 

partition function 114 
rotators 111, 115 
vibrations 151, 188, 190 
XY 2 115, 120, 156, 161, 189 
XY 3 115, 119, 190 
X 2 Y 2 191 
XY 4 115, 194 
Y 3 180 
Potential 

Coulomb 198, 209, 215, 243, 257 
cubic anharmonic 136, 143 
diatomic molecules 126, 136, 143 
Debye 260 
Dunham 132 

effective, combined rotation 
vibration 238 
energy 22 

hard-sphere-attractive 247 
harmonic oscillator 126, 237 
Leonard Jones 136, 141 
Morse function 136, 237 
polyatomic molecules 152, 156, 
162, 165 

Rydberg-Klein-Rees 141 
square well 188 

stepped approximation in quantum 
mechanics 85 

Practical or virtual entropy 110 
Prandtl-Meyer expansion angle 294 
Precession of coupled momenta 98, 
228 

Pressure 3, 6, 30 

Bose-Einstein gas 74 

classical particle gas 70 

critical 254 

Fermi-Dirac gas 77 

gas with dispersion forces 250 
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partial 49, 269 
quantized particle gas 72 
Principal axes, moment of inertia 
ellipsoid 112 
Probability 

distinguishable particles 12 
indistinguishable particles 12 
neighbor particle perturbation 257 
wave function relation to 12, 59 
Prolate symmetric top 117 
Quantum 

cell size in phase space 21, 60 
probability 12 

processes, related to classical 
processes 61 
statistics of bosons and 
fermions 35 

wave functions 12, 58, 64, 95, 103, 
130, 201 
Quantum numbers 

electronic partition function cut 
off 257, 264 
electronic states 201 
free particles 68 
rotation 96, 116 
spin 104, 107 

vibration 129, 138, 169, 176 
Rate coefficients 49 
Ratio of specific heats 72, 278, 290, 
293, 299, 304, 309 

Reaction rates, forward and reverse 49 
Reduced mass 

collision with electrons 263 
electron and nucleus 198 
three or more particles 92 
two particle 91 
Resonance, Fermi 170 
Reversible process 3, 4 
Riemann 

integrals 294 
invariants 292 
Rotational 

corrections for large amplitude 
bending 183 

coupling with vibrations 235 
partition functions 94, 98, 114, 

239 

wave functions 95 
Rotational constants 

diatomic molecules 100 
polyatomic molecules 115 
Rydberg energy unit 199, 212 


Rydberg-Klein-Rees potential 143 
Russell-Saunders coupling 215 
Schroedinger equation 58, 133, 172 
bending vibrations 183 
coupled oscillators 245 
cylindrical coordinates 85, 176 
Debye potential 260 
diatomic molecule 91, 125 
free particle 59, 68, 91 
harmonic oscillator 128, 154, 172 
Maxwell equation, relation to 58 
Morse oscillator 137 
one-electron atom 199 
perturbation solutions of 133 
rigid rotator 95 
spherical coordinates 85 
Second law of thermodynamics 3 
Secular equation for vibrational 
frequencies 155, 157 
Separable wave function solutions 91, 
95, 126, 153, 204 
Separation of center of mass and 
internal mode coordinates 90 
Shock tube flow 294, 314 
test interval 306, 314 
Shock waves 298 

dissociating and ionizing gas 304 
ideal gas 299 
interface interactions 312 
real gas solutions by itera- 
tion 304 

reflections 300, 308 
thickness 298 
vibrating diatomic gas 301 
Solid phase statistics 14 
Sommerfeld expansion for degenerate 
Fermi-Dirac gas 76 
Specific heats 

chemically reacting gas 272, 277 
constant pressure 2, 7, 271, 291 
constant volume 2, 7, 28, 271, 291 
Fermi-Dirac gas 78 
oscillators 131, 148 
ratio of 72, 278, 291 
rigid rotators 123 
Spectroscopic constants 
electronic 221, 227 
rotational 99, 115, 185 
vibrational 136, 189, 190 
Spectroscopic notation 

electronic states of atoms 202, 
216, 220 
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electronic states of molecules 225 
Hund's coupling 228 
rotational states 99, 116, 236 
vibration-rotation coupling 238, 

239 

vibrational states 132, 179 
Spectroscopy effects of nuclear 
spin 109 

Speed of sound in gases 288, 290, 293 
Spherical harmonic functions 95, 200 
Spherical symmetric top 116 
Spin 

degeneracy 108 

nuclear 103, 107, 109, 111, 228 
quantum numbers 104 
ortho and para states of homonuclear 
diatomic molecules 107 
steady state wave functions 104, 
106, 206 

symmetric and antisymmetric 
states 104, 206 
Spontaneous process 43 
Stagnation enthalpy 294, 309 
Standard state 8, 52, 251, 270 
Stark effect 242, 263 
State sum 17 
Statistical mechanics 8 

classical (Maxwell Boltzmann) 20 
gas phase 17 

quantum (Bose-Einstein and Fermi- 
Dirac) 35 
solid phase 14 

Steady expansion waves 295, 309 
Stirling’s approximation for facto- 
rials 14 

Stoichiometric coefficients 49, 267 
Symmetry 

( oordinates 162, 190 
molecular electronic states 226 
molecular rotations 100, 114 
polyatomic molecule vibrations 190 
quantum effects of 13, 101, 104, 
107, 110, 206 
two electron atoms 206 
Tailored interface shock tube condi- 
tions 314 
Temperature 3, 6 
absolute 24 
critical 75, 254 
pseudo 25 

Thermodynamic functions 2 


derived from partition func- 
tions 15, 27, 70, 110, 122, 

130, 147, 231, 250, 271 
dissociating gas 275 
inert gas 70 

intensive and extensive 48 
oscillators 130, 147 
rotators 122 
Thermodynamic probability 
bosons 35, 39 

distinguishable particles (solid 
phase) 14, 37 
fermions 35, 38 
fixed distribution function 9 
fluctuating distribution func- 
tion 10 

indistinguishable particles (gas 
phase) 18, 38 
Thermodynamic relations 2 
closed systems 3 
open system gas mixtures 46 
Time irreversibility of spontaneous 
processes 9 

Time-distance shock tube diagram 295, 
300 

Tops, spherical, oblate, and 
prolate 116 

Trace species in chemically reacting 
mixtures 281, 284 

Trajectories of quantized oscillator 
in phase space 146 
Triatomic molecule 

bond angles 115, 189 
linear symmetric 156 
nonlinear symmetric 161 
rotational constants 115 
vibrational frequencies 189 
Truncation of partition functions 
electronic 232, 256 
rotational 99 
vibrational 131 

Uncertainty principle 58, 60, 84, 

94, 101, 129, 198, 263 
Unsteady expansion wave 295, 309 
Van der Waals gas 253 
Variational method of calculating 
electronic energy 205 
Vibrational frequencies 
diatomic molecule 128 
linear symmetric triatomic 
molecule 156, 180, 189 
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nonlinear symmetric triatomic 
molecule 164, 166, 179, 189 
polyatomic molecule 190 
Vibrations 

bending 156, 160, 167, 175, 180 
degenerate 167 
effect of shock waves 301 
harmonic oscillator 127 
polyatomic 155, 188 
Virial 

coefficients 253 
equation of state 251 
Virtual or practical entropy 110 
Volume 2, 6 
critical 254 
Wave 

cylindrical 83, 85 
number 59, 85 

number amplitude function 60, 63 


packet 60 
plane 59, 68 
spherical 82, 84 
Wave function 12, 58 
atomic 201, 203 
bound particle 65 
free particle 64, 67 
harmonic oscillator 130 
Morse oscillator 137 
rigid rotator 95 
symmetric and antisymmetric 103 
Work 3 

Zero point energy 27, 52, 78, 228, 
269, 276 

Zltterbewegung of Dirac electron 104 
ZustandsBumme or state sum 16 
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